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Abstract

We consider an interacting particle Markov process for Darwinian evo-
lution in an asexual population, involving a linear birth rate, a density-
dependent logistic death rate, and a probability p of mutation at each
birth event. We introduce a renormalization parameter K scaling the
size of the population, which leads, when K — 400 and pu = 0, to
a deterministic dynamics for the density of individuals holding a given
trait. By combining in a non-standard way the limits of large population
(K — +00) and of small mutations (¢ — 0), we prove that a time scale
separation between the birth and death events and the mutation events
occurs and that the interacting particle microscopic process converges for
finite dimensional distributions to the biological model of evolution known
as the “monomorphic trait substitution sequence” model of adaptive dy-
namics [14, 4], which describes the Darwinian evolution in an asexual
population as a Markov jump process in the trait space.

Keywords: measure-valued process; interacting particle system; adaptive
dynamics; finite dimensional distributions convergence; time scale separation;
stochastic domination; branching processes; large deviations.

1 Introduction

We will study in this article the link between two biological models of Darwinian
evolution in an asexual population. The first one is a system of interacting par-
ticles modeling evolution at the individual level, referred below as the micro-
scopic model, and which has been already studied in Dieckmann [3], Fournier
and Méléard [8] and Ferriere et al [7]. The second one models the evolution at
the population level as a jump Markov process in the space of traits character-
izing individuals, called “trait substitution sequence”, and referred below as the
TSS model. The TSS model belongs to the recent biological theory of evolution
called adaptive dynamics (Hofbauer and Sigmund [10], Marrow et al. [12] and
Metz et al. [13]), and has been introduced in 1996 by Metz et al. [14] and Dieck-
mann and Law [4], and mathematically studied in Champagnat [2]. This model
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and its generalizations have revealed a powerful tool for understanding various
evolutionary phenomena, such as polymorphism (stable coexistence of different
traits) or evolutionary branching (evolution of a monomorphic population to a
polymorphic one). The heuristic leading to the TSS model [14, 4] is actually
based on the biological assumptions of large population and rare mutations, and
on another assumption stating that no two different types of individuals can co-
exist on a long time scale: the competition eliminates one of them. We propose
to prove in this article a convergence result of the microscopic model to this
TSS model when the parameters are normalized in a non-standard way, leading
to a time scale separation. This limit combines a large population asymptotic
with a rare mutations asymptotic. Such a result will provide a mathematical
justification of the T'SS model and of the biological heuristic on which it is based.

Let us describe the microscopic model: in a population, Darwinian evolution
acts on a set of phenotypes, or traits, characterizing each individual’s ability to
survive and reproduce (e.g. body size, rate of food intake, age at maturity).
We will consider a finite number of quantitative traits in an asexual population
(clonal reproduction), and we will assume that the trait space X is a compact
subset of R! (I > 1).

The microscopic model involves the three basic mechanisms of Darwinian
evolution: heredity, which transmits traits to new offsprings, mutation, driving
a variation in the trait values in the population, and selection between these
different trait values, caused by the competition for limited resources or area.

For any x,y € X, we introduce the following biological parameters

b(x) € R is the rate of birth from an individual holding trait .
d(z) € R% is the rate of “natural” death for an individual holding trait x.

a(z,y) € RY is competition kernel representing the pressure felt by an individ-
ual holding trait x from an individual holding trait y.

wu(x) € [0,1] is the probability that a mutation occurs in a birth from an indi-
vidual with trait x.

m(x,dh) is the law of h = y — =, where the mutant trait y is born from an
individual with trait z. It is a probability measure on R!, and since y
must belong to the trait space X, the support of m(z,-) is a subset of

X—z={y—z:ye X}

K € N is a parameter rescaling the competition kernel a(-,-). Biologically, K
may be linked to the ressources or area available, and is related to the
biological concept of “carrying capacity”. As will appear later, this pa-
rameter is linked to the size of the population: large K means a large
population (provided that the initial condition is proportional to K).

ug € [0,1] is a parameter depending on K rescaling the probability of mutation
p(+). Small ug means rare mutations.

Let us also introduce the following notations, used throughout this paper :

b(x) — d(z)
e F (1)
B(z) = p(x)b(z)ny (2)
and  f(y,x) = b(y) — d(y) — a(y, )7, (3)



We consider, at any time ¢ > 0, a finite number N; of individuals, each of
them holding a trait value in X'. Let us denote by x1,...,zy, the trait values
of these individuals. The state of the population, rescaled by K, at time ¢t > 0
can be represented by the finite point measure on X

1
K _ R
Vt - Kl—zlém”

where d,, is the Dirac measure at x. Let M denote the set of finite nonnegative
measures on X', and define

ME = {KZ ,n>0, zq,... IWGX}

An individual holding trait x in the populatlon vE glves blrth to another
individual with rate b(z) and dies with rate d(z) + [ a(z,y)vf(dy) = d(z) +
(T2 alz,2:))/K.

A newborn holds the same trait value as its progenitor’s with probability
1 —ugp(x), and with probability ug u(x), the newborn is a mutant which trait
value y is chosen according to y = x + h, where h is a random variable with law
m(x,dh).

In other words, the process (vt > 0) is a M¥-valued Markov process
with infinitesimal generator defined for any bounded measurable functions ¢
from M¥X to R by

2¥ow) = [ (o (v+ %) ~00)) (@ - wn(npiorv(a)

/ /Rl ( ( Hh) - ¢(V)> ug p(z)b(x)m(z, dh) Kv(dx)
+/x ((b (1/— iz) - ¢(V)> (d(ac) +/Xa(sc,y)u(dy)> Kv(dr). (4)

The first term (linear) describes the births without mutation, the second term

(linear) describes the births with mutation, and the third term (non-linear)

describes the deaths by oldness or competition. This logistic density-dependence

models the competition in the population, and hence drives the selection process.
Let us denote by (A) the following three assumptions

(A1) b, d and « are measurable functions, and there exists b, d, & < +oo such
that

b(-)<b, d(-)<d and a(,-)<a

(A2) m(x,dh) is absolutely continuous with respect to the Lebesgue measure
on R! with density m(z, h), and there exists a function m : R — R, such
that m(z, h) < m(h) for any x € X and h € R!, and [ m(h)dh < cc.

(A3) u(x) > 0 and b(z) — d(x) > 0 for any x € X, and there exists o > 0 such
that

a < a(-, )



For fixed K, under (A1) and (A2) and assuming that E((vf, 1)) < oo (where
(v, f) denotes the integral of the measurable function f with respect to the
measure V), the existence and uniqueness in law of a process with infinitesimal
generator L¥ has been proved by Fournier and Méléard [8].

In this model, the biological assumption of large population corresponds to
the limit K — 400, and the assumption of rare mutations to ux — 0. In order
to give a precise formulation of the biological assumption on the impossibility
of coexistence of two different traits, let us define:

Definition 1

(a) For any K > 1, b,d,c > 0 and for any N/K-valued random variable z,
we will denote by P¥(b,d, c,z) the law of the N/K-valued Markov jump
process with initial state z and with transition rates

b fromi/K to (i+1)/K,
i(d+ci/K) fromi/K to(i—1)/K.

(b) For any K > 1, by, dk,ck; > 0 with k,l € {1,2}, and for any N/K-valued
random variables z1 and zo, we will denote by

K
Q" (b1, b2, d1,da, c11, 12, C21, €22, 21, 22)

the law of the (N/K)?-valued Markov jump process with initial state
(21, 22) and with transition rates

i1 from (i/K,j/K) to ((i+1)/K,j/K),
jbe from (i/K, j/K) to (i/ K, (j + 1)/ K),
i(dy + c11i/K 4 ¢12j/K)  from (i/K,j/K) to ((i —1)/K,j/K),
j(ds + exif K + e /K) from (i/ K, j/K) to /K, (j — 1)/K)

Fix  and y in X. The proof of the following two results can be found in
chap. 11 of Ethier and Kurtz [6].

Proposition 1

(a) Assume pu = 0 and vl = NX(0)6,. Then, for any t > 0, vl = NE(t)s,,
where NX has the law PX (b(x),d(z), a(z, ), NX(0)). Assume NX(0) —
n.(0) in probability when K — +oc. Then, the sequence (NX) converges
in probability on [0, T] for the uniform norm to the deterministic function
n, with initial condition n,(0) solution to

Ny = (b(x) — d(x) — alx, 2)ng)n,. (5)

(b) Assume p = 0 and vf* = N[(0)d, + NJ<(0)d,. Then, for any t > 0,
vl = NE(t)o, + NS (t)d,, where (NN, NJ) has the law

Q¥ (b(x),b(y), d(x), d(y), a(z, z),a(z,y), aly, z), aly,y), N (0), NS (0)).

Assume NX(0 ) n,(0) and NJ(0) — n,(0) in probability when K —
+00. Then, (NJ,NJX) converges in probability when K — +oo on [0,T]
for the un1form norm to the deterministic function (ng,n,) with initial
condition (n,;(0),n,(0)) solution to

{ ng = (b(z) — d(z) — a(z, x)n, — oz, y)ny)na (6)
iy = (b(y) — d(y) — a(y, 2)ne — a(y, y)ny)ny.



Note that (5) has two steady states, 0, unstable, and 7., defined in (1),
stable. System (6) has at least three steady states, (0,0), unstable, (7, 0) and
(0, 7).

Let us introduce the following assumption :

(B) Given any x € X, Lebesgue almost any y € X satisfies one of the two
following conditions:

either  (b(y) — d(y))a(z,z) — (b(z) — d(x))a(y, ) <0, (7)

Assumption (B) is the mathematical formulation of the impossibility of co-
existence of two different traits. Actually, an elementary analysis of system (6)
shows that (cf. e.g. Istas [11] p. 25-27) :

Proposition 2 Ifx andy satisfy (7), then (7, 0) is a stable steady state of (6).
If x and y satisfy (8), then (75, 0) is an unstable steady state of (6), (0,7y) is
stable, and any solution to (6) with initial state in (R*.)? converges to (0, )
when t — +00.

The TSS model is a Markov jump process in X with infinitesimal generator
given, for any bounded measurable function ¢ from X to R, by

[f(fE + h,.’ﬂ)]+

by ()

Agla) = [ (pla+h) = ola))(o)

where [a]; denotes the positive part of a € R, and where §(z) and f(y,x)
are defined in (2) and (3). The existence and uniqueness in law of a process
generated by A holds as soon as 3(z)[f(y, 2)]+/b(y) is bounded (see e.g. Ethier
and Kurtz [6]), which is true under assumption (A) ([f(y,z)]+/b(y) < 1).

Our main result writes:

Theorem 1 Assume (A) and (B). Fiz a sequence (ur)ien in [0, 1] such that

YV >0, exp(—VK)<ug < (10)

Klog K

(where f(K) < g(K) means that f(K)/g(K) — 0 when K — o0). Fiz also
x € X, v > 0 and a sequence of N-valued random variables bounded in L',
(vi ) Ken, such that v /K converges in law to . Consider the process (v, t >
0) generated by (4) with initial state 365,. Then, for any n > 1, € > 0 and
0<t; <ty <...<ty, <00, and for any measurable subsets I'y,..., Iy, of X,

KlirEmP(Vi e{l,...,n}, Supp(l/t[j/KUK) is a singleton {x;}, z; € T;
and |(VfY) gcuer 1) — i, | <€) =P(Vie {1,...,n}, Xy, €Ty) (11)

where for any v € Mg, Supp(v) is the support of v and (X¢,t > 0) is the TSS
process generated by (9) with initial state x.



Corollary 1 With the same notations and assumptions than in Theorem 1,
when K — 400, the process (VgKuK,t > 0) converges in the sense of the finite
dimensional distributions, for the topology on Mp induced by the functions
v — (v, f) with f bounded and measurable on X, to the process (Y;,t > 0)
defined by
v, — { YOz ift=20
¢ ﬁXt(SXt if t > 0.

Proof of Corollary 1 Let I' be a measurable subset of X. Let us prove that

B, 1n) = BlAx 1xer). (12)
Fix € > 0, and observe that 7i, € [0,b/a]. Write [0,b/a] C UY_,I;, where p is
the integer part of b/eq, and I; = [(i — 1)e,ic[. Define I'; = {x € X : 7, € I;}
for 1 <4 < p, and apply (11) to the sets ' NIy,...,I'NT, withn =1,¢ =t
and the constant € above. Then, for sufficiently large K,

NE

lim sup E(<V75]§Ku;< ,1rar;))

1imsupE(<V§KuK71F>) < P
1 — 400

K—+o00o

~

<N (i+1)eP(X, e NTY)

-

o
Il
—

(E(ﬁxtlxtermm) +2:P(X; € PZ))

o

Il
=

2

< E(ﬁXt 1Xt6]_") + 2¢.

A similar estimate for the liminf ends the proof of (12), which implies the
convergence of one-dimensional laws for the required topology.

The same method gives easily the required limit when we consider a finite
number of times t1,...,t,. O

Remarks 1

e The time scale 1/Kuy of Theorem 1 is the time scale of the mutation
events for the process V. Assumption (10) is the condition leading to
the time scales separation between the mutation events and the birth and
death events. The limit (11) means that, when this time scales separation
occurs, the population is monomorphic at any time (i.e. composed of indi-
viduals holding the same trait value) with high probability, and that the
transition periods from a resident trait to a mutant one are infinitesimal
on this mutation time scale.

e [t is not possible to obtain the convergence in law for the Skorohod topol-
ogy on D([0,T], Mp) because of the right discontinuity of the process Y
at time 0.

This result is different from usual time scale separation results (averaging
principle, cf. Freidlin and Wentzell [9] and Skorohod et al. [16]), because no
assumption of ergodicity has been made, and because we have to combine two
limits simultaneously. Original methods are necessary to prove Theorem 1.

Our proof is based on two ingredients : first, when p = 0 and v is mo-
nomorphic with trait x, we have seen in Proposition 1 (a) the convergence of



vE to n(t)d,, where n(t) is solution to (5). Any solution to this equation with
positive initial condition converges for large time to 7. The large deviations
estimates for this convergence will allow us to show that the time during which
the stochastic process stays in a neighborhood of its limit (problem of exit from
domain [9]) is of the order of exp(KV) with V' > 0.

Now, when ug is small, the process ¥ with a monomorphic initial condition
with trait = is near to the same process with p = 0, as long as no mutation
occurs. Therefore, the left inequality of (10) will allow us to prove that, with
high probability, v¥ is near to 71,0, when the first mutation occurs.

The second ingredient of our proof is the study of the invasion of a mutant
trait y that has just appeared in a monomorphic population with trait x. This
invasion can be divided in three steps :

e Firstly, as long as the mutant population size (v, 1¢,y) (initially equal
to 1/K) is smaller than a fixed small ¢ > 0, the resident dynamics is
very close to what it was before the mutation, so (v/[<, 1y,}) stays close to
. Then, the death rate of a mutant individual is close to the constant
d(y) + a(y,z)n,. Since its birth rate is constant, equal to b(y), we can
approximate the mutant dynamics by a binary branching process. There-
fore, the probability that (v[, 1¢,y) reaches ¢ is approximately equal to
the probability that this branching process reaches e K, which converges
when K — +00 to its probability of non-extinction [f(y, z)]+/b(y).

e Secondly, once (vf*,1¢,;) has reached e, by Proposition 1 (b), for large
K, v¥ is close to the solution to (6) with initial state (7.,e) with high
probability. We will show that Proposition 2 implies that this solution
reaches the e-neighborhood of (0, 72,) in finite time.

e Finally, once (vf, 1(,) is close to i, and (vf, 1,y is small, K (v, 1,y)
can be approximated, in a similar way than in the first step, by a binary
branching process, which is subcritical and hence gets extinct a.s. in finite
time.

We will see in sections 2.2 and 2.3 that the time needed to complete the first
and third steps is proportional to log K, whereas the time needed for the second
step is bounded. Therefore, since the time between two mutations is of the order
of 1/Kug, the right inequality in (10) will allow us to prove that, with high
probability, the three steps above are completed before a new mutation occurs.

Section 2 will provide the large deviations and branching process results
needed to make formal the preceding heuristics. We will also prove several
comparison results between (€, 1) and the birth and death processes of Defi-
nition 1. In section 3, the proof of Theorem 1 is achieved by computing, for any
t, the limit law of thf Kuy according to the random number of mutations having

occured between 0 and ¢/Kug.

Notations

e [a] denotes the first integer greater or equal to a, and |a| denotes the
integer part of a.

e For any K > 1 and v € M¥ we will denote by PX the law of the process
vE generated by (4) with initial state v, and by EX the expectation with
respect to PX.
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The convergence in probability of finite dimensional random variables will
be denoted by z.

We will denote by £(Z) the law of the stochastic process (Z;,t > 0).

We will denote by =< the following stochastic domination relation: if Q;
and Q5 are the laws of R-valued processes, we will write Q1 < Q5 if we can
construct on the same probability space (£, F,P) two processes X' and
X2 such that £(X?%) =Q; (i =1,2) and Vt > 0, Vw € Q, X} (w) < X?(w).

Finally, if X! and X2 are two random processes and T is a stopping
time for X!, we will write X! < X2 for ¢ < T if we can construct a
process X2 on the probability space on which X' is constructed, such
that £(X?) = £(X?) and V¥t < T, Yw € Q, X} (w) < X?(w).

Birth and death processes

We will collect in this section various results about the birth and death processes
that appeared in Definition 1.

2.1 Comparison results

The following theorem gives various stochastic domination results.

Theorem 2
(a) Assume (A). For any K > 1 and any L' initial condition v{¢ of the process

vE,

L({(v5,1)) < PE(20,0,a, (VK 1)).

(b) With the same assumptions than in (a), let AX denote the number of mu-

tations occuring in v between times 0 and t, and let a, a1, as > 0. Then,
fort <inf{s >0: <1/SK,1> > a},

AKX < BE,

where BX is a Poisson process with parameter Kugab.

If moreover vl* = (vl 1)6,, define r = inf{t > 0 : AX = 1} (the first
mutation time). Then, for t < 7 Ainf{s > 0: (v 1) & [a1, as]},

BE < AK < oK,

where BX and CX are Poisson process with parameter, respectively,
Kugaipu(x)b(x) and Kugagu(x)b(x).

(¢) Fix K > 1 and take b,d, ¢, z as in Definition 1 (a). Then, for any €1,e2,e3 >

0 and any N/K-valued random variable ¢4,

PK(b,d+52,c+53,z) jPK(b+51,d,c,z+64).

(d) Let (Z',Z?%) be a stochastic process with law

K
Q" (b1, b2, d1,da, c11, 12, €21, €22, 21, 22)



where the parameters are as in Definition 1 (b). Fix a > 0 and define
T = inf{t > 0,22 > a}. Then, there exists two processes M and M?
such that, fort <T,

M= Z' < M?,
where L(M') = P¥(by,d; + aci2,c11,21)
and L(M?)=PX(by,dy,c11,21).

(e) Take (Z',Z?) as above, fix 0 < a1 < ag and a > 0, and define T' = inf{t >
0,Z' ¢ [a1,as] or Z% > a}. Then, there exists M* and M? such that, for
t<T,

MY < 7% < M2,
where L(M') = P (by, dy + azcar + acas, 0, 22)
and [:(MQ) :PK(bQ,dQ +a1621,0,22).

Remark 2 Point (a) explains why it is necessary to combine simultaneously
the limits K — +o0o and ug — 0 in order to obtain the TSS process in Theo-
rem 1. The limit K — 400 taken alone leads to a deterministic dynamics (cf.
Fournier and Méléard [8]), so making the rare mutations limit afterwards can-
not lead to a stochastic process. Conversely, taking the limit of rare mutations
without making the population larger would lead to an immediate extinction of
the population in the mutations time scale, because the stochastic domination of
Theorem 2 (a) is independent of ux and u(-), and because a process Z with law
PX(20,0,a,vx/K) gets a.s. extinct in finite time for any K > 1.

Proof of (a) We will use the construction of the process v given by Fournier
and Méléard [8]: let (Q, F,P) be a sufficiently large probability space, and
consider on this space the following five independent random objects:

(i) a M¥-valued random variable v/ (the initial distribution),

(ii) a Poisson point measure Ni(ds,di,dv) on [0,00[xN x [0,1] with intensity
measure q1(ds, di,dv) = bds ), 0x(di)dv (the birth without mutation
Poisson point measure), B

(ili) a Poisson point measure Ny(ds,di,dh,dv) on [0,00[xN x R! x [0,1] with
intensity measure gz (ds, di, dh,dv) = bds ), -, dx(di)m(h)dhdv (the birth
with mutation Poisson point measure), B

(iv) a Poisson point measure N3(ds,di,dv) on [0,00[xN x [0, 1] with intensity
measure g3(ds,di,dv) = dds) .~ 0x(di)dv (the natural death Poisson
point measure), B

(v) a Poisson point measure Ny(ds, di,dj, dv) on [0,00[xN x N x [0, 1] with in-
tensity measure g4(ds,di, dj,dv) = (a/K)ds) <, 0k(di) Y, <1 Om(dj)dv
(the competition death Poisson point measure). B

We will also need the following function, solving the purely notational problem
of associating a number to each individual in the population: for any K > 1,



let H=(H',...,H* ...) be the map from M¥ into (R")Y defined by

<KZ5%> = 0'(1 . xo(n),(),...,(),...),

where z5(1) X ... X T,y for the lexicographic order < on R¢. For convenience,
we have omitted in our notation the dependence of H and H* on K.

Then a process v with generator L¥ and initial state 14 can be constructed
as follows: for any ¢t > 0,

5H1
V *Vo / // lickps an—3—

{ < (1—ugu(HE (WK ) p(EE (v >>}N1(d5 di, dv)

b

51
L sy
R

{ <uK;L(H"(l/K ))b(H"(uK )) m(Hl(uK ), h)}NQ(dsadi7dh7dv)

b m(h)

5H7<VK> ‘
/ // locres 1y —0 — 1{U<M}N3(d&dz,dv)
- d
1{1<K(VK 1)}1{]<K(u )}T

{ Laariek ) I (WK ))}N4(ds di,dj, dv). (13)

Although this formula is quite complicated, the principle is very simple: for
each type of event, the corresponding Poisson point process jumps faster than
v¥ has to. We decide whether a jump of the process v occurs by comparing v
to a quantity related to the rates of the various events. The indicator functions
involving ¢ and j simply ensures that the ith and jth individuals are alive in the
population (since K(vf€,1) is the number of individuals in the population at
time t).

Under (A1), (A2) and the assumption that E({(¢{,1)) < oo, Fournier and
Méléard [8] prove the existence and uniqueness of the solution to (13), and that
this solution is a Markov process with infinitesimal generator (4).

Then, the N/K-valued Markov process ZX defined by

zK =@k 1 / /1{1<KZK (/ N1 (ds, di, dv)
+/ / NQ(dS,dZ,dh,dv)_// 1{]<KZK U<a/a}N4(dS,d7;,dj7d'U)> (14)
R Jo NJo R

can be easily proved to satisfy £L(ZF) = PK( 20,0, o
(), 1

(v{€,1)). Moreover, if for
some w € Q, and for some ¢t > 0, ZFK (w) = (V] )

1. e
T = inf{s > 1, 2K (@) # WX (), 1),

Then, the comparison of (13) and (14) yields that, on the time interval [t, TX],
any birth time (with or without mutation) for v¥ is also a birth time for Z¥,

10



and any death time for ZX is also a death time for v*. Consequently, Z (w)
is necessarily greater than (v, (w),1), which implies the required domination
result. O

Proof of (b) With the same notations as above,

e[ v

{ I O 0 ) ) ) }Ng(ds,di, dh, dv).

b m (k)

Therefore, for t < inf{s > 0: (vX,1) > a},

t 1
AtKg/ // / 1ii<karl{v<uryNo(ds, di, dh, dv). (15)
0 JNJRLJO

Since the intensity measure of Ns is

q2(ds, di, dh, dv) = bds »_ 6 (di)ym(h)dhdv, (16)
k>1

the right-hand side of (15) is a Poisson process with parameter Kuab.

In the case where vff = (VI 1)6,, as long as t < 71, v = (WF 1)d,,

therefore, for t < 7 Ainf{s > 0: (vX 1) & [a1,as]},

/ |/ / icont st mian) N, i dh, ) < A
R! = m(h)
/ //Rl/ 1{1<Ka2} <rxa@N) mien h)}Nz(ds di, dh, dv).

By (16), the left-hand side and the right-hand side of this inequality is are
Poisson processes with parameters Kugaipu(z)b(z) and Kugagou(z)b(z), re-
spectively. O

Proof of (c) (d) and (e) The proofs of (c), (d) and (e) are very similar. We
will only prove in detail (e).

Consider, on a sufficiently rich probability space (2, F,P) the random vari-
ables z1 and 29 as in the statement of Theorem 2, and the following independent
random objects:

(i) two Poisson point measures NF(ds, di,dv) (k ,2) on [0,00[xN x [0,1]
with intensity measures ¢¥(ds, di, dv) = bkdsz 1 On(di)dv (

(ii) two Poisson point measures N5 (ds,di,dv) (k = 1,2) on [0, 00[xN x [0,1]
with intensity measures ¢5 (ds, di, dv) = dyds > st 0n(di)dv (k= 1,2),

(iif) two Poisson point measures N¥(ds, di, dj, dv) (k= 1,2) on [0, 00[xN x N x
[0,1] with intensity measures

g5 (ds, di, dj, dv) = (cx1/K)ds > 6,(di) Y dm(dj)dv (k= 1,2).

n>1 m>1
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(iv) two Poisson point measures NF(ds, di, dj, dv) (k = 1,2) on [0, 00[xN x N x
[0, 1] with intensity measures

g5 (ds, di, dj, dv) = (cka/K)ds Y 6,(di) > Sp(dj)dv (k= 1,2).

n>1 m>1

The processes Z' and Z? can be constructed on € as follows: for any ¢ > 0, and
for k=1,2,

1 t 1 . 1 R
Ztk:zk—i——/ /1{i<sz }(/ Nf(ds,di,dv)—/ N¥(ds, di,dh, dv)
K Jo Jn V577 0 0
1
_/N/ (1{j§KZ;}Né“(ds,di,dj,dv)—i—l{jSKZg}Nf(ds,di,dj,dv))).
0

Then, we can define on  the processes M' and M? by, for any t > 0,

1 t 1 R 1 R
M} 222+?/ /1{i§KM517} (/ Nf(ds,di,dv)f/ N2(ds, di, dh, dv)
0 JN 0 0
1
*// <l{j§Ka2}N§(dSadi7djadv)+l{nga}NZ(dsvdiadj7dv))>
N Jo

and
1 t 1 N 1 .
Mf:z2+—/ /1{i<KM2 }(/ Nf(ds,dz}dv)—/ N2(ds, di, dh, dv)
K Jo Jn V777 0 0

1
_// 1{j§Ka1}N§(ds,di,dj,dv)).
NJO

A comparison between the birth and death events of Z2, M! and M? in a
similar way than in the proof of (a) proves that M} (w) < Z2(w) < M?(w) for
any t < inf{t > 0,Z! & [a1,as] or Z? > a} and for any w € Q. O

2.2 Problem of exit from a domain

Let us give some results on PX (b, d, ¢, z) when ¢ > 0. Points (a) and (b) of the
following theorem strengthen Proposition 1, and point (¢) studies the problem
of exit from a domain.

Theorem 3
(a) Let ¢, T > 0 and b,d > 0, let C be a compact subset of R* , and write
PE =PX(b,d,c,z) for € N/K. Let ¢, denote the solution to

¢=(0b—d—ch)p (17)

with initial condition ¢,(0) = z. Then

ro=inf inf l¢-(t)] >0 (18)
and
R:=sup sup |¢.(t)| < +oo. (19)
z€C 0<t<T

12



Then, for any 6 < r, (with the convention sup ) = 0)

lim  sup Pf( sup |w — ¢, (t)| > 6) =0, (20)
K—+oo zeC 0<t<T

where w; is the canonical process on D(R,R).

(b) Let T,c;; > 0 and b;,d; > 0 (i,j € {1,2}), let C be a compact subset of

(R%)?, and write QF . = Q¥ (b1,ba,dy, da, c11, c12, €21, €22, 21, 22) for 21
and zp in N/K. Let ¢, ., = (¢}, .,, 92, .,) denote the solution to

Pt = (by — di — c110" — c126%)p
<Z-52 = (bz —dy — C21¢’1 - C22¢2)¢2

with initial conditions ¢! . (0) = z; and ¢? , (0) = z3. Then

21,22 21,22
ri= inf OéngéT |9z, ()] >0 (21)

and

sup  sup ||z, 2, (¢)]| < +oo.
zeC 0<t<T

Then, for any § < r,

lim sup QL ( sup iy — 2, ., (1)]| > 6) =0,
K—4o00 e 0<t<T

where w; = (W}, 0?) is the canonical process on D(R,,R?).

(¢) Let b,ec > 0 and 0 < d < b. Observe that (b — d)/c is the unique stable
steady state of (17). Fix 0 < m < (b —d)/c and 2 > 0, and define on

D(R+v R)
b—d b—d
TKinf{tZO:wt¢{ =1, +772]}~
c c
Then, there exists V' > 0 such that, for any compact subset C of (b —
d)/c—m, (b—d)/c+nal,

lim  sup PE(TK < &Yy =o0. (22)
K—+4oco zeC

Proof of (a) and (b) Observe that any solution to (17) with positive initial
condition is bounded, since ¢ < 0 as soon as ¢ > (b — d)/c. This implies
easily (19).

Moreover, since a solution to (17) can be written as

H(t) = 6(0) exp ( / b—d- cqs(s))ds) ,

it cannot reach 0 in finite time if ¢(0) > 0. Therefore, (18) follows from the
continuity of the flow, which is a classical consequence of the fact that z —
(b — d — ¢z)z is locally Lipschitz and of Gronwall’s Lemma (cf. e.g. Queffélec
and Zuily [15] p. 356).

13



Finally, (20) is a consequence of large deviations estimates for the sequence
of laws (PX)x>1. As can be seen in Theorem 10.2.6 in chapter 10 of Dupuis
and Ellis [5], a large deviations principle on [0, 7] with a good rate function It
holds for Z/K-valued Markov jump processes with transition rates

Kp(i/K) fromi/K to (i+1)/K,
Kq(i/K) fromi/K to (1 —1)/K,

where p and ¢ are functions defined on R and with positive values, bounded,
Lipschitz and uniformly bounded away from 0. The rate function I writes

T 7 . .
Ir() = /0 L(o(t), o(t))dt if ¢ is absol. cont. on [0,T] (23)

400 otherwise,

where L(y,z) = 0 if z = p(y) — ¢q(y) and L(y,z) > 0 otherwise. Therefore,
I7(¢) = 0 if and only if ¢ is absolutely continuous and

b =p(¢) — q(9). (24)

Moreover, this large deviation is uniform with respect to the initial condition.
This means that, if RE denotes the law of this process with initial condition
z, for any compact set C C R, for any closed set F' and any open set G of
D([0,T], R),

... 1 . I .
_ >
liminf - log inf R;'(G) 2 D lerg(o)ZZIT(w) (25)
1
and limsup — log sup RE(F) < — inf I . 26
K—>+oEK gzeg - (F) < YEF, p(0)eC r(¥) (26)

Our birth and death process does not satisfy these asumptions. However, if
we define

p(z) =bx(2) and q(z) = dx(2) + ex(2)?,
where x(z)=zifze[r—6,R+0); r—difz<r—9; R+0if 2> R+,

then RX = PX on the time interval [0, 7], where 7 = inf{t > 0,w; & [r — 6, R+
8]}, and p and ¢ satisfy the assumptions above. Therefore, by (26),

1
lim sup — log sup Pf( sup |wy — ¢, (t)] > 6) < — inf Ip(¢p), where
K—+o00 zeC 0<t<T HEF?

F° = {y e D([0,T],R) : 1(0) € C and 3t € [0, T, [{)(t) — dy(0)(t)| >}

By the continuity of the flow of (24), the set F is closed. Since I is a good rate
function, the infimum of I1 over this set is attained at some function belonging
to F°, which cannot be a solution to (24), and thus non-zero. This ends the
proof of (20).

The proof of (b) can be made in a very similar way, using the large deviations
estimates for two-dimensional jump processes of Theorem 10.2.6 in chapter 10
of Dupuis and Ellis [5]. O
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Proof of (¢) Define the function y on R by x(z) = zif z € [(b—d)/c—n1, (b—
d)fc+al, X(2) = (b—d)fc—my for = < (b—d)jc—my and x() = (b—d)/c+ s
for z > (b —d)/c — n2. As in the proof of (a), we can construct from the
functions p(z) = bx(z) and ¢(z) = dx(z) + cx(2)? a family of laws (RX) such
that RE = PX on the time interval [0, 7%], and such that (25) and (26) hold
for the good rate function I defined in (23).

Observe that any solution to (24) are monotonic and converge to (b —d)/c
when ¢ — 4o00. Therefore, the following estimates for the time of exit from
an attracting domain are classical (cf. Freidlin and Wentzell [9], chapter 5,
section 4): there exists V' > 0 such that, for any § > 0,

lim inf RK (eK(VﬂS) <TK < 6K(‘7+5)) -1
K—+4o00 zeC ’

which implies (22) if we can prove that V > 0.
The constant V is obtained as follows (see [9] pp. 108-109): for any y, z € R,
define

\%4 = inf T .
.2) t>0, sa(0§r=ly7 p(t)=z %)

_ b—d b—d b—d b—d
P (P Y ()
C & C

Cc

Then

Now, Theorem 5.4.3. of [9] states that, for any y, z € R, the infimum defining
V(y, z) is attained at some function ¢ linking y to z, in the sense that, either
there exists an absolutely continuous function ¢ deﬁned on [0 T] for some T' > 0

such that ¢(0) =y, ¢(T) = z and V(y, 2) = Ip(¢ fo ¢(t))dt, or there
exists an absolutely continuous function ¢ deﬁned on]—oo T] for some T > —o0
such that lim; . ¢(t) =y, ¢(T) = z and V(y, 2 f L(p(t), d(t))dt.

Since any solution to (24) is decreasing as long as it stays in [(b d)/c, +ool,
a function ¢ defined on [0,7] or | — oo, T linking (b — d)/c to (b —d)/c + 12
cannot be a solution to (24), and thus V((b—d)/c, (b—d)/c+mn2) > 0. Similarly,
V((b—d)/e,(b—d)/c—m) >0, and so V > 0, which concludes the proof of
Theorem 3. g

2.3 Some results on branching processes
Observe that, when ¢ = 0, PX(b,d, 0, 2) is the law of a binary branching process

divided by K. Let us give some results on these processes.

Theorem 4 Let b,d > 0. As in Theorem 3, define, for any K > 1 and any
2z € N/K, PK = PK(b,d,0,2). Define also, for any z € R, on D(Ry,R), the
stopping time

T, =inf{t > 0:w, = z}.

Finally, let (tx)k>1 be a sequence of positive numbers such that log K < tg.

(a) If b < d (sub-critical case), for any e > 0,

m P (To <t ATregy/x) = 1, (27)
and KLHEOOPLEKJ/K(TO <tg)=1. (28)
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Moreover, for any K > 1, k>1 andn > 1,

1
(b) If b > d (super-critical case), for any e > 0,
d
: K
d
. % B L
and - lim Py(Trexyx Stx) =1-1 (31)

Proof Let us denote by Q, the law of the binary branching process with
initial state n € N, with individual birth rate b and individual death rate d.
Then (27), (28), (29), (30) and (31) rewrite respectively

KEIEOO Qi(To <trx ANTper) = 1, (32)
KETOOQLEKJ (Th <tg)=1, (33)
Qu(Tin < To) < 7. (34)

Klirjrloo Qi(To <trx NTrexy) = % (35)
and  Tm Q) (Thax) < t)=1- 5. (36)

The limit (33) follows easily from the distribution of the extinction time for
binary branching processes when b # d (cf. Athreya and Ney [1] p. 109): for
any t > 0 and n € N,

d(1 —e—=dt)y\"
Q.(Th <t) = <b(—dee(bd)t)> : (37)

It is known that there is no accumulation of jumps for branching pro-
cesses. Therefore, under Qq, when K — +o0, T[.x] — +oc a.s. , and thus
Qi (To < Trex, To < 00) — Qi(Th < o0). Therefore, (32) and (35) follow
easily from (37).

The inequality (34) follows from the fact that, if (Z;,¢ > 0) is a process with
law Qy, (Z; exp(—(b—d)t),t > 0) is a martingale (cf. [1] p. 111). Then, Doob’s
stopping theorem applied to the stopping time Ty A T}, yields,

En(kne(dfb)Tk" Ln,, <m0}) =15

where E,, is the expectation with respect to Q,. Therefore, when b < d,
EnQu(Tkn < To) < n, and the proof of (34) is completed.

The limit (36) follows from the fact that, if (Z;,¢ > 0) is a process with law
Q1, the martingale (Z; exp(—(b— d)t),t > 0) converges a.s. when t — 400 to a
random variable W, where W = 0 on the event {Ty < oo} and W > 0 on the
event {Ty = oo} (cf. [1] p. 112). Hence, on the event {Ty = oo}, when b > d,

logZ,/t = b—d >0,
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and so, for almost any w € {Ty = oo}, there exists S(w) < oo such that for any
t > S(w),

70 > expl(b — d)t/2).
Therefore, since log K < tx, for any ¢ > 0, Qi(To = oo, Tr.x7 > tx) — 0
when K — +400. Then, (36) follows from the fact that Qi (Tp = c0) = 1 — d/b,
which is an immediate consequence of (37). O

3 Proof of Theorem 1

Let us assume, without loss of generality, that v¥ is constructed by (13) on a
sufficiently rich probability space (2, F, P).

Let us introduce the following sequences of stopping times: for all n > 1,
let 7, be the first mutation time after time 7,_1, with 79 = 0 (i.e. 7, is the
n'® mutation time), and for any n > 0, let 6,, be the first time after 7,, when
the population gets monomorphic. Observe that 6y = 0 if the initial population
is monomorphic. For any n > 1, define the random variable U,, as the new
trait value appearing at the mutation time 7,,, and, when 6,, < co, define V,, by
Supp(vg* ) = {V,.}. When 6,, = 400, define V,, = +o0.

Our proof of Theorem 1 is based on the following two lemmas. The first
lemma proves that there is no accumulation of mutations on the time scale of
Theorem 1, and studies the asymptotic behavior of 77 starting from a mono-
morphic population, when K — +oo.

Lemma 1
(a) Assume that the initial condition of v¥ satisfies sup E((/{£,1)) < +oc.
Then, for any n > 0, there exists € > 0 such that, for any t > 0,

t t+¢e
CNNE K .
lll(riililzpug <E|n20. Tun <7, < KuK) <. (38)

Let x € X and let (zx)k>1 be a sequence of integers such that zx /K — z > 0.

(b) For any € > 0,

lim P 71 > log K, sup vE 1) —ag>e| =0. 39
K—+o00 % be ( tellog K,11] ‘< ‘ > ‘ ( )
Observe that, by (a) with t = 0, since log K < 1/Ku,

lim P% ;o (r <logK)=0.
K—+4+o0o K °z

In particul der PX K P55, andvE 276

n particular, under s, Vios K Nz0y and vy _ NgOg -

If, moreover, z = n,, then, for any ¢ > 0,

lim P% sup |[(vE 1) —qa,|>e| =0. 40
i P (temm]ut ) — | (40)

(¢) For any t >0,

ZK §
K—+o00 K %z

lim PY (7'1 > KUK) = exp(—pF(x)t),

where [3(-) has been defined in (2).
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The second lemma studies the asymptotic behavior of 6y and V; starting from
a dimorphic population, when K — +oo.

Lemma 2 Fizx,y € X satisfying (7) or (8), and let (zx)x>1 be a sequence of
integers such that zg /K — 7i,. Then,

[f (y, 2)]+
Jm Pl (Vo b=y) = (41)
[f(yv {E)]+
Pl (0= =1 = L )
n —
Vn > 0, IIIEDOPZK6+ 5, (90> KUK/\Tl) =0 (43)
and Ve >0, 111200PZK5+ 5, (o 1) = | <e) =1, (44)
where f(y,x) has been defined in (3).
Observe that (43) implies in particular that
K1—1>I—ri-looPZK5 +%5y(90 < T1) =1.

The proofs of these lemmas are postponed at the end of this section.

Proof of Theorem 1 Observe that the generator A, defined in (9), of the
TSS process (X, t > 0) of Theorem 1 can be written as

Agla) = [ (pla+h) = (@) 3(e)x(a,dh) (15)

where the probability measure k(z,dh) is defined by

k(xz,dh) = (1 - /Rl Mm(x,v)dv) do(dh)

b(x + v)
[f(z+h,x)] 4

b+ ) m(x,h)dh. (46)

This means that the TSS model X with initial state z can be constructed as
follows: let (Z(k),k = 0,1,2,...) be a Markov chain in X with initial state x
and with transition kernel x(x,dh), and let (N(¢),t > 0) be and independent
standard Poisson process. Let also (T},),>1 denote the sequence of jump times
of the Poisson process N. Then, the process (X;,¢ > 0) defined by

D)

is a Markov process with infinitesimal generator (45) (cf. [6] chapter 6).

Let P, denote its law, and define (S,)n>1 by T), = fos" B(Xs)ds. By (A1)
and (A3), 8(-) > 0, and so S,, is finite for any n > 1. Observe that any jump
of the process X occurs at some time S,, but that all S,, may not be effective
jump times for X, because of the Dirac mass at 0 appearing in (46).

Fixt > 0, v € X and a measurable subset I" of X. Under P,, S; and Xg, are
independent, S; is an exponential random variable with parameter ((z), and
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Xg, — « has law k(z,-). Therefore, for any n > 1, the strong Markov property
applied to X at time S; yields

+(Sn <t < Spy1, Xe €T)

/ 6 I)S/ P:v—i—h(Sn—l S t—s< Sna Xt—s € F)H(I7dh)d5 (47)
Moreover,
P,(0<t<Si, X;€T)=1perje @, (48)

The idea of our proof of Theorem 1 is to show that the same relations hold
when we replace S, by 7, and X; by the support of Vt I Kux (when it is a
singleton) and when K — 4o0.

More precisely, fix x € X, t > 0 and a measurable subset I' of X', and observe
that
{Supp(ugKuK) is a singleton {y}, y € I' and |<I/{7KHK, 1) — 7yl < a}
= J Akw.1,0), (19

n>0

where

t _
Aff(t,l“,s) = {9n S TUK < Tn+1, Vn S Fa |<V1‘,I§Ku;(71> 7”\/”‘ < 5}~

Let us define, for any z € N and n > 0,
t
pE(t,x,T,e,2) = Pg(;z (9n < Kun < Tpt1, Vo €T
K _
ad sy (1) < <),
S€[0n,Trnt1]

and define also,

t
af (t,z,T,e,2) =P <m, Voel, suwp |(n5.1) —nyl<e
K KUK s€llog K,71]

t
=1, PE — < 71, sup vE 1) —n,l<e .
{JCE } K5T KUK Se[logK’Tl] |< s > z|

Let us also extend these definitions to € = oo by suppressing the condition
involving the supremum of [(v% 1) — ay |.
Then

Lemma 3

(a) For any x € X, n > 1,t > 0, € €]0,00] and for any sequence of integers
(2x) such that zx /K — z > 0, pp(t,z,T) := limg_ 1 pX(¢t,2,T, ¢, 2k)
exists, and is independent of (2 ), z > 0 and €.
Similarly, po(t, z,T') := limg 40 ¢ (t,7,T, ¢, 2ic) exists, and is indepen-
dent of (zk), z > 0 and ¢, and, if z = f,, img_ 400 pi(t,2,T, ¢, 2)
exists and Is also equal to po(t,z,T).
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Finally, if we assume that (zx) is a sequence of N-valued random variables
such that zx /K converge in probability to a deterministic z > 0, then the
limits above hold in probability (with the same restriction that z has to
be equal to 7, for pk).

(b) The functions p,(t,z,T") are continuous with respect to t and measurable
with respect to x, and satisfy

po(t,x F) =1y, ep}e_ﬁ(x)t and Vn >0,

Pt (t,x,T) = 6( )e —B(z)s /l pn(t — s,z + h,T)k(xz,dh)ds.
R

Let us postpone the proof of this lemma after the proof of Theorem 1.
Observe that, because of (47) and (48), Lemma 3 (b) implies that P (.5, <
t < Spt1, Xt €T) =pu(t,x,T).
Now let f’K denote the law of the process v with random initial state v.

Since v* is Markov, PA/ /K6, E[PffK(w)/Kéz]. By (49),

Pﬁ%éz (Supp(nguK) is a singleton {y}, y € T’

and [(v5 oy 1) — ny|<5) Y P, (AKX ),
n>0

where (yx) is the sequence of N-valued random variables of Theorem 1.
For any K > 1 and n > 1,
Pn (t z,le,7K) < P’YK‘S (Af(t,r,é)) < an(t,.%',F, 00, VK )
and QO (t z, F g, PYK) < P'YK(S (Aif(t?]'—\ﬂg)) S p{f(t,mvraooa’YK)a

so, by Lemma 3 (a),~for any n > 0, P'Iyi(/Kém (AK(t,T,¢)) z pn(t,z,T), and
therefore, limg —, 4 oo PffK/KJz (AK(t,T,¢)) = pu(t, =, T).
Now, by (49), for any K > 1,

ZPWK(; Kt,T,¢)) <1,

so, by the dominated convergence theorem,

K . .
Klillz_loonKé (Supp(ut/KuK) is a singleton {y}, y €T

and [V ey 1) — | < g) =3 palt,2,T) =P,(X, €T),
n>0

which is (11) in the case of a single time t.

In order to complete the proof of Theorem 1, we have to generalize this limit
to any sequence of times 0 < t; < ... <t,.

We will specify the method only in the case of two times 0 < t1 < to. It can
be easily generalized to a sequence of n times. We introduce for any integers
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0 < ny < no the probabilities

p'ril{l,ng(tht%xarlar%gaz)

t

K 1 K _

=Pz, | O < Tue < Tt Vo, €1,  sup (vs, 1) —ny, | <e,
UK Se[9n177—n1+1]

to _
O, < Rus < Tpot1s Va, € I'g and sup |<I/§<, 1) — nvn2| <el,
UK 56[97L277—n2+1]

and

qéfng (t17t27.’L‘,F1,F2,57z)

1
=1 PE — <7, su vE 1) — 7, <,
{zel1} = 0q (KUK 1 sE[loglf:)(,ﬁ] ‘< s > UC|

ta

0,, <
27KUK

K —
< Tny+1, Vny, € I's and sup [(v, 1) — nvn2| <e|.
56[9n2y7712+1]

Then, we can use a calculation very similar to the proof of Lemma 3 to
prove that, as K — oo, pffhnz(tl,tg,x,Fl,Fg,e,zK) converges to a limit
Drnyons (1, t2, 2,11, T2) independent of € €]0,00], zx and the limit z > 0 of
zr /K (with the restriction that z has to be equal to 7, if ny = 0), and that
limqéfm(tht%m,l"l,l"g,a Z) = Po.ny (t1,t2,2,'1,T'2), where

Po,ny (1,12, 2,11, T2) = 1{£6F1}67ﬁ(z)t1pn2 (t2 —t1,2,T2);

Pryt+1mg+1(t1, b2, 2,11, o)
t1
= / ﬂ(m)e_’ams/ Py s (t1 — S, t2 — s,z + h,T'1,Ta)k(x, dh)ds.
0 R!

As above, we obtain equation (11) for n = 2 by observing that the same relation
holds for the TSS process X.
This completes the proof of Theorem 1. O

Proof of Lemma 3 First, let us prove that the convergence property of
pX(t,x,T,e,2x) when zx € N in Lemma 3 (a) implies the convergence in prob-
ability of these quantities when zj are random variables. Actually, if (zx) is
a sequence of random variables such that zx /K G z, by Skorohod’s Theorem,
we can construct on an auxiliary probability space O a sequence of random
variables (2x) such that £(2x) = L(zx) and 2x(0)/K — z for any & € Q.
Then, limpX (t,2,T, ¢, 2k (&) = pn(t,z,T) for any & € Q, which implies that
pE(t, 2, T, ¢, 2k) KA pn(t,x,T). The same method applies to ¢& (¢, 7, T, ¢, ).

We will prove Lemma 3 (a) and (b) by induction over n > 0.

First, when ¢ > 0, it follows from the fact that t/ Kux > log K for sufficiently
large K, and from Lemma 1 (b) and (c), that

s K _ —B(x)t
Kl—lg-loo do (t,.’l?,F,E,ZK) - 1{x€F}€ @ )

and that, if z = n,,

Kgnﬁoopé((t,x,ﬂe,zx) = 1(erye P@L
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Then, fix n > 0 and assume that Lemma 3 (a) holds for n. We intend to
prove the convergence of an+1(t7 x,Tye, zk) t0 ppy1(t, 2, T) such that

¢
Prt1(t,z,T) = / ﬁ(x)eiﬁ(x)s/ pn(t — s,z + h,T)k(xz,dh)ds,
0 R!

by applying the strong Markov property at time 71, in a similar way than when
we obtained (47). However, the convergence of pX (¢,z,T, ¢, 2x) to p,(t,z,T)
only holds for non-random t. Therefore, we will divide the time interval [0, ¢]
in a finite number of small intervals and use the Markov property at time 7y
when 7 is in each of these intervals. Moreover, we will also use the Markov
property at time #; and, in order to be able to apply Lemma 2 (which holds
for a non-random mutant trait y) after this time, we will use the fact that Uy
is independent of 71 and fo _ and that U; — z is a random variable with law
m(x, h)dh.

Following this program, we can bound pff+1(t, x,T' e, zi) from above as fol-
lows: fix > 0; using Lemma 1 (a) in the first inequality, for sufficiently large
k>0and K > 1,

- X t+2/2k
P (b7 2k) S Pl Ot < e Taie > =, Vasn €1 ) 40
[t2*1-1 . ‘
L i+1 "
= P4 e ST S e O <
= ; TKéz (QkKuK —Tl—2kKuK7 n+1_KuK’
t+2/2%
Tn+2 > Kiui( and V41 EI‘) + 7
[t2*1-1 -
t—1/2
< EX. |1 | pK ) < L2
= }((51{ {‘Z’Wiuz{ Sﬁgz’;;«ix} Y-t ( "~ Kug
t—(i—1)/2"
Tn+1 > (;{TK)/ and V, € F)] + 17
[t2¥1—1
< EX. |1, | /EK (1
) g }((51|: {2’”;“;( STISNJIE,K} R s {QOZW/\'H}
+1 PK 0 <t—22k< Voer ( h)dh+
T m(z
{90<2k};uK/\7'1} l/elz n = Ku n+1l, Vn ; n

K K
< E EZx s |:1 ; it1 / EuK +&00tn (1 1
: K Fhug S S g [ JRE T 002 R Rur T

}pff(t —i/28 Vo, T, o0, K<u§§, 1>)>m(m, h)dh] +n. (50)

— K K
= (v;; _,1)d,, under PU£7+%61+}L

: K
Now, since v} _

, on the event {6y < 71},

pf(t - i/2k, Vo, T, OO,K(I/GIE, 1) = l{VOZx}pff(t - i/Qk,z,F, 0, K<u§§, 1))
+ 1 (vomatnPh (t —i/2%, 2+ b, T, 00, K(vg,1)). (51)
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By Lemma 1 (b), vX

T1—

A N4, under PZTK%, so we can use Skorohod’s
Theorem to construct random variables Nx on an auxiliary probability space
Q with the same law that <1/£f_, 1) and converging to 7, for any © € €.

e e 6 K
Fix @ € Q. Under PNK(@)éer%éHh’ define

[K7y]
ZII( = <V01§7 1>1{V0::E, 00<T1} + Tl{VO;leE}U{GoZTl}'

It follows from Lemma 2 (43) and (44), and from assumption (B) that, for

Lebesgue almost every h, Z i Ng, S0 the induction assumption yields that,

K
under P% when K — 400
Nk (@)02+ % 6otn’ +00,

pE(t—i/2F 2T, 00, KZE) B p, (¢t — /2, 2,T).

Now, given two sequences of uniformly bounded random variables (Xx)g>1
and (Y )k >o such that Xx and Y are defined on the same probability space
for any K > 1, and such that, when K — 400, Xg converges in probability to
a constant C and limy E(Y)) exists, it is easy to prove that

Applying this with Xz = p& (t—i/2%, 2, T, 00, KZ&) and Y = Livo=a, Bo<mi}>
by Lemma 2 (42) and (43) and assumption (B), for Lebesgue almost any h, and
for any w € Q,

lim EY (L(vo=a, bo<ryPp (t — /2%, 2,T, 00, K (vg: 1))

K—+oco NK(@)6w+%5m+h
_ (1 G Y))

b(z + h) ) pn(t —i/2F 2, T).

Finally, we obtain that, for Lebesgue almost any h, under P% 5.

ElIfK7+%5m+h (1{V0=:c, 90<7'1}p7lz((t - i/2k7xar7ooal<<’/él§a 1>))
T1
P [f(z+h,x)]4 ok
- (1-—" — /2" I).
( bt h) pn(t —i/2% 2, T). (53)

Similarly, we can use Lemma 2 (41) and the random variable

Z5 = (oo, DWivy—atn, o<1} + Noth L {Vorao+h}u{oo>m}

to prove that, for Lebesgue almost any h, under P% 5.

E§7{<17+%5z+h (]‘{Vo:w-i-h7 90<7’1}p5(t - i/2k7 T+ h7 Fa o, K<V§§7 1>))
P [f(@+h,a)], <ok
- - . 4
N bt ) pr(t —1i/2% x+ h,T). (54)

Moreover, by Lemma 2 (43), for Lebesgue almost any h, under Pg‘;K JK)8y

1 P
K
Pox s, <90 Z Srug Tl) — 0. (55)
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Collecting these results together, applying (52) again, it follows from Lem-
ma 1 (c) and (51) that, for Lebesgue almost any h,

lim E% 1 _ E 1
K—+oo £ 0 { {Fmsnzatii} K*5< {802 gt nm |
+1{ }pff(t—Z/Qk,VO7F,OO,K<V;§,1>)>:|

o< AT1

ZkK'u

_ (e P@ 5k _ o [FEtho)ly o
(e e ){ bt h) pr(t —1i/2% x4+ h,T)

+ (1 - [f(g”(:f’}g)“) Palt — i/2", m,l")} .

Finally, taking the integral of both sides with respect to m(x, h)dh, the
dominated convergence theorem and (50) yield

lim sup pylf_i,_l (1:7 t; F7 g, ZK)
K—+oo

[t2k1—1

< (o3 efmz)i;,:)/ pu(t — /25, 2+ h, T)(x, dh) +
=0 R

Taking the limit £k — +oo first and then n — 0, it follows from the fact that
—B(x)i/2% e—ﬁ(w)(z+1)/2 _ e—,@(w)z/? (ﬁ(x)/?k + 0(1/22k))

and from the convergence of Riemann sums that

lim sup p§+1(x,t,F75,zK / Bz 5(’”)9/ pn(t — s,z + h,T)k(z, dh)ds.
K—+oc

Using the same method than for (50), we can give a lower bound for pX as
follows: for any 1 > 0, for sufficiently large k > 0 and K > 1,

t—2/2k

Vel
K’LLK n+1

K K
Ptz e, 2i0) > P%(éz (0 s Tnta >

t
< -
ntl = Kug

and sup (K1) —ny,,, | < e) -7

SE€[On41,Tn+2]

[t2% | -3 .
t—(i+1)/2
> Ef . |1 PX 0, < ——2=
= }1‘(6’[ {zkzﬁu < lﬁﬁ} RS ( " Kug
— (i +2)/2F
Tl > M, V,, €T and sup |<l/§,1> )] -7
KU‘K SE[On ,Trn+t1]

[t2% | -3
> E5 . |1 / E 1
=z ; 551[ {ﬁ< ISQkKuK} Rl ufl+16m+h< {90<m/\ﬁ}

pE(t — (i +2)/2%, Vo, T, e, K(Vgg, 1)))m(m, h)dh] —
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Then, using the same method as above, letting K — 400, then k — 400
and finally n — 0,

t
timind piS (ot Do) 2 [ 8@ " [ e = s b b Dt dhds,
— 400 0 R!

which completes the proof of Lemma 3 by induction. (]

Proof of Lemma 1 (a) Fix#n > 0. By Theorem 2 (a) and (c), for any K > 1,
(W, 1) = 2%,
where L(Z%) = PX(20,0,a, (K, 1) +1).

Since sup E((vf,1)) < +00, we can choose M < +oo such that

sup P((&5,1) +1 > M) < n/3.
K>1

Then, apply Theorem 3 (c) to PX(20,0,a, (v, 1) + 1) with C = [1, M],
n2 = M and 1y such that 0 < 2b/a — 1 < 1/2: there exists V' > 0 such that

limsup P(TE < &V) < 5/3, (56)
K—+oo

where TH =inf{t >0,ZK ¢ [1/2, M + 2b/a]}.

Fix t,e > 0. Since, for s < TK (vK 1) < M + 2b/a, if we apply The-
orem 2 (b) to the process (Vﬁ(t/KuK) — VtI;Kqu s > 0), we obtain, for s <
TK —t/Kug,

Ai{;KuK+s - AijuK = BF,

where A is the number of mutations occuring between 0 and s, and where BX is
a Poisson process with parameter Kub(M +2b/a). Therefore, combining (56)
with the fact that 1/Kugx < XV for sufficiently large K, we obtain that, for
sufficiently large K
P(AG o ku = Atyrcu 2 1) SP(BY gy, 2 1) +2n/3
=1—exp(—b(M + 2b/a)e) + 21/3,

which can be made smaller than 7 if ¢ is sufficiently small. This ends the proof
of (38). O

Proof of Lemma 1 (b) Fix ¢ > 0. It follows from the formula (13) for %
that, for ¢ < 71, under P% - |
K5,
vl = 7Ks,,

where L(Z5) = PX((1 — ugp(x))b(x),d(z), a(z,2), 2 | K).

Therefore, by Theorem 2 (c), for sufficiently large K such that ux < e and for
t S T1,

7Rt < i) 2 252, (57)
where L(Z%1) = PE((1 - &)b(2),d(x), a(z, ), 25 | K)
and L(Z5%?) = PE(b(x),d(z),a(z,2), 25 | K).
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Now, let (;5?5, resp. qbfl, be the solution to

¢ =((1—-e)b(z) - d(z) — afz, 2)p)o,
resp. ¢ = (b(x) — d(x) — a(z,2)¢)0,
with initial state y, and observe that, for any y > 0, when ¢t — +oo0, q%(t) —

el =, —eb(z)/afx, z) and ¢2(t) — €* := iy,

Define, for any y > 0, t2¥ the first time such that Vs > t2¥, ¢! (s) € [¢" —
g, e’ +¢] (i = 1,2). Because of the continuity of the flow of these ODEs (see [15]
p. 356),
ty = sup t2¥ < 4oo0.
y€(z/2,22]

Let us apply Theorem 3 (a) to Z%! and Z%2 on [0,t.], where t. =t Vv 2
since zx /K — z, for sufficiently small 6 > 0, and for ¢ = 1,2,

lim P( sup |2/ —¢ t >(5>:O.
(i P( s (2= 0t i)

If we choose § < e, we obtain, for i = 1,2,

lim P(|Z5" —¢i| <2¢) =1
Jm P(|Z," —ef| <2) =1,

and so, because of the expression of e?, for i = 1, 2,
lim P12 — .| < Me) =1
i P2/ | < M) = 1, (59)
where M =2+ b(z)/a(x, z).
Now, assuming ¢ sufficiently small for (M + 1)e < 7., define the stopping

times 4
TR = inf{t > t.: |Z]" —ng| > (M +1)e}

fori=1,2, and TK = TK N TK2,
For any z € N/K, define also

PEL .= PE((1 - )b(x),d(z), a(z,2), 2).

Then, applying Theorem 3 (c) to PX:! with C = [n, — Me, . + Me], 1 = 3¢
and 1y = (2M — 1)e, there exists V4 > 0 such that
lim inf PEYT, > KV1) =1, (59)
K—+o0o zeC

where T, = inf{t >0 : |w, — fig| > (M + 1)}
Since, by the Markov property, for any K > 1,
P(TEI > efVi 4t )=E (PIZ(I’E,I(IATS > eKVl)) ,
te
it follows from (58) that
lim P(TS5! > XV 4t) =1

K—+o0o
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Similarly, applying Theorem 3 (c) to P¥(b(z),d(x),a(z,z),y) with C =
[y — Me,fi, + Me] and m1 = o = (M + 1)g, there exists Vo > 0 such that

: K, KV; _
KlinjooP(TE 2> eV gt ) =1

for i = 1,2, and for some constants Vy, V5 > 0.

Therefore,
lim P(TX >efV) =1 (60)
K—+4o00
where V := V) A V5.
Now, because of (57),
Vt e [t, TS A, [0, 1) = fig| < (M +1)e. (61)

Therefore, since log K > t. for sufficiently large K, in order to complete the
proof of (39), it suffices to show that

KEIEWP(Tl <TKy=1. (62)

If we denote by Af( the number of mutations occuring between t. and t+t.,
by Theorem 2 (b), for ¢ such that t. +t < TX A7y,

BE < AK,

where BX is a Poisson process with parameter Kug (i, — (M + 1)e)u(z)b(x).
Therefore, if we denote by SX the first time when BfX = 1, on the event
{t. + S& < TX},
T1 S ts + SK

Since exp(—KV) < Kug, limg P(t. + SK < eXV) =1, and hence, by (60),

KlirilooP(ts + 8K < TF) =1,
which implies (62).
In the case where zx /K — 7., using (59) as above, we obtain easily
KEIEOOP(SEI( > KV =1,
where SE =inf{t > 0: |2 —ny| > (M + 1), i =1,2}.

Then, the proof of (40) can be completed using a method similar to the one we
used above. O

Proof of Lemma 1 (¢) Fixt > 0 and ¢ > 0. Take K large enough for
log K < t/Kug. The Markov property at time log K for v¥ yields

P> T > —) sup yK,l —n <€>
K5, ( Kug tellog K] |< t > w|
t
K K
= 27K5m |:1{7—1>logK}PU11§gK (Tl > m — 10gK,

sup |<uf<,1>—nm<a)} (63)
t€[07T1]
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For any initial condition v = (¥{£,1)d, of vX, by Theorem 2 (b), the

number AX of mutations of v between 0 and ¢ satlsﬁes7 for any ¢t < 7 such
that sup,cpo  [(V25, 1) — 7z <,
where BF and CK are Poisson processes with respective parameters Ku (7,
e)p(z)b(x) and Kug (N, + &) p(z)b(x).
Therefore, on the event {sup,cy -] (WK 1) —ng,| < e}, SE <7 < TK,
where T¥ is the first time when BE = 1, and S¥ the first time when CX = 1.
Now, by Lemma 1 (b), under P(IiK/K)gm, I/I{ng G M0z, so, by Skorohod’s
Theorem, we can construct N with the same law as <1/1[§g K1) on an auxiliary
probability space  such that NK(GJ) — fip for any @ € Q. Fix @ € Q. Then,
by Lemma 1 (b),

lim PX sup [(vy ,1) —ng <5)1,
S P (e 08,0

and so,

t
hmsupP N (@5, (7‘1 >—— —logK, sup |(/f,1)—nyl <8)
K to0 Kug te[0,m1]

t
< hmbupP N(@)s. (TK > — — logK> = exp(—t(fiy — €)u(x)b(x)).
K ——+o0 @ Kug

Therefore, under PgK/K)éw’

t
lim sup P% (7'1 >—— —logK, sup |[(vf,1)—n,|< 5)
Ktoo VlogK Kug te[0,71]

< exp(—t(ng — &)u(x)b(x))
in probability (where lim sup X,, < a in probability means that, for any n > 0,

P(X, >a+n) —0).
Similarly, under P&/K)M

t
li f PX > ———logK, s K1) —ng|<e
Igg}rrclxg Vicg K¢ (Tl Kug s teb[g,l-)rl] 1047 1) = 7| )

> exp(—t(ng + &) u(x)b(z))

in probability.
Now, by Lemma 1 (a) and (b),

lim PX log K) = 1
o B s, (1> log K)

and lim P ( sup vE 1) —n <5>:1.
i Pl (s 101)

So, using results similar to (52), it follows from (63) that

t
limsup P> 71> —— | <exp(—t(ng —e)u(x)b(x
imsup P, (7> o) < exp(t(ns ~ 2)ula)i(a)

t
and }}gngzK& (7'1 > KuK> > exp(—t(fiy + €)p(z)b(z)).
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Since this holds for any € > 0, we have completed the proof of Lemma 1 (c). O

Proof of Lemma 2 The proof of this lemma follows the three steps of the
invasion of a mutant described at the end of the introduction.

Fixn >0, g9 > 0 and 0 < € < 9. By Lemma 1 (a), there exists a constant
p > 0 that we can assume smaller than 7, such that, for sufficiently large K,

K P
P%5m+%5y (7‘1<[(u}(><5. (64)

Observe that, under PX, P for t < 7y,
e Ozt

15>
70y

LIS Lgay)s (5 1)) = QF((1 = urepal(@))b(x), (1 = urcpu(y))b(y),
d(z),d(y), a(z, ), a(z,y), oy, x), a(y,y), 2 / K, 1/ K).

Fix K large enough for ux < e. Define
SK .= inf{s >0: (WK, 1) > €}
By Theorem 2 (c) and (d), for t < 74 A SK,

Z80 2 (W 1y, = 2592, (65)
where L(Z51) = PE((1 - e)b(x),d(x) + ca(z,y), oz, x), 25 /| K)
and L£(Z%?) = PE(b(x),d(z),a(z,2), 25 | K).

Using exactly the same method than led us to (60), we can deduce from
Theorem 3 (c) that there exists V' > 0 such that

KEIEMP(Rf > eV =1, (66)

where RE =inf{t >0:|2/" —n,| > Me, i =1,2},

with M =3+ (b(x) + a(x,y))/a(z, z).
Now, observe that, by (65),

VtSTl/\SgK/\R§7 <V15K71{m}>€[ﬁI_ME7ﬁZ+ME]‘
Therefore, by Theorem 2 (b) and (d), for ¢t <7 A SKE A RK

z[3 < Wk, 1) = zZ*, where (67)
L(Z%%) = PR((1 - e)bly), d(y) + (e + Me)a(y, z) + ealy, y),0,1/K)
and  L(Z™1) =P (b(y),d(y) + (e — Me)a(y, x),0,1/K).
Define, for any K > 1, n € N and ¢ € {3,4}, the stopping time
T\ = int{t >0: Z["" = n/K}.

Observe that, if SX < 7 A RE,

K,4 K K,3
Troye <5 < Tk (68)

29



and that, if Tp"* < T{5, o AT A RE,

Oy < TOKA.

If Z%4 is sub-critical, apply Theorem 4 (27), and if Z%# is super-critical,
apply Theorem 4 (30) (the critical case can be excluded by slightly changing
the value of ¢). Since log K < 1/Kug, we obtain

P K4
PR (T = Rux ATwﬂ/K)

) + (. — Me)a(y. ) ol o)

= o) M= T T M 9

Combining (64), (66), (67) and (69), and using the facts that p < 7, € < &g
and exp(KV) > p/Kugk for sufficiently large K, we obtain, taking K larger if
necessary,

P<90 < Tl/\KLUK, Vo = = and |<V§§,1> — N < Mé‘o)

P<00<71/\SEK/\R§/\KZ andV0:m>
K

) K P
>P (TO <7 /\T(eK]/K/\Rs A KuK>
ay,x

[f(yal')br ) )
>1- o) ( b(y) M+3>6. (70)

This ends the proof of Lemma 2 in the case where f(y,z) <0.
Let us assume that f(y,z) > 0, i.e. that b(y) — d(y) — nga(y,z) > 0. If we
choose e > 0 sufficiently small, then Z%? is super-critical. By Theorem 4 (31),

P
KLHEEOOP( l—EK-‘/K < 3KUK)

_ (L—9)b(y) — d(y) — (R + Me)a(y,z) — caly,y)

(1—e)b(y)
s _fe) by + Ma(y,2) +aly,y)
~ (1=e)b(y) (1—¢e)b(y) '

Therefore, by (66) and (64), assuming (without loss of generality) that ¢ < 1/2,
for sufficiently large K,

K P > f(yw) _ ’
( (EKVK <TARSA 3KuK) (1 —e)by) Me,
where M’ :=2(b(y) + Ma(y, z) + a(y,y))/b(y) + 3. Then, it follows from (68)
that o)
P(SK<nAREANL—)> 180 e 71
( s ST Mg ) T Aoy C (71

Observe that, on the event {SX < 7 A RE A (p/3Kuk)},

(Vg 1yyy) = [eK1/K  and  |(v§ic, 1iay) — fa| < Me. (72)
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Now, since we have assumed f(y,x2) > 0, = and y satisfy (8) and, by
Proposition 2, any solution to (6) with initial state in the compact set [fi, —
Me, i, + Me] x [e/2,2¢] converges to (0,7,) when ¢ — +o0o. As in the proof
of Lemma 1 (b), because of the continuity of the flow of system (6), we can
find ¢t. < +o00 large enough such that any of these solutions do not leave the set
[0,62/2] x [y, — /2,0y + £/2] after time t..

Apply Theorem 3 (b) on [0, t.], with C = [fi, — Me, i, + Me] x [g/2, 2¢] and
with a constant § < £2/2 A r, where r is defined in (21) (with 7' = ¢.). Then,
with the notations of Theorem 3 (b), because of (71) and (72), the Markov
property at time SX yields

P
3K'LLK,

lim inf P(S;K <T AREA
K—+oo

K K
sgs§2§5+t£”(<ys Ly (05 L)) = S 1w ton (9] < 5)

fly,z) ’
BECEETm R

Now, observe that, since § < r, on the event
{SEK <71 ARE,

3 K K
ng:gngrtEH(O/s al{z}>7 <Vs 71{y}>) - ¢<V_22K71{w}>7<1’£1<71{y}>(3)H < 6}7

for any t € [SK,SK +¢.], (Wf 1)) =r—6>0and (v, 1) =27 —6 >0,
and thus
0o > SE +1t..

Therefore, since § < £2/2 < /2, by (64) and (73), for sufficiently large K,

P P K
, T > ——— +te, 0> S te,
SKuc’ V7 3Kug e oz ee

p (sgf < R A
<V§iK+ts’ 1{z}> <2 and <V'§(5K+ts, 1{y}> IS [ﬁy —€,My + 5])

fly, ) ’
> m — (M’ +2)e. (74)

Now, we will compare (15 1,)) with a branching process after time SK +t.
in order to prove that trait x gets extinct with a very high probability. We will
use a method very similar to the one we used in the beginning of the proof of
Lemma 2. First, on the event inside the probability in (74), <I/§(EK+tE, 1g2y) < 2.

In order to prove that the population with trait = stays small after SX + ¢,
since €2 < e (¢ < 1/2), let us define the stopping time

SE =inf{t > S +t.: (v 1(,y) > e}
Using Theorem 2 (c¢) and (d) again, we see that, on the event

FKe . {<V£K+t571{$}> < 52, <V§(€K+t5’1{y}> € [y —&,My +€]},
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for any ¢ > 0 such that Sg( +t.+t< S’f ATy,
ZtKﬁ = <V£K+ts+ta Lyy) =2 ZtKﬁ’
where  L(Z%°) =P*((1 - e)b(y), d(y) + ca(y, x),aly,y), [(ny — ) K] /K)
and  L(Z"™%) =PX(b(y),d(y),a(y,y), [(ny + ) K]/K).

We can apply Theorem 3 (c) to Z%®> and Z%:6 as above to obtain a constant
V' > 0 such that

lim P(RE > &Y'y =1, (75)
K—+o00
where RX =inf{t >0:(Z" —7,| > M"e,i= 5,6},

with M"” =3+ (b(y) + a(y,v))/a(y,y). )
. Observe that, on the event FX-¢ for any t < Rf such that SEK +t.+t <
Sg( N T1,
|<V£K+ts+t’ Liyy) =yl < M,
and so, by Theorem 2 (c) and (e), on F¥-¢ and for ¢ as above,
<Vsj‘iK+te+tv 1) 2 27
where L(Z7) = PX(b(2),d(z) + (n, — M"e)a(z,y),0, [e2K]/K).

Now, since z and y satisfy (8), b(z) — d(z) — nya(z,y) < 0, and thus Z%7 is
sub-critical for sufficiently small €. Fix such an € > 0 and define for any n > 0

Tin =inf{t >0: ZtK’7 =n/K}.
If T, < RE and SE 1.+ T o <7, then
SE > SE 4+t +THk x
and if TK < RX and SK +t. + TK < SK A7y, then
0y < TX.
Moreover, by Theorem 4 (28) and (29), for sufficiently large K,

p p
P(TK< >1-—
(O _3KUK)_ ©

and P(T([I((E]/K < THY < 2.

Combining the last two inequalities with (64), (74) and (75), and reminding
that p < n and € < g, we finally obtain, for sufficiently large K,

P <00 <7 A KLUK7 Vo =y and |<1/£§,1> — | < M"E())
p

Oy > SK +¢
3KUK7 0> £ + ey T1 >

>P (SEK < Rf A SKZK +te, <Vsl‘iK+t571{m}> <e?,
<V§€K+t571{y}> S [’Fly _E,ﬁy +5], TOI( < ﬁ AT%{E]/K and R? > p)

KUK
fy, @)

= m*(M/JrnE.
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Adding this inequality with (70), we obtain

P(90<7-1/\ il )>1 < f(y’m)—(Ma(y’x)+M’+10)521—M’”5,

Kuxg) = 1-¢ b(y) b(y)

where M"" = 2f(y,z)/b(y) + Ma(y,z)/b(y) + M’ 4+ 10 (remind that £ < 1/2),
which implies (43), and

P(|<I/§§,1> —’ﬁvo| < (M\/MN>€0) >1—M"e,

which implies (44).

Therefore,
f(y7 x) " f(y7 x) "
PVo=2)>1- —2M"¢ and P(Wh=y) > —"—— —2M"e.
Wo=m=1= %) V=92 7o)
Since P(Vy = z) <1 —P(Vy = y), we finally obtain (41) and (42). O
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