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Abstract

Considera binary searchtreecontainingn items. This treeis updatedaccordingto the move-to-rootrule as
definedfirst by Allen andMunro[1]. We assumehatfiles have iid randomweights,which areusedto construct
requestprobabilities. Exactformulasfor the two first momentsof the stationarysearchcostare derived from
classicakesult. A formulafor the expectationis alsogivenin the caseof independentveights. A boundfor the
expectedsearchcostis obtained. The expectedsearchcostis comparedo the onein the caseof alist updated
accordingio the move-to-frontrule [2]. Classicalexamplesaregivento illustratetheseresults.As a conclusion,
we give a brief discussiorof our resultsandsomequestionsarepointedout.

1 Intr oduction and model

Thereexistsmary way to recorditemsinto datastructureslists andtreesarethetwo well-known examples.Here
we will focuson a specialclassof trees,calledbinary searchtrees. Let usrecall few definitionsand properties
aboutthis datastructure.A treeis anagyclic connectedyraphwherethe verticesarecallednodes.A rootedtree
is a directedgraphandthereexists a uniquepathfrom theroot to ary nodej. Every node: # j on this pathis

calledanancestonf j, theclosestancestobeingthe parentnode. The subtreewith root i consistsof i andall its

descendantsA binarytreeis anorderedtreein which eachnodehasat mosttwo children(on the left or/andon

theright). A nodewithoutchild is aleaf or aterminalnode.A binary searchreeis arootedbinarytreein which

all itemswith smallerkey valuesarestoredat nodesin theleft subtreewhile largeror equalkey valuesarestored
on theright subtree.Thus,for a givensequencef items,we have the following algorithmto constructa binary
searchtree([15], p. 422-451):

Algorithm 1.1 1. If thereis notroot, inserttheitem astheroot;

2. If thekey valueis lower thanthatof theroot, inserttheitemin theleft subtree;
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3. If thekey valueis greaterthanthatof theroot, inserttheitemin theright subtree;

Notice thatthe constructiorof binary searchireedependsn the key valuesof theitemsbut alsoon the orderin
whichtheitemsareinserted.

Considem itemswhich areinsertedin a binary searchtree. This binary searcttreeis thenupdatedasfollows: at
eachunit of discretetime, anitem is requestedndependenthof the previousrequestandis movedto the root of

thebinarytree. Thisway to updatea list is calledthe move-to-rootrule andwassuggestedby Allen andMunroin

[1] (for areview onthemove-to-rootrule andits generalisationsseetheintroductionof Bodell'sthesig[4]). There
existsothermethoddo maintainaself-adjustingoinarysearchree: Allen andMunroin [1] alsostudiedthesimple
exchange(seebelaw); Sleatorand Tarjan[19] introducedsplaytreesanddifferenttechniquesuchlik e top-davn

splayingandbottom-upsplaying.

The move-to-rootrule canbe definedasa seriesof simpleexchangedetweemodes performeduntil therequest
item hasbeenmovedto thetheroot of thetree. Of course theseexchangesave to presere the propertythe data
structureof beinga binary searchree. Thealgorithmis the following.

Algorithm 1.2 Leta betherequestedtem:
1. If aistheroot,do nothing;
2. If a istheleft child of its parentr, modify the subtreewvhoserootis r asfollows:

e rotatea upto r sothata becomesheroot of the subtree;
e theold left subtreeof a is left unchangedn relationto «;
o theold right subtreeof « becomegheleft subtreeof

o theold right subtreeof » keepsin relationto r.

3. If a istheright child of its parentr, modify the subtreewhoserootis » with ananalogougransformation.

The aim of this heuristicis to keepa binary searchireein nearoptimalform. The associatedlarkov chainwas
studiedby Dobrow andFill in [8, 9]. They alsoprovedthe existenceof a link betweenthis Markov chainand
the heapsprocesgwhich is the namegiven to the Markov chaincorrespondindgo the move-to-frontrule [10]).
Dobrow extendedsomeresultsto the caseof Markovianreques{7].

In orderto avoid worstcasespnecanimagineto combinethis heuristicwith a balancedreeproceduresuchlike
theso-calledAVL trees(for which theabsolutevalueof thedifferencebetweerthe depthof any two nodesis zero
or one; see[15], p.451-471). Suchproceduresould be doneat eachdiscretetimes or whenthe Markov chain
hasreachthe equilibrium. However, intuitively the probability of failing into a worst caseshouldbe small. A
numericalevaluationof AVL procedureandself-adjustingoinarysearchrees(lik e move-to-root)wasproposedy
Bell andGupta[3].

Herewe considera binary searchtreecontaininga countablenumberof items.Onecanbeinterestedn thesearch
costof anitemin thebinarytreeata giventime. The searchcostis simply definedasthe numberof ancestoref
theitem requestedor equivalentlyasthe depthof theitemin thetreeminusone).

Letw = (w;);e v+ beasequencef independenstrictly positive randomvariables.For any i > 1, w; represents
the weight of theitemi. Let us considerthe n first files. Onecan constructa vectorof requestegrobabilities
Pn = (p1,...,pn) fromweightsasfollows:

vie{l,....,n}, p; =

n
where W, = Zwi )
=1

Suchrandomvariablesare relatedto randomdiscretedistributions which are usedin mary otherareassuchas
Bayesiarstatisticscombinatoricsgeneticsgcology andanalysisof stochastigrocesgsee[13] or [17] for refer

ences).Our constructionof the move-to-rootheuristicwith randomweightsis analogougo the onemadein [2]

for the move-to-frontheuristicwith randomweightsor in [16] for anotherclassicalproblem,the randomcoupon
collectorproblem(seealso[12]).

We assumehatall randomvariablesof the sequences have a densityfunction. For any ¢ € IN*, let usdenoteby
fi thedensityfunctionof therandomvariablew; andby ¢; its Laplacetransform:

VS0, ¢i(t) = Ele v = / ety (a) da

0



Let usrecallthatthe ¢;’s aredecreasingunctionswith ¢;(0) = 1 andtendingto 0 ast tendsto infinity. We denote
by u; theexpectatiorof w; forary i € IN*: ; = —¢;(0). In thecaseof asequencef iid randomweightswe will
forgetthesubscriptfor ary i € IN*, ¢; = ¢ andyu; = p.

In section2 we give integral representationf thetwo first momentof the stationarysearchcost(theorem2.1 and
theorem?2.2)in caseof iid weights. Theresultfor the expectationis extendedn the caseof independentveights.
We give a boundfor the expectationwhich is valid for sequencef independentveights. Section3 is devoted
to studythreeexamples. In section4 we discussbriefly aboutthe resultsobtainedhereandtwo (unanswered)
guestionsvhich arisenaturallyat the sight of theresultsobtainedn thetwo previoussectionaregiven.

In this problem,we canalsoconsiderarandomnumberof items. To obtainsimilar resultsthanthoseshavn here,
one can considerour problemconditionallyto N = n where N is someindependentliscreterandomvariable
indicatingtherandomnumberof items.

2 Two first momentsof the stationary search cost

In this section,we derive from the resultsof Allen andMunro [1] the two first momentsof the stationarysearch
costwhentheitemshaveiid randomweights.Let usdenoteby S,, the stationarysearchcost.

Thefollowing theoremgivesanintegral representationf the expectationof the stationarysearctcosts,, :

Theorem 2.1 For a sequences of iid randomweightswe have:

E[S,] = 2'27: /O h /t 0= )6 ()2 () St dudt | 2.1)

Proof Fromtheorem3.1in [1] (seealso[4] wherethis resultis obtainedasthe limit of the transientexpected
searchcost),we have:
E[S,] = E[E[S,]|v]]
DiDj
= 2 E|——

1<i<js<n

n—1
- 9 Z(n —)E { P1Pit+1
i=1

pP1+ -+ Pit1

- QTLz:l(n—i)lE{ i } :

= (w1 +--- +wi+1)Wn

sincethe weightsare identically distributed. Let us denoteby F; the expectationin the summation. Let i €
{1,...,n—1}. SetW] = wy + -+ + w; andW)/ = W,, — W} — w1 — w;1+1. ThusE; canbe expressedisa
functionof W), W/, w, andw;1 which arefour independentandomvariables:

W1 Wi41
Ei i+ :|

E
{(un + W) + w,-.H)(wl + W) +wit1 + W,Il')

e W1Wi+1 —(w1+W) +w; )t] n—i—1
E|— =" o (witWitwigs t dt
/0 {wl + W), + wit1 o0

- / / E {wlwiﬂe*(MWHW] o) (1) dtdu
0 t

/OO /°° & (u)2p(u) " tp(t) "t dudt
o Ji

Thusreplacingthe computatiorof £; in the summationwe get:

E[S, ] :22 /0 b /t (0= i) (u)2(u) L S8 dudt



In thefollowing theoremwe computethe momentof order2 of the stationarysearchcost:
Theorem 2.2 For a sequence of iid randomweightswe have:

n—2 n—i—1

E[S?] = —82 Z n—i—j)x

/000 /too /:O ¢ (0)*¢' (w)p(v)' " p(u) ~ P(t)" 7 dvdudt .

Proof From[1] or [4], we have:

(2.2)

E[S?] = E[E[S? |w]] = E[S,] + 4V ,

whereV is thefollowing quantity:

M. 1 1
v= ¥ IE[ DibiPh ( + ﬂ
= pit+--+pe \pPit---+p; pjt+---+pg

1<i<j<k<gn

The expectationof .S,, hasbeencomputingin the previous section(seetheorem2.1). Usingthatw is a sequence
of iid randomweights,V canberewritten asfollows:

=Z Z n—i— ) [Vi(i,§) + Va(i. )] . 2.3)
where:
- P1Pi+1DPi+j+1
Vi(i,j) =E 7
1( J) [(p1+"'+pi+j+1)(p1+"'+pi+1)}
and:

E { P1Dit1Ditj+1 ] _

(p1+ -+ pirjr1) it + -+ Divjr1)
Let usnow computethesetwo expectationseparatelyusingthe sametrick asin the proof of theorem2.1. Let us
startwith the computingof thefirst expectation:

Va(i, j) =

Va(i, j)
—E [ P1Pit1Pi4j+1
L (1 + -+ Pigjr1) (L + - + Pig1)
—E W1 Wi 1 Wit j+1 }
L(w1 4+ Wigjen) (Wi + -+ wig) Wy,
—E W Wi 41 Wi4 541
_(w1 +w 4+ wip1 +w’ + wiHH)(wl +w' + wi+1)
1
w1 +w + wit1 +w’ + w1 +w”
where:
w’ = wy+ -+ w;
,wll — wi+2+“'+wi+j
'lUHI e wi+j+2+"'+wn-



All thesesix randomvariablesareindependentThuswe get:

Vl (2*.7)

[ee]
_ / E [ W1 Wit 1Witj+1 o b b )t

0 (w1 + W + wit1 + W' + Wi j1) (w1 + W+ wig1)
¢(t)n—i—j—1 dt

_ wlwb+1wl+j+1 Bl e e ¥ A —(witw twip 1w fwipj41)u ¢(t)n7ifjfl dudt
wy + w4+ wit

/ / |: W1Wi+1 e—(w1+w’+wi+1)ur
wy +w' + wig

/ IE WIW;i41€ (w1+w/+wi+1)”} ¢ (w)p(u) ~Lop(t)" I~ dvdudt

- / / / ¢ (0% () o(v)' = o(u) = $(t)" =" dvduds .

Similar computationgor the secondexpectationeadsto the following expression:

-/ N / N / " 026 ()(0) o) (eI docudt

It is easyto seethatVz (i, j) = Vi(j,4). Thus,we have:

¢/(u)¢(u)b—1¢(t)n—i—j—l dudt

n—2 n—i—1 n—2 n—i—1
Z Z (n—i—7)Va(4,1) Z Z (n—1i—75)Vi(s,j) -
i=1 j=1 i=1 j=1

Hencewe have thefollowing expressiorfor V';

_Z (n—1i—75)Vi(,7) .

HM|

.
[y

ThusreplacingV; (4, j) by thecomputationve have done,we obtaintheresultstatedn thetheorem. O

Using the sametechniquesas below, one can obtain similar expressiongor the two first momentswhenthe
weightsareindependentbut not necessarydentical). For instancepnecanprove thefollowing result:

Theorem 2.3 For a sequences of independentandomweights,wehave:

E[S.]=2 > / / oh(u) quk Hgbk H b (t) dudt . (2.4)

1<i<j<n k=i+1 k=j+1
We have thefollowing boundfor the expectedsearchcost:

Proposition2.1 For a sequencev of independentandomweights we have:
[E[S,] < 2logn . (2.5)

This boundis not a surprisefor the researchein computersciencesincelog n is the orderof the heightof a
randombinarysearchreewith n nodes.

Proof Allen andMunro provedthefollowing inequality(theorem3.2.in [1]):
E[S | «] < 2log 2H (p) , (2.6)
where: "
= pilogypi
i=1
is the Shannorentropy. It is well-known that:

H(pyn) < logyn,



and that the maximumof the entropy is reachedfor the uniform distribution, thatis whenp;, = 1/n for ary
i € {1,...,n}. Hencewe have thefollowing inequalityfor the expectedsearchcost:

[E[S,,] < 2logn .

O

Remark 2.1 This expectedstationarysearchcostcanbe comparedo the onewhenthe datastructureusedis a
list. In orderto distinguishthe two searchcost,we introducethe following notations:let us denoteby S7 (resp.
S£) the stationarysearchcostwhenthe datastructureis a binary searchtree updatedwith the move-to-rootrule
(resp.alist updatedwith the move-to-frontrule). The caseof alist with randomweightswasstudiedin [2]. From
equation(2.1),since¢ is adecreasindunction of thetime, onegets:

EsT]<2 Y /O°° (/tm@(r)«ﬁ;(r)dr)kf[m)dt,

1<i<j<n =
k#i,j

whichequalgo IE[SZ] (seecorollary1in [2]). Thisresultis notsurprisingsincein the classicakontext thesearch
costof anelementin abinarysearchreeis lowerin expectatiorthanin alist.

3 Examples

This sectionis devotedto studysomeexamplesWe will studythreeexamples:deterministicgammaandPoisson
weights. For thesetwo distribution we will be ableto carry outall computationgor the two first momentsof S,,.
Before,let uspoint out a usefulremarkwhenstudyingexamples:

Remark 3.1 Letw andw’ two sequencesf independenstrictly positive randomvariables. Assumethat there

exists a positive constantt suchthatfor ary i € N*, w) @ kw;. Letn beanintegerandconsiderthe n first
termsof thesetwo sequenced.et W,, = wy + - - - + w,, andW, = w} + - - - + w],. We constructwo vectorsof
probabilities,p,, andp’,, asin theintroduction.Then,

; (d) kw; kw;
i = = =Di-

< kW,
kaj
j=1

Thus,accordingo theorem3.1in [1], the stationarysearchcostsassociatetb the sequences andw’ areequalin
distribution; or equivalently, all momentwof the stationarysearchcostsassociatedo thesesequenceareequal.

In the examplesstudiedin this sectionharmonicnumberswill beused(see[14], p. 73-76). Hencelet usrecall
its definitionandsomeusefulpropertiefor computations:

Definition 3.1 Forary n € IN*, then-th harmonicnumberH,, is:

Hy, = Z
k=1

As n tendsto infinity we have thefollowing well-known approximation:

=

Lemma 3.1 Let~ bethe Euler's constant.Asn tendsto infinity,
1 1 1
H, =1 ;=
n R T o2 T Toont €
whele:

1
0 I
< €< pgn6

Let usnow recalltwo formulaswhereharmonicnumbersareinvolvedin sum:

Lemma 3.2 For anyn € IN*,

ZHk =n+1)H,—n.
k=1



and:

L~ Lz ),
k=1
wheee: .
~ 1
2) _
HP = =
k=1

We have thefollowing limit for H,,(f):

Lemma3.3 9

lim H,(f) - .
6

n—oo

Onecaneasilyprove thefollowing lemma:

Lemma 3.4 For anyn € IN* andc € Z,

"k
Z =n—c(Hpre— He) .
k=1 kte

If c =1, it reducedo:
Lk
Zk—H =(n+1) = Hnyi .
k=1

We have now all thetoolsto studyourtwo examples:

Example 3.1 Let usconsidera sequencef independentieterministicweights:forary i € {1,...,n}, w; = a;.
TheLaplacetransformg; is:
¢i(s) = e %% .

Thusonegets: v

E[S.)=2 ) v : (3.1)

1<i<j<n Anfai + -+ a5)

whereA,, = aj + -+ + ay.
Let usnow considerthe caseof iid weights. Without lossof generality onecanchoosefor ary i € {1,...,n},

a; = 1 usingremark3.1. Equation(3.1) reducego:
[E[S,] =2 (1 + l) H,—4. (3.2)
n

Sinceweightsareidenticalanddeterministicijt is clearthatthis quantityis alsothe averagenumberof comparison
involvedin asuccessfusearchf the keys areinsertednto thetreeon randomorder([15], p. 427).

Whenthenumbern of itemstendsto infinity, we obtainthefollowing asymptoticformula:
[E[S,.] ~ 2logn , (3.3)

sinceH,, ~ log n. Hencewe find theformulas(equationg3.1), (3.2) and(3.3)) derivedby Allen andMunro ([1],
p.529).

Let usnow computethe momentof order2 (in theiid case).Onecanobtainthat:

1 1 5 1__ 8
E[S2] = 8 (1 + ﬁ> (Han_l — g Hu+ JHi — 5H&) ~8Hy1 +20— .

Hencewe obtainthe asymptoticequivalentfor the momentof order2:
[E[S?] ~ 4log®n .

Thusonecandeducehat:
Var|S,]

ES, ]2 now -




Usingthe Chebyshe inequality(seep. 233in [11] for instance)we obtainthat:
Sn Pr 1
_—
E[S,] n—oe

whichmeanghat§,, is concentrate@roundits expectationasn becomesarge. This propertyfor S,, is surprising
sincethe stationarysearchcostfor alist updatedwith the move-to-frontrule doesnot hold the sameproperty(see
corollary2 andexamplel in [2]). Onecanbelievethatthisis dueto thekind of datastructureusedin this paper

Example 3.2 Let us considera sequencef independentandomvariableshaving the Gammadistribution with
parameters,; andA. Without lossof generality we canassumehat A = 1 usingremark3.1 (andsinceif X is
arandomvariablehaving the Gammadistribution with parameters and A then A X hasthe Gammadistribution
with parametera and1). The Laplacetransformg; is:

bis)=(1+35)7" .

Thusonegets:

a;a;
E[S,] =2 L , (3.4)
1<§<n Ay(a;+---+a;+1)

whereAd,, = a1 + - + a,.

Let usnow considerthe caseof iid weights.Leta; = a forarny i € {1,...,n}. Equation(3.4) reducego:
2=t i
E[S.] = — —_ .
[Sn] n;(i—i-l)a—i-l (3:5)

n—1
a+1 1 2(n—1)
= 2 — .
<a—|— n )izl(i—i—l)a—i—l n

Sincel/(ia + 1) ~ 1/(ia) asi tendsto infinity andsincethe seriesof generaterm1/(ia) diverges,we have:

- 1 1
;z—i-la—i—lw_ i (3.6)

asn tendsto infinity. Thuswe obtainthefollowing approximation:
[E[S,] ~ 2logn . (3.7

Notice thatfor this example,the distribution of p,, is well-known andis the symmetricDirichlet distribution
with parametefq, ... ,a) € R’} (see[12] for instance)Let usrecallthatthe densityof this distributionis:

T(an) ,_ .
F(a)”xl Loox® 1]]_An(m1,...,1:n),

wherel is the GammafunctionandA,, is the simplex of ordern:

n
A, = {(zl,...,xn) €RY ; Zzi = 1} .
i=1

For a = 1, theweightshave the exponentialdistribution with parameteit andwe obtainfrom equation(3.5):

E[S,] = 2 (1 + %) Hpi1 —5— % . (3.8)

(fﬁl,...,fﬁn)’_)

Let usnow computethe momentof order2 of the stationarysearch:ost.Onecangetthefollowing expression:

2 _| 8a2 L " n—1t1—j
E[S,] = E 72:: z:: (ai+j+1)+1)(a(i+1)+1)°

For a = 1 (exponentialdistribution), this expressmrreduceso:

1
E[S?] = 8H,, 1 H, —4 1+ ) H? + Hn+2H -8 (1 + ;) H, —12H, 41

12 1 24
- 71+2_8<—+—)H£2)+14+—.
n 2 n n



Hencewe obtainthe asymptoticequivalentfor the momentof order2:
IE[S2] ~ 4log®n .

Sincewe obtainthe sameasymptoticequivalentsfor thetwo first momentsasin the caseof deterministioveights,
we cando the sameremarkaboutthe corvergencen distribution of S,,, thatis:

Sn Pr
—
|E[Sn] n—oo

Example 3.3 Let usconsidera sequencef iid randomvariableshaving the Poissordistribution with parameter
. TheLaplacetransforme is:

o(s) = eMeT 1)

Thusonecancomputethe following asymptoticapproximation:
[E[S,] ~ 2logn . (3.9)

Hencewe obtainthe sameapproximatiorthanin the deterministicandgammacase.

4 Conclusionand discussion

Throughoutour theoremsandthe two first exampleswe studied,we canmeasurehe performanceof the binary
searchtreeasa datastructureusedfor retrieving quickly datas.Evenwe werenot ableto obtaina formulafor the
distribution of the stationarysearchcost(asin our previous work [2]), the elementscontainedin this papercan
corvince (onemoretime if needed?)of the advantageof binary searchtreestoward simplelist. The interestof
usingbinarysearchreeappearswice:

e Theremark2.1 succeedindo the theorem2.1: the expectedstationarysearchcostis alwayslower when
usingabinarysearchreethanusingasimplelist;

e Theexamples3.1and3.2: for two familiesof distributions(deterministicandexponential),we obtainthat
the stationarysearchcostis concentratedroundits expectation.This is not the casewhenusingsimplelist
(seeexampledn [2]): in this casethe distribution of the stationarysearchcostis morespread.

Although comparisondetweerthe two kinds of datastructurescanbe doneeitherfor the expectationor for
someexamples somequestiondeave unanswere@ndshouldmeritto be underlying:

1. Asymptotidormulas:a questionwhich arisesnaturallyonceformulasasequationg2.1) or (2.2) is obtained
is aboutasymptoticequivalentandlimit theorems.We give asymptoticequivalentfor the threeexamples
andit couldbeinterestingto give anexpressionn the generakaseasit wasdonefor the move-to-frontrule
(theoremB andcorollary? of [2]). Noticethatthetechniqueusedn [2] (approximatiorof Laplaceintegrals)
cannotbeappliedin our case.In contrastwith the caseof alist (seesectiond of [2]), it seemghatwe obtain
thesameasymptoticequivalentfor theexpectedsearcttostin thecaseof iid weights.A wayto giveapatrtial
explanationis to do anintegrationby partsof equation(2.1). It follows that

n—1

E[S,] = 2 <Hn1 - "; 1) —2 g n—t /Ooo /too d(w)ig” (W) p(t)" =" dudt .

7

Thefirst partof theright-handsideis of order2 log n. Unfortunatelywe werenotableto obtainaninteresting
inequalityor anasymptoticequivalentfor the secondpartof this equation.

2. Boundsof theexpectationof the entropy of randomdiscretedistributions: usingaresultof Allen andMunro
[1], we obtainedthatthe expectedsearchcostis lower thanthe expectationof the entropy of thevectorp,,.
Is it possibleto obtainaninequalityfor IE[H (py, )] in orderto obtaina sharpeiinequalityfor the expected
searctrost?Suchinequalityis especiallyinterestingn the caseof independentveights,sinceif theweights
areiid, we have someresultor indicationsaboutthe behaiour of the expectedsearctcost.

To the bestof our knowledge few papersaredealingwith this subject.Somework on this subjecthasbeen
investigatedy ShastriandGovil [18]. Kingman[13] provedthatif theweightshavethe Gammadistribution



with parameter. and1 andif thereexists A\ > 0 suchthatan tendsto A asn tendsto infinity anda tendsto
0, thenwe have:

E[H (pn)] ~—— (log2)™" Z G i 5

Thislimit reducego:

2 3 A

if X isaninteger. Darling [6] derivedthetwo first momentsof somefunctionalsof p,, in the caseof random
weightsexponentiallydistributedwith parameteil. For theentropy, he obtainedthat:

1 1 1
(log2)~* <1+—+—+---+—> ;

E[H(pn)] = —n(n + 1)/0 (1 —7r)""rlogy(r)dr ;

and: )
IE[H (py)?] :-n(n+1)/0 (1= )" 112 log, (r)2 dr

+n2(n? + 1) / (=7 = 12"ty logy (r1)ra logy (ra) dr .
ri+re<1

r1,7220

Slud[20, 21] usedtheseresultsto obtaina CentralLimit Theoremfor theentropy H (py,) of py.

Anotherway to studyit is to considerthe entropy H(p,) conditionallyto the sequencev. For instance,
from theorem9.7.1in [5] (p. 236),onecanobtainthefollowing bound:

2
n l
[E[H (pn)] < log (27e) E IE[i%p;] <§ im) + =
=1

Onecould expressthe expectationgnvolvedin this equationin termsof Laplacetransformof the weights
andobtain:forary i € {1,...,n},
lE[pl - / ¢ ) ’

and:
=[] e Hm ) dudt
k;éz
andfor ary 4, j suchthat1 < i < j < n,
E[p;p;] = / / ¢y (u) ¢’ (u H(bk ) dudt .
k;éL

Unfortunatelywe do not obtaina niceformulafrom theseexpressions.
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