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Abstract

Considera binarysearchtreecontaining� items. This treeis updatedaccordingto themove-to-rootrule as
definedfirst by Allen andMunro [1]. We assumethatfiles have iid randomweights,which areusedto construct
requestprobabilities. Exact formulasfor the two first momentsof the stationarysearchcostarederived from
classicalresult.A formulafor theexpectationis alsogiven in thecaseof independentweights.A boundfor the
expectedsearchcostis obtained.Theexpectedsearchcostis comparedto theonein thecaseof a list updated
accordingto themove-to-frontrule [2]. Classicalexamplesaregivento illustratetheseresults.As a conclusion,
wegive a brief discussionof our resultsandsomequestionsarepointedout.

1 Intr oduction and model

Thereexistsmany way to recorditemsinto datastructures:lists andtreesarethetwo well-known examples.Here
we will focuson a specialclassof trees,calledbinary searchtrees. Let us recall few definitionsandproperties
aboutthis datastructure.A treeis anacyclic connectedgraphwheretheverticesarecallednodes.A rootedtree
is a directedgraphandthereexistsa uniquepathfrom the root to any node

�
. Every node���� � on this pathis

calledanancestorof
�
, theclosestancestorbeingtheparentnode.Thesubtreewith root � consistsof � andall its

descendants.A binary treeis anorderedtreein which eachnodehasat mosttwo children(on the left or/andon
theright). A nodewithout child is a leaf or a terminalnode.A binarysearchtreeis a rootedbinarytreein which
all itemswith smallerkey valuesarestoredat nodesin theleft subtree,while largeror equalkey valuesarestored
on theright subtree.Thus,for a givensequenceof items,we have the following algorithmto constructa binary
searchtree([15], p. 422-451):

Algorithm 1.1 1. If thereis not root, inserttheitemastheroot;

2. If thekey valueis lower thanthatof theroot, inserttheitem in theleft subtree;
�
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3. If thekey valueis greaterthanthatof theroot, inserttheitem in theright subtree;

Notice that theconstructionof binarysearchtreedependson thekey valuesof the itemsbut alsoon theorderin
which theitemsareinserted.

Consider� itemswhich areinsertedin a binarysearchtree.This binarysearchtreeis thenupdatedasfollows: at
eachunit of discretetime,anitem is requestedindependentlyof thepreviousrequestsandis movedto theroot of
thebinarytree.Thisway to updatea list is calledthemove-to-rootrule andwassuggestedby Allen andMunro in
[1] (for areview onthemove-to-rootruleandits generalisations,seetheintroductionof Bodell’s thesis[4]). There
existsothermethodsto maintainaself-adjustingbinarysearchtree:Allen andMunroin [1] alsostudiedthesimple
exchange(seebelow); SleatorandTarjan[19] introducedsplaytreesanddifferenttechniquessuchlike top-down
splayingandbottom-upsplaying.

Themove-to-rootrule canbedefinedasa seriesof simpleexchangesbetweennodes,performeduntil therequest
item hasbeenmovedto thetheroot of thetree.Of course,theseexchangeshave to preserve thepropertythedata
structureof beinga binarysearchtree.Thealgorithmis thefollowing.

Algorithm 1.2 Let 	 betherequesteditem:

1. If 	 is theroot,do nothing;

2. If 	 is theleft child of its parent
 , modify thesubtreewhoseroot is 
 asfollows:

� rotate 	 up to 
 sothat 	 becomestheroot of thesubtree;� theold left subtreeof 	 is left unchangedin relationto 	 ;� theold right subtreeof 	 becomestheleft subtreeof 
� theold right subtreeof 
 keepsin relationto 
 .
3. If 	 is theright child of its parent
 , modify thesubtreewhoseroot is 
 with ananalogoustransformation.

Theaim of this heuristicis to keepa binarysearchtreein near-optimal form. TheassociatedMarkov chainwas
studiedby Dobrow andFill in [8, 9]. They alsoproved the existenceof a link betweenthis Markov chainand
the heapsprocess(which is the namegiven to the Markov chaincorrespondingto the move-to-frontrule [10]).
Dobrow extendedsomeresultsto thecaseof Markovianrequest[7].

In orderto avoid worstcases,onecanimagineto combinethis heuristicwith a balancedtreeproceduresuchlike
theso-calledAVL trees(for which theabsolutevalueof thedifferencebetweenthedepthof any two nodesis zero
or one; see[15], p.451-471).Suchprocedurescould be doneat eachdiscretetimesor whenthe Markov chain
hasreachthe equilibrium. However, intuitively the probability of failing into a worst caseshouldbe small. A
numericalevaluationof AVL procedureandself-adjustingbinarysearchtrees(likemove-to-root)wasproposedby
Bell andGupta[3].

Hereweconsiderabinarysearchtreecontainingacountablenumberof items.Onecanbeinterestedin thesearch
costof anitem in thebinarytreeat a giventime. Thesearchcostis simply definedasthenumberof ancestorsof
theitem requested(or equivalentlyasthedepthof theitem in thetreeminusone).

Let � �������������� ��� bea sequenceof independentstrictly positive randomvariables.For any ��� � , �!� represents
the weight of the item � . Let us considerthe � first files. Onecanconstructa vectorof requestedprobabilities"$# � �%'&)(+*,*,*+(-%/.0� from weightsasfollows:

1 �32546� (+*,*,*,( �87 (9% � � � �: . where
: . �

.
�<;8& � � *

Suchrandomvariablesarerelatedto randomdiscretedistributionswhich areusedin many otherareassuchas
Bayesianstatistics,combinatorics,genetics,ecology, andanalysisof stochasticprocess(see[13] or [17] for refer-
ences).Our constructionof the move-to-rootheuristicwith randomweightsis analogousto the onemadein [2]
for themove-to-frontheuristicwith randomweightsor in [16] for anotherclassicalproblem,therandomcoupon
collectorproblem(seealso[12]).

We assumethatall randomvariablesof thesequence� have a densityfunction. For any ��2 IN = , let usdenoteby> � thedensityfunctionof therandomvariable��� andby ? � its Laplacetransform:

1A@ �CB ( ? �  @ �D� IEEGF�HJI'K�L�M � NO F�HJP+L
> � �QD�SRTQU*
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Let usrecallthatthe ? � ’saredecreasingfunctionswith ? �  B �$� � andtendingto B as
@

tendsto infinity. Wedenote
by V � theexpectationof � � for any �W2 IN = : V � �YX ?6Z�  B � . In thecaseof asequenceof iid randomweightswewill
forgetthesubscript:for any �[2 IN = , ? �8� ? andV �\� V .

In section2 we give integral representationof thetwo first momentof thestationarysearchcost(theorem2.1and
theorem2.2) in caseof iid weights.Theresultfor theexpectationis extendedin thecaseof independentweights.
We give a boundfor the expectationwhich is valid for sequenceof independentweights. Section3 is devoted
to study threeexamples. In section4 we discussbriefly aboutthe resultsobtainedhereandtwo (unanswered)
questionswhich arisenaturallyat thesightof theresultsobtainedin thetwo previoussectionaregiven.

In this problem,we canalsoconsidera randomnumberof items.To obtainsimilar resultsthanthoseshown here,
onecanconsiderour problemconditionally to ] � � where ] is someindependentdiscreterandomvariable
indicatingtherandomnumberof items.

2 Two first momentsof the stationary search cost

In this section,we derive from theresultsof Allen andMunro [1] the two first momentsof thestationarysearch
costwhentheitemshave iid randomweights.Let usdenoteby ^ . thestationarysearchcost.

Thefollowing theoremgivesanintegral representationof theexpectationof thestationarysearchcost ^ . :
Theorem2.1 For a sequence� of iid randomweights,wehave:

IE EG^ . M �`_
. H &
�<;8& NO N

L
 � X � � ? Z baD�dc ? �a\� � H & ?  @ � . H � H & RTa$R @ * (2.1)

Proof From theorem3.1 in [1] (seealso[4] wherethis result is obtainedasthe limit of the transientexpected
searchcost),wehave:

IE EG^ . M � IEE IE EG^ .fe �\M�M
� _ &)gA�-hAi,g/. IE

% � % i
% �'jlk,k+kmj % i

� _
. H &
�<;W&  � X � � IE

% & % �<n8&
%'& j`k+k,k6j %/�<n8&

� _
. H &
�<;W&  � X � � IE

�o&����Gn8&
b� &Dj`k+k,k6j � �Gn8& � : . (

sincethe weightsare identically distributed. Let us denoteby p � the expectationin the summation. Let �52
4q� (,*+*,*T( � X �r7 . Set

: Z. �s� c jtk,k+kAj � � and
: Z Z. � : . X : Z. X5� & Xu� �<nW& . Thus p � canbeexpressedasa

functionof
: Z. , : Z Z. , � & and� �<n8& which arefour independentrandomvariables:

p � � IE
�o&����Gn8&

�� &Dj : Z. j � �Gn8& �vb� &8j : Z. j � �Gn8&\j : Z Z. �
� NO IE

�w&-���<nW&
� &Dj : Z. j � �Gn8& FrHyx<I{z

n}|�~� n IyK ��z���L ?  @ � . H � H & R @

� NO N
L

IE � & � �<n8& FrHyx<I z n I K ��z ��� ? �a\� � H & ?  @ � . H � H & R @ R,a

� NO N
L
? Z �a\� c ? baD� � H & ?  @ � . H � H & R,a{R @ *

Thusreplacingthecomputationof p � in thesummation,we get:

IE EG^ . M �`_
. H &
�<;8& NO N

L
 � X � � ? Z baD� c ? �a\� � H & ?  @ � . H � H & RTa$R @ *
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In thefollowing theorem,we computethemomentof order _ of thestationarysearchcost:

Theorem2.2 For a sequence� of iid randomweights,wehave:

IE E<^ c. M � IEE<^ . M X5�
. H c
�<;8&
. H � H &
i�;8&  � X � X

� ���

NO N
L

N
�
? Z b�'�dc ? Z �a\� ? ��y� � H & ? �a\� i H & ?  @ � . H � H i H & RT��R,a{R @ *

(2.2)

Proof From[1] or [4], wehave:

IEE<^ c. M � IE E IE EG^ c. e �\M�M � IE EG^ . M j���� (
where � is thefollowing quantity:

� � &)gA�-hAi,h/�qgA. IE
%A�b%Aiv%/�

% �'jlk,k+kqj % � �% �yj`k+k,kmj % i j �% i[j`k+k,kmj % � *

Theexpectationof ^ . hasbeencomputingin theprevioussection(seetheorem2.1). Usingthat � is a sequence
of iid randomweights,� canberewrittenasfollows:

� �
. H c
�G;8&
. H � H &
i�;W&  � X � X

� � E ��&  � ( � � j`� c  � ( � � M ( (2.3)

where: � &, � ( � �D� IE
%'&�%/�<n8&-%A�Gn}i�n8&

�% &\j`k+k,kqj % �Gn}i�n8& �vb% &Djlk,k+kmj % �Gn8& � (
and: � c  � ( � �$� IE

% & % �<n8& % �Gn}i�n8&
�%'& jlk,k,kqj %/�<n}i�nW&����%/�<n8& j`k+k,kqj %A�Gn}i�n8&�� *

Let usnow computethesetwo expectationsseparately, usingthesametrick asin theproof of theorem2.1. Let us
startwith thecomputingof thefirst expectation:

� &� � ( � �
� IE

%�&�%/�<nW&�%A�Gn}i�n8&
�% &Dj`k+k,kmj % �Gn}i�n8& �vb% &8j`k+k,kmj % �Gn8& �

� IE
�o&����<nW&����Gn}i�n8&

�� &\jlk,k+kmj � �Gn}i�n8& ���� &\jlk,k+kmj � �Gn8& � : .
� IE

�o&����Gn8&����Gn}i�n8&
�� &\j � Z j � �Gn8&\j � Z Z j � �<n}i�nW& ���� &\j � Z j � �Gn8& �

�
�� &\j � Z j � �Gn8&Dj � Z Z j � �Gn}i�n8&\j � Z Z Z

where: � Z � � c jlk,k+kmj � �
� Z Z � ���Gn c jlk,k+kqj �!�Gn}i
� Z Z Z � ���Gn}i�n c j`k+k,kqj ��.�*
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All thesesix randomvariablesareindependent.Thusweget:

� &� � ( � �
� NO IE

� & � �<nW& � �Gn}i�n8&
�� &\j � Z j � �<nW&\j � Z Z j � �<n}i�nW& ���� &\j � Z j � �Gn8& � F Hyx<I z

n I ~�n I K ��z n I ~ ~ n I K �/����z ��L �
?  @ � . H � H i H & R @

� NO N
L

IE
�w&-���<nW&����Gn}i�n8&
� &Dj � Z j � �<nW& FrHyxGI�z

n I ~ n IyK ��z n I ~ ~�n IyK �/����zd��� ?  @ � . H � H i H & RTa$R @

�YX NO N
L

IE
�w&-���<nW&

� &Dj � Z j � �<n8& FrHyx<I{z
n I ~ n IyK ��zb��� ? Z baD� ? baD��� H & ?  @ � . H � H i H & RTa$R @

�YX NO N
L

N
�

IE � & � �Gn8& FrHyx<I z n I ~�n I K ��z ��� ? Z baD� ? �a\� i H & ?  @ � . H � H i H & R,��RTa$R @

�YX NO N
L

N
�
? Z ��y� c ? Z baD� ? b�'� � H & ? baD� i H & ?  @ � . H � H i H & R,��R,a{R @ *

Similar computationsfor thesecondexpectationleadsto thefollowing expression:

� c  � ( � �$�YX NO N
L

N
�
? Z b�'�dc ? Z �a\� ? b�'� i H & ? �a\� � H & ?  @ � . H � H i H & RT��R,a{R @ *

It is easyto seethat � c  � ( � �$� � &+ � ( � � . Thus,wehave:
. H c
�<;W&
. H � H &
i�;8&  � X � X

� � � c  � ( � �$�
. H c
�<;W&
. H � H &
i�;8&  � X � X

� � ��&  � ( � ��*

Hencewehave thefollowing expressionfor � :

� ��_
. H c
�<;8&
. H � H &
i�;8&  � X � X

� � � &� � ( � ��*

Thusreplacing� &+ � ( � � by thecomputationwehavedone,weobtaintheresultstatedin thetheorem.
�

Using the sametechniquesasbelow, onecanobtainsimilar expressionsfor the two first momentswhenthe
weightsareindependent(but notnecessaryidentical).For instance,onecanprovethefollowing result:

Theorem2.3 For a sequence� of independentrandomweights,wehave:

IE EG^ . M �`_ &��J��h/i)��. NO N
L
? Z � baD� ? Z i �a\�

� H &
��;8& ? � 

@ �
i H &
��;}�Gn8& ? � baD�

.
��;}i�n8& ? � 

@ �ARTa$R @ * (2.4)

We have thefollowing boundfor theexpectedsearchcost:

Proposition2.1 For a sequence� of independentrandomweights,wehave:

IE E<^ . M{� _\� �q¡ � * (2.5)

This boundis not a surprisefor the researcherin computersciencesince � �q¡ � is the orderof the heightof a
randombinarysearchtreewith � nodes.

Proof Allen andMunro provedthefollowing inequality(theorem3.2. in [1]):

IE EG^ .fe �\M�� _D���m¡D_J¢5 " # ��( (2.6)

where:
¢5 " # �$�YX

.
�G;8& % � ���m¡ c % � (

is theShannonentropy. It is well-known that:

¢5 "$# � � � �q¡ c � (
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and that the maximumof the entropy is reachedfor the uniform distribution, that is when % � � ��£T� for any
�[2u4q� (,*+*,*T( �87 . Hence,we havethefollowing inequalityfor theexpectedsearchcost:

IE E<^ . M{� _\� �q¡ � *
�

Remark 2.1 This expectedstationarysearchcostcanbe comparedto the onewhenthe datastructureusedis a
list. In orderto distinguishthetwo searchcost,we introducethefollowing notations:let usdenoteby ^'¤. (resp.
^'¥. ) thestationarysearchcostwhenthedatastructureis a binarysearchtreeupdatedwith themove-to-rootrule
(resp.a list updatedwith themove-to-frontrule). Thecaseof a list with randomweightswasstudiedin [2]. From
equation(2.1),since ? is a decreasingfunctionof thetime,onegets:

IE EG^ ¤. M$� _ &����-hAi)��. NO N
L
? Z �  
 � ? Z i  
 �SR 


.
��;8&�r¦;}�-§ i
? �/ @ �SR @ (

whichequalsto IEEG^'¥. M (seecorollary1 in [2]). This resultis notsurprisingsincein theclassicalcontext thesearch
costof anelementin a binarysearchtreeis lower in expectationthanin a list.

3 Examples

Thissectionis devotedto studysomeexamples.We will studythreeexamples:deterministic,gammaandPoisson
weights.For thesetwo distribution we will beableto carryout all computationsfor thetwo first momentsof ^ . .
Before,let uspointout a usefulremarkwhenstudyingexamples:

Remark 3.1 Let � and �\Z two sequencesof independentstrictly positive randomvariables.Assumethat there

exists a positive constanẗ suchthat for any �©2«ª = , � Z� x<¬��� ¨ ��� . Let � be an integer andconsiderthe � first
termsof thesetwo sequences.Let

: .�`�o& j®k,k+kqj ��. and
: Z. ��� Z & j®k,k+kqj � Z. . We constructtwo vectorsof

probabilities,"$# and " Z # , asin theintroduction.Then,

% Z � x<¬��� ¨ ���.
i�;8& ¨ ��i

� ¨ ���¨ : . �u% � *

Thus,accordingto theorem3.1in [1], thestationarysearchcostsassociatedto thesequences� and�\Z areequalin
distribution;or equivalently, all momentsof thestationarysearchcostsassociatedto thesesequencesareequal.

In theexamplesstudiedin this section,harmonicnumberswill beused(see[14], p. 73-76).Hencelet usrecall
its definitionandsomeusefulpropertiesfor computations:

Definition 3.1 For any ��2 IN = , the � -th harmonicnumber¢¯. is:

¢ . �
.
��;8&
�
¨ *

As � tendsto infinity wehave thefollowing well-known approximation:

Lemma 3.1 Let ° betheEuler’sconstant.As � tendsto infinity,

¢�.±�`� �q¡ � j ° j �_ � X
�
� _ � c j

�
� _ B��y² X`³\(

where:
Bµ´ ³ ´ �_m¶q_ �y· (

Let usnow recalltwo formulaswhereharmonicnumbersareinvolvedin sum:

Lemma 3.2 For any ��2 IN = , .
��;8& ¢ � �  � j � �-¢ . X � *
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and: .
��;8&
�
¨ ¢��¸�

�_ -¢©c. j ¢ x c �. �{(

where:
¢ x c �. �

.
��;W&
�
¨ c *

We have thefollowing limit for ¢ x c �. :

Lemma 3.3
��¹ º.�»
N
¢ x c �. �«¼ c½ *

Onecaneasilyprovethefollowing lemma:

Lemma 3.4 For any ��2 IN = and ¾32 ZZ,.
�);8&

¨
¨ j ¾ � � X ¾ -¢ .¿n}À X`¢ À ��*

If ¾ � � , it reducesto: .
��;W&

¨
¨ j � �Á � j � ��Xl¢ .¿n8& *

We havenow all thetoolsto studyour two examples:

Example3.1 Let usconsidera sequenceof independentdeterministicweights:for any ��2�46� (,*+*,*T( �87 , � � � 	 � .
TheLaplacetransform? � is:

? � -Âr�D� F HJÃÅÄ¿K *
Thusonegets:

IEE<^ . M �C_ &��J��h/i)��.
	 � 	 iÆ .  	 �'jlk,k,k6j 	 i � ( (3.1)

where
Æ .±� 	 & jlk,k+kqj 	 . .

Let usnow considerthe caseof iid weights. Without lossof generality, onecanchoosefor any �o2Á4q� (,*+*,*T( �87 ,
	 � � � usingremark3.1.Equation(3.1) reducesto:

IEEG^ . M ��_ � j �� ¢ . X � * (3.2)

Sinceweightsareidenticalanddeterministic,it is clearthatthisquantityis alsotheaveragenumberof comparison
involvedin a successfulsearchif thekeysareinsertedinto thetreeon randomorder([15], p. 427).

Whenthenumber� of itemstendsto infinity, we obtainthefollowing asymptoticformula:

IE E<^ . MyÇ _\� �q¡ � ( (3.3)

since ¢ . Ç ���m¡ � . Hencewe find theformulas(equations(3.1),(3.2)and(3.3))derivedby Allen andMunro ([1],
p. 529).

Let usnow computethemomentof order _ (in theiid case).Onecanobtainthat:

IE EG^ c. M �`� � j �� ¢ . ¢ . H & X
�_ ¢ c. j

¶
� ¢ . X �_ ¢ x c �. H & X��J¢ . H &$j _ B X

�
� *

Henceweobtaintheasymptoticequivalentfor themomentof order _ :
IEEG^ c. M}Ç � � �q¡ c � *

Thusonecandeducethat:
VarEG^ . M
IE EG^ . M c XdX�X/XdÈ.�» N

B *
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UsingtheChebyshev inequality(seep. 233in [11] for instance),weobtainthat:

^ .
IEEG^ . M

É'ÊX�XJX/X�È.¿»
N
� (

whichmeansthat ^ . is concentratedaroundits expectationas� becomeslarge.Thispropertyfor ^ . is surprising
sincethestationarysearchcostfor a list updatedwith themove-to-frontrule doesnot hold thesameproperty(see
corollary2 andexample1 in [2]). Onecanbelieve thatthis is dueto thekind of datastructureusedin this paper.

Example3.2 Let us considera sequenceof independentrandomvariableshaving the Gammadistribution with
parameters	 � and Ë . Without lossof generality, we canassumethat Ë � � usingremark3.1 (andsinceif Ì is
a randomvariablehaving theGammadistribution with parameters	 and Ë then ËrÌ hastheGammadistribution
with parameters	 and � ). TheLaplacetransform? � is:

? � ÅÂ��$�  � j Âr� HJÄ K *
Thusonegets:

IE E<^ . M ��_ &����-hAi)�J.
	 � 	 iÆ .  	 �'j`k+k,kmj 	 i8j � � ( (3.4)

where
Æ . � 	 &$jlk,k+kqj 	 . .

Let usnow considerthecaseof iid weights.Let 	 � � 	 for any �[2u4q� (,*,*+*T( �87 . Equation(3.4) reducesto:

IE E<^ . M � _ 	
�
. H &
�G;8&

� X � � j � � 	 j � (3.5)

� _ 	 j 	 j ��
. H &
�<;W&

� � j � � 	 j � X
_0 � X � �
� *

Since ��£  �T	 j � � Ç«��£  �T	 � as� tendsto infinity andsincetheseriesof generalterm ��£  �T	 � diverges,wehave:. H &
�<;8&

� � j � � 	 j � Ç
�
	
.
�G; c
�
� ( (3.6)

as� tendsto infinity. Thusweobtainthefollowing approximation:

IE E<^ . MyÇ _\� �q¡ � * (3.7)

Notice that for this example,the distribution of ÍyÎ is well-known andis the symmetricDirichlet distribution
with parameter 	 (+*,*+*,( 	 � 2ÐÏ .n (see[12] for instance).Let usrecall thatthedensityof thisdistribution is:

bQ & (,*+*,*,(ÅQ . �{ÑÈÓÒ  	+� �
Ò  	 �
. Q ÄrH && *,*+*�Q ÄmH &. 11Ô � �Q & (+*,*+*T(-Q . ��(

whereÒ is theGammafunctionandÕ . is thesimplex of order� :

Õ .±� �QD&T(+*,*,*,(-Q�.y� 2ÐÏ .nsÖ
.
�G;8& Q��D� � *

For 	 � � , theweightshavetheexponentialdistributionwith parameter� andwe obtainfrom equation(3.5):

IE E<^ . M ��_ � j _� ¢ .¿n8& X�¶¯X �� * (3.8)

Let usnow computethemomentof order _ of thestationarysearchcost.Onecangetthefollowing expression:

IE EG^ c. M � IEEG^ . M j � 	 c�
. H c
�G;8&
. H � H &
i�;8&

� X � X � 	  � j � j � � j � �� 	  � j � � j � � *

For 	 � � (exponentialdistribution), thisexpressionreducesto:

IE E<^ c. M �C�J¢ .�n8& ¢ . X � � j _� ¢�c. j � ½� ¢ .¿n c ¢ . X5� � j
�
� ¢ . X � _�¢ .¿nW&

X � _� ¢ .¿n c X5�
�_ j �� ¢ x c �. j � �¯j _ �� *
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Henceweobtaintheasymptoticequivalentfor themomentof order _ :
IEEG^ c. M}Ç � � �q¡ c � *

Sinceweobtainthesameasymptoticequivalentsfor thetwo first momentsasin thecaseof deterministicweights,
we cando thesameremarkabouttheconvergencein distributionof ^ . , thatis:

^ .
IEEG^ . M

É'ÊX�XJX/X�È.¿»
N
� *

Example3.3 Let usconsidera sequenceof iid randomvariableshaving thePoissondistribution with parameter
Ë . TheLaplacetransform? is:

? -Âr�D� FT×Sx<ØvÙ0Ú�H & � *
Thusonecancomputethefollowing asymptoticapproximation:

IE E<^ . MyÇ _\� �q¡ � * (3.9)

Henceweobtainthesameapproximationthanin thedeterministicandgammacase.

4 Conclusionand discussion

Throughoutour theoremsandthe two first exampleswe studied,we canmeasurethe performanceof the binary
searchtreeasa datastructureusedfor retrieving quickly datas.Evenwe werenot ableto obtaina formulafor the
distribution of the stationarysearchcost(asin our previous work [2]), the elementscontainedin this papercan
convince(onemoretime if needed?)of the advantageof binary searchtreestoward simplelist. The interestof
usingbinarysearchtreeappearstwice:

� The remark2.1 succeedingto the theorem2.1: the expectedstationarysearchcost is alwayslower when
usinga binarysearchtreethanusinga simplelist;

� Theexamples3.1 and3.2: for two familiesof distributions(deterministicandexponential),we obtainthat
thestationarysearchcostis concentratedaroundits expectation.This is not thecasewhenusingsimplelist
(seeexamplesin [2]): in this casethedistributionof thestationarysearchcostis morespread.

Although comparisonsbetweenthe two kinds of datastructurescanbe doneeitherfor the expectationor for
someexamples,somequestionsleaveunansweredandshouldmerit to beunderlying:

1. Asymptoticformulas:aquestionwhicharisesnaturallyonceformulasasequations(2.1)or (2.2) is obtained
is aboutasymptoticequivalentandlimit theorems.We give asymptoticequivalentfor the threeexamples
andit couldbeinterestingto giveanexpressionin thegeneralcaseasit wasdonefor themove-to-frontrule
(theorem3 andcorollary2 of [2]). Noticethatthetechniqueusedin [2] (approximationof Laplaceintegrals)
cannotbeappliedin ourcase.In contrastwith thecaseof a list (seesection4 of [2]), it seemsthatweobtain
thesameasymptoticequivalentfor theexpectedsearchcostin thecaseof iid weights.A wayto giveapartial
explanationis to do anintegrationby partsof equation(2.1). It followsthat

IE E<^ . M ��_ ¢¯. H &$X
� X �
� X5_

. H &
�<;8&
� X �
� NO N

L
? �a\� � ? Z Z baD� ?  @ � . H � H & RTa$R @ *

Thefirst partof theright-handsideisof order_D� �q¡ � . Unfortunatelywewerenotableto obtainaninteresting
inequalityor anasymptoticequivalentfor thesecondpartof this equation.

2. Boundsof theexpectationof theentropyof randomdiscretedistributions:usingaresultof Allen andMunro
[1], we obtainedthat theexpectedsearchcostis lower thantheexpectationof theentropy of thevector " # .
Is it possibleto obtainan inequalityfor IE E ¢5 " # � M in orderto obtaina sharperinequalityfor the expected
searchcost?Suchinequalityis especiallyinterestingin thecaseof independentweights,sinceif theweights
areiid, wehavesomeresultor indicationsaboutthebehaviour of theexpectedsearchcost.

To thebestof our knowledge,few papersaredealingwith this subject.Somework on this subjecthasbeen
investigatedby ShastriandGovil [18]. Kingman[13] provedthatif theweightshavetheGammadistribution
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with parameter	 and � andif thereexists Ë�Û®B suchthat 	+� tendsto Ë as� tendsto infinity and 	 tendsto
B , thenwe have:

IE E ¢5 "$# � M XdX/X/X�È.¿»
N
����m¡\_�� H & N�G;8&

Ë
�  � j Ë � *

This limit reducesto: ����m¡\_0� H & � j �_ j �Ü jlk,k+kmj �Ë (
if Ë is aninteger. Darling [6] derivedthetwo first momentsof somefunctionalsof " # in thecaseof random
weightsexponentiallydistributedwith parameter� . For theentropy, heobtainedthat:

IE E ¢5 "{# � M �YX �  � j � �
&
O  � X 
 �

. H & 
 ���m¡ c  
 �AR 
 Ö

and:

IE E ¢5 "{# � c M �YX �  � j � �
&
O  � X 
 �

. H & 
 c � �q¡ c  
 � c R 

j � c6 � c j � � Ê z n Ê-Ý g�&Ê z § Ê Ý�Þ O

 � X 
 & X 
 c �
. H & 
 & ���m¡ c  
 & � 
 c � �q¡ c  
 c �SR 
 *

Slud[20, 21] usedtheseresultsto obtainaCentralLimit Theoremfor theentropy ¢u "$# � of "$# .
Anotherway to study it is to considerthe entropy ¢5 "$# � conditionally to the sequence� . For instance,
from theorem9.7.1in [5] (p. 236),onecanobtainthefollowing bound:

IEE ¢5 "{# � M$� �_ � �q¡0d_ ¼ F �
.
�<;W& IE E � c %A� M X IE

.
�<;8& � %A�

c j �� _ *

Onecouldexpresstheexpectationsinvolvedin this equationin termsof Laplacetransformof theweights
andobtain:for any �[2u46� (+*,*,*)( �87 ,

IEE % � M �ÁX NO ? Z � 
@ �
.
�);8&�r¦;}�
? �  @ �SR @ (

and:

IE E %6c � M � NO N
L
? Z Z� �a\�

.
��;8&�r¦;}�
? � �a\�SR,a{R @ (

andfor any � ( � suchthat �¯�5�8´ � �u� ,

IEE %A��%Ai M � NO N
L
? Z � baD� ? Z i baD�

.
��;8&�r¦;}�
? ���a\�SRTa$R @ *

Unfortunatelywe donot obtainaniceformulafrom theseexpressions.
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