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Abstract

We develop a probabilistic interpretation of local mild solutions of the three di-
mensional Navier-Stokes equation in the LP spaces, when the initial vorticity field is
integrable. This is done by associating a generalized nonlinear diffusion of the McKean-
Vlasov type with the solution of the corresponding vortex equation. We then construct
trajectorial (chaotic) stochastic particle approximations of this nonlinear process. These
results provide the first complete proof of convergence of a stochastic vortex method for
the Navier-Stokes equation in three dimensions, and rectify the algorithm conjectured
by Esposito and Pulvirenti in 1989. Our techniques rely on a fine regularity study of
the vortex equation in the supercritical LP spaces, and on an extension of the classic
McKean-Vlasov model, which incorporates the derivative of the stochastic flow of the
nonlinear process to explain the vortex stretching phenomenon proper to dimension
three.

1 Introduction

The Navier-Stokes equation for an homogeneous and incompressible fluid in the whole space
or plane, is given by

%—;‘—i—(u-V)u:yAu—Vp; "
1

divu(t,z) =0; u(t,z) — 0 as |z| — oo,

where u is the velocity field, p is the pressure function and v > 0 is the viscosity coefficient
assumed to be constant.

In this work we develop a probabilistic interpretation of the Navier-Stokes equation (1)
in three dimensions. More precisely, we will consider the vortex equation satisfied by the
vorticity field curl u, and we will show in a general functional framework that it can
be viewed as a generalized McKean-Vlasov equation associated with a nonlinear diffusion
process. As a consequence, we will construct and prove the convergence of a stochastic
particle method for the solution of (1) in that functional setting.
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Thirty years ago, Chorin [9] proposed an heuristical probabilistic algorithm to numerically
simulate the solution of the Navier Stokes equation in two dimensions, by approximating
the (scalar) vorticity function by random interacting “point vortices”. The convergence of
Chorin’s vortex method was first mathematically proved in 1982 by Marchioro and Pul-
virenti [21], who interpreted the vortex equation in two dimensions with bounded and
integrable initial condition as a generalized McKean-Vlasov equation (with a singular in-
teracting kernel) associated with a nonlinear diffusion. (For general expositions on the
McKean-Vlasov model and nonlinear processes, we refer the reader to Sznitman [31] or
Méléard [23].) Following the pioneering ideas of McKean [20], Marchioro and Pulvirenti
defined then some stochastic systems of particles interacting weakly through cutoffed ker-
nels, and for which the empirical measure converges at each time (when the number of
particles tends to co) to the solution of the vortex equation. The results of [21] were im-
proved by Méléard [24], [25], who showed the convergence in the path space of the empirical
measures of the interacting particle systems or, equivalently, the propagation of chaos for
the system of particles. (Propagation of chaos for a system of particles without cutoff was
proved by Osada [27], but only for large viscosities and initial conditions is a bounded
probability density).

A rigorous probabilistic interpretation and a stochastic vortex method for the Navier-Stokes
equation in three dimensions have been open problems since the paper [21] appeared. An
attempt to extend those results to the three dimensional case was done by Esposito and
Pulvirenti [12], but this authors did not furnish rigorous mathematical proofs of crucial
facts.

In three dimensions, the vorticity field w = curl u is a solution of the nonlinear equation

%—‘;V—F(U'V)W:(W‘V)u-f—VAWa
(2)

div wg = 0,

where, thanks to the condition of incompressibility, div u = 0, and by the Biot-Savart law,
the velocity field u is equal to

1 r—1y
ut,z)=—— [ ——2 Awl(t,y)dy. 3
(ta) =~ | 2=t Awltdy Q
Here, A stands for the vectorial product in R and, with the notation K (z) := —ﬁﬁ,

the vectorial kernel K (z) A - is the so-called Biot-Savart kernel in three dimensions. See
for instance Chorin and Marsden [10] Ch. 1, Chorin [9] Ch.1 and Marchioro and Pulvirenti
[22] for this facts and for background on vorticity.

The vectorial equation (2) is not conservative due to the vortex stretching term (w-V)u =
Zj wj(%‘j. In fact, vortex stretching lies in the heart of complex three dimensional phe-

nomena such as transfer of energy and turbulence (see [9] Ch. 5), and is also related to the
emergence of singularities (see Beale, Kato, Majda [1]).

In this work, we consider the vortex equation (2) with initial condition wq in L% (see the
notation below). By adapting to the vortex equation the techniques for equation (1) in the
so-called supercritical spaces (see e.g. Cannone [7] Ch.1), we shall first of all provide a local
existence and global uniqueness result for the mild version of equation (2) in suitable L%
spaces. These will be, when % <p<3.



Then, we will assume that wg also belongs to L%, and we will consider a probability density
po on R3 and a vectorial “weight function” hg : R? — R3, respectively given by
wo

_ [wo(@)] an )= —(x
) = g 24 o) =5 @)

Denote by Mj3«3 the space of real 3 x 3 matrices and let Id € Mj3x3 be the identity matrix.
Write also Cr for the space of continuous trajectories Cr := C([0, T], R? x M3x3). Our goal
is to study the following nonlinear stochastic differential equation with values in R3 x M33:

X0 = Xo + VBt [ [ O 2(6) A 0uhole(0))] Pla, do)is
. 0 JCr t€[0,T),
w1 [ | VKX, = a(s)) A o (a(0)] P, ), ds n

under the condition
law(X,®) = P and law(Xo) = po(x)dx.

(we are using here the notation VK (y) A z = V4(K(y) A 2) for y,z € R3,y #0.)

We shall prove uniqueness in law for (4) in certain class of probability measures P on
C([0,T],R3 x M3x3), and establish an equivalence between weak solutions of (4) on [0, 7]
in that class, and mild solutions w of (2) in L°°([0,T], L%) satisfying wy € L}. This
correspondence will be given by the relation

[ Swlt.)dy = BP0 @i (X)) )

for functions f : R? — R3. In particular, we will obtain local existence (in time) for (4).

By the Biot-Savart law (3) and by (5), the (nonlinear) drift terms in (4) are indeed equal
to u(s, Xs) and to Vu(s, X5)®s. The study of the nonlinear process (4) will thus require
precise regularity estimates for the velocity field u(t) associated to w(t). To that end, we will
follow a similar strategy as in [13], by proving suitable Sobolev regularity for w and using
then some continuity properties of the Biot-Savart operator (3) and classic embeddings of
Sobolev spaces. Under the assumption that wy € L§ N L}, the functions u(t) and Vu(t)
turn out to be continuous and bounded for each ¢ €]0, 7], but with singularities at ¢t = 0.
Thus, we will also need to use and extend the techniques of [25] and [13] for singular drift
terms to study the martingale problem associated with (4). Here, it will be crucial that the
“vortex stretching process”, @, associated with a mild solution w in L*([0, 7], L) (with
% < p < 3) is a priori bounded independently of the randomness.

Our second goal is to construct stochastic particle approximations of w and u. We will
follow a trajectorial approach in the same line of Bossy and Talay [3], Méléard [24] and
[25], or Fontbona [13]. Namely, we will prove a propagation of chaos result for a system
of particles (Xi’”’E’R,Qi’”’E’R)?:l,n € N, where ¢ is a mollifying parameter of the kernel
K and R is a cutoff threshold of the approximating vortex stretching processes ®&m&: %,
Then, we will assume that the conditions ensuring existence of a local solution w of (2)
hold, and we will prove that for suitable sequences ¢, — 0 and R > 0 large enough the
system (X#men B @inen ) ig chaotic with limiting law P given by (4). From this, we will
deduce the convergence to w of some “weighted” empirical process of the system (with
time dependent vectorial weights), and the convergence of an “approximate velocity field”



to u = K(w). This result is the first complete mathematical proof of convergence of a
stochastic vortex method for the Navier-Stokes equation in three dimensions, and rectifies
the method conjectured by Esposito and Pulvirenti in [12].

We are not able to provide an explicit convergence rate here, mainly due to the loss of
regularity of u at ¢ = 0. Such result could be obtained under additional regularity assump-
tions on the initial condition (as it is done by Méléard [24] in two dimensions). However,
the convergence rate one can expect to obtain by this approach is far from being optimal.
(This problem remains untreated even for the two-dimensional vortex method.)

We also point out that under the assumption that wy € L% with % < p < 3, the SDE

¢
&(x) =z + V2uB; + / u(t,&s(z))ds (6)
0

(with u given by (3)) will define a C! stochastic flow ¢ : [0,7] x R® — R3 and the
identity (X, ®) = (£(Xo), Vz£(Xo)) will hold in a trajectorial sense. Thus, formula (5)
is the fact that the vorticity is transported by the stochastic flow and stretched by its
gradient, and generalizes the representation of the vorticity field in the inviscid case v = 0,
in terms of the (deterministic) flow of the solution of the Euler equation (see [10] Ch. 1).
A representation formula equivalent to (5) was partially established in [12], under the more
restrictive assumption that wy and its Fourier transform are in L. Our interpretation of
the vorticity in terms of the weight function hg is simpler than the one in [12]. We are
inspired here in the approach of Méléard [24] and [25] in two dimensions, where vorticity
was represented using a scalar weight, that is simply “transported” by a nonlinear diffusion
process. We are also extending in this way the techniques of Jourdain [16] for dealing
with signed measures in the McKean-Vlasov context. A representation formula in terms of
stochastic flow was also proved in Esposito, Marra, Pulvirenti and Sciaretta [11], but these
authors needed to restrict themselves to the equation (1) on the torus in order to define
the underlying probability space.

A probabilistic interpretation of the three dimensional Navier-Stokes equation is also de-
veloped in Giet [15], in the case of a bounded domain and non-slip boundary condition.
This author extends the ideas of Benachour, Roynette and Vallois [2] in two dimensions,
by using a diffusion process with jumps to interpret the coupled system (2) with zero-order
term, and a branching process to treat the boundary condition. At an advanced stage of
this work, we also became aware of the work of Busnello, Frandoli and Romito [6], who also
interpret the vorticity in terms of a stochastic flow and its gradient. These authors use a
Bismut-Elworthy formula to recover the velocity field (extending the approach of Busnello
in two dimensions [5]) and provide a local existence statement. In these works, the ap-
proaches are in some sense “dual” to ours: they are based on Feynman-Kac type formulae
for the vorticity (in terms of the linear SDE (6) reversed in time) and aim to represent
classical solutions of (2) by means of probabilistic objects. Due to this fact, they need to
assume more regularity of the initial conditions. Furthermore, non of the aforementioned
works [11], [6] or [15] relate the nonlinearity to a mean field interaction limit, and they do
not lead to stochastic approximations of the solutions of the Navier-Stokes or the vortex
equation.

1.1 Notation

- By Mes” we denote the space of measurable real valued functions on [0, 7] x R3.



- C12 is the set of real valued functions on [0, 7] x R? with continuous derivatives up to
the first order in ¢t € [0,7] and up to the second order in = € R. C; 2 is the subspace
of bounded functions in C*? with bounded derivatives.

- S is the Schwartz space of infinitely differentiable functions on R? all of whose deriva-
tives remain bounded when multiplied by polynomials. D is the subspace of functions
with compact support.

- For all 1 < p < oo we denote by LP the space LP(R3) of real valued functions on R3.
By | - ||, we denote the corresponding norm and p* stands for the Holder conjugate
of p. We write WP = WP(R3) for the Sobolev space of functions in LP with partial
derivatives up to the i-th order in LP.

- If E is a space of real valued functions (defined on R3 or on [0,7] x R?), then the
notation F3 is used for the space of R3-valued functions whose scalar components
belong to E. If E is has a norm, then the norm on Ej3 is denoted in the same way.

- For simplicity, if £ : R3 — R3 is a vector field and Z : R — Ms3y3 is a matrix
function, we will write fZ for the product vector (f!Z); = Z?Zl f;7Z;;. By Vf we

denote the gradient of f, that is the matrix (Vf); ; = gg .

- F(g) denotes the Fourier transform of g : R® — R, that is F(g)(§) = [gs e "% g(2)dz.

- C and C(T) are finite positive constants that may change from line to line.

2 Preliminaries

Throughout this work, we assume that
e wy is a function wp : R? — R3 and a distribution in Dj.

Let G be the fundamental solution of the Laplace operator on R3. We will denote by K
the kernel K(z) = VG(x), that is, the singular kernel given by

1

for all 2 € R*\{0}.

For functions w : R? — R3, the Biot-Savart operator K is formally given by

1 T —
w(z) — K(w)(z) := . K(z —y) Aw(y)dy = — 5 (m - 5’1

A w(y)dy. (7)

Recall that a function w € Dj is said to have null divergence if V f(x)w(x)dr = 0 for
R3
all f € D, and this is written div w = 0.

Remark 2.1 For all w : R? — R3 that belongs to Dj, one has div K(w) = 0.



2.1 Mild and weak forms of the 3-dimensional vortex equation

We introduce the notation G¥ : Ry x R? — R, for the heat kernel

GY(z) = (dmvt) "2 exp <—‘fy|j> : (8)

where v > 0 is a fixed but arbitrary constant.

We will next define the two different notions of solution of the vortex equation (2) we shall
work with. Here we denote by DT the set of real functions of class C* on [0, T] x R? having
compact support.

Definition 2.1 We say that w € Mes?; is a mild solution of the vortex equation with
initial condition wg (or “mild solution” for short), if the following conditions are satisfied:

mildVO0: div wg = 0.

mildV1: For each j =1,2,3 and t € [0,T] x R3, the distribution K(w);(t,x) := K(w(t,-));(z)
belongs to L} (dx).

loc

mildV2: For alli,j =1,2,3, and every function f € DT
T
| [ s aliwits. ol a)lde ds < . 9)
mildV3: For almost every (t,z) in [0,T] x R3, one has
t
w(t,z) = Gf *wo(z) + / VGi_,x [K(w)@w—w @ K(w)] (s,z)ds,
0

and the r.h.s. converges absolutely and belongs to Llloc(dx).

Explicitly, mildV 3 is written as

wit.) = [ Gi(o = y)un(u)dy

'S~ [ 0GE.
= [0 [ 5 I ewlo) = i K ) s

(10)

It is implicitly assumed that a mild solution w(#) has null divergence for every t (as can be
seen from the right hand side of (10)). We shall deal with this form for analytical purposes.
In turn, the following form of the equation will appear more naturally in a probabilistic
framework:

Definition 2.2 A function w € Mesk is a weak solution of the vortex equation with initial
condition wy (or “weak solution”), if the following conditions hold:

weakVO0: div wyg = 0.



weakV1: The integral K(w)(t, z) := K(w(t,-))(x) exists dvdt—a.e on [0, T| xR, and K(w)(t, -)
and its gradient VK(w)(t,-) are distributions with components in L}, (dx).

weakV2: For all f € DT andi,j =1,2,3 and all t € [0,T] on has

[0 ey .01+ | 25

weakV3: For allf € Dg, we have

/R3 f(t,y)W(t,y)dyz/ £(0, y)wo(y dy+/ /R3 [ (s,y) + vAE(s,y)

+ K(w)(s,y)VE(s,y) + £(s,y) VK(W)(s, y)} w(s,y) dy ds.
(12)

} |wi(s,x)|dz ds < co. (11)

We will refer to (10) (resp. (12)) as the mild equation (resp. the weak equation). These two
forms are not equivalent in general. By the moment, we can assert that under additional
integrability assumptions, a weak solution satisfies an “intermediate mild form”:

Lemma 2.1 Assume that w € ./\/leng s a weak solution, and that

A /RS 2 18% —y)]|K<w>j<s,y>\|wi<x>||wi<s,y>ydxdyds

Yj

and

t 3
y K (w
/ / Z |G{_s(z — y)| ’ ‘ ) [i(x)||w;(s,y)lde dy ds
0 J(R3)?2 ij=1

are finite for all i,7 =1,2,3 and b € D3. Then, w satisfies

w(t,2) = G * oz / /R )

0y;
K(w)

16— ) wi(s,) T (o 1|y ds.

(13)

Proof: Take fixed 1 € D3 and t € [0,7] and define f; : [0,¢] x R® — R3 by fi(s,y) =
GY_, * 1¥(y); this function is of class (Cbl 2)3 and solves the backward heat equation on
[0, %] x R? with final condition f(t,y) = ¢ (y). If w is a solution of the weak vortex equation
satisfying the hypothesis of the Lemma, by a density argument it also satisfies the weak
equation weakV3 with the function f;(s,y) just defined. By Fubini’s theorem, we deduce
that (13) holds since ¢ € Ds is arbitrary.

Yj

[

Remark 2.2 Formally, by integrating by parts the last term in the l.h.s. of (13), one can
check that a weak solution w(s) as in the previous lemma is also a mild solution if its
divergence is null for all s. Of course, to make this reasoning rigorous we must ensure that
w and K(w) belong to suitable functional spaces . The passage from weak to mild solutions
will be important to establish an equivalence between probabilistic and analytic objects.



2.2 Continuity of the Biot-Savart operator

In order to study the vortex equation in some Lebesgue and Sobolev spaces, we will state
here some fundamental continuity results for the operators K and VK acting is this type
of spaces. These results will also be used to deduce from the properties of the vorticity field
some regularity properties of the velocity field. The proofs are given in Section 3.3.

Lemma 2.2 Let1<p<3and%:%—%.

i) For every w € L%, the integral (7) is absolutely convergent for almost every x and one
has K(w) € L. There exists further a positive constant Cp 4 such that

IK(w)lq < Cpgllwl, (14)

for all w € L%.

ii) If moreover w € WP, then we have K(w) € W?)l’q, with %K(w) =K (8“) ), and

Oy

ow
oxy,

< Cp#]
q

ks

oxp

(15)

forallk=1,2,3.

The proof of Lemma 2.2 will use some elements from Riesz potentials. Intuitively, part i)
results from taking the derivatives of w when differentiating the convolution K(w). It will
ensure that the velocity field at time ¢, given by K(w)(¢), belongs to ng’q (with ¢ = %) if
w(t) € ng P and p €]1,3[. Tt is however natural to expect the gradient of the velocity field
to have the same regularity as the vorticity field. This fact will follow from next lemma,

which states the continuity in W:,)l’p of the operator w — VK(w) = V(K(w)):

Lemma 2.3 Let 1 < p < oco. If w € L%, then each component of the derivative (in
distribution sense) %K(w) s a linear combination of singular integrals of the components

of w (in the precise sense given in Theorem 3.4 of Section 3.3). We deduce the following
continuity estimates:

i) For all w~€ L, we have %K(w) € L% for k =1,2,3. There exists further a positive
constant C, depending only on p such that

e

.
50| < Collwll (16)

p

for all j =1,2,3, where K(w); is the j-th component of K(w).
i) If moreover w € ng’p, then we have %K(w) € ng’p, and

ow
oxy

p

HéﬂK(w)a‘ (17)

axlal‘k

p p

foralll =1,2,3.
Roughly, here we shall use the facts that one can take also derivatives to K, when differ-

entiating K(w), and that the singular kernel VK has the properties required to define a
singular integral operator by (principal value) convolution.



3 The vortex equation in the supercritical L” spaces

We will now establish a general functional framework to study the vortex equation and
prove all analytic results we need later on for probabilistic purposes. We assume in the
sequel that

e the initial condition wy belongs to L% for some p € [1, 00].

First, we will prove local existence and global uniqueness for the mild vortex equation
(10), by adapting to the vortex setting general techniques for the usual (velocity field)
Navier-Stokes equation in the so-called super-critical spaces (see Cannone [7], Ch.1). These
particular results could be deduced from the analogous statements in [7]; our aim however
is to establish precise regularity estimates of the velocity field and its gradient (in Holder
and L norms), in connection with properties of the vorticity field. This type of result is
easier to obtain by studying directly the vortex equation. Furthermore, our probabilistic
statements (in particular the construction of stochastic particle approximations) will require
that existence and regularity statements hold simultaneously for the vortex equation (10)
and for a family of approximating equations involving mollified kernels K.. We thus need
to make explicit the role played by K.

We start with the following well known estimates:

Lemma 3.1 Let G¥ be the heat kernel defined in (8) and m € [1,00]. There exist two
positive constants c¢(m) and ¢/(m) such that for all t > 0,

1GY | < e(m)(vt) 2% 2m  and (18)
VG || < ¢ (m) (vt) =220 (19)

We shall also need the general version of Young’s inequality: if f € L™ and g € L*, with
1 <m,k < oo, and%z%—k%—lzo,then,

fxge L and ||f *gllr < [ fllmllglle- (20)
We easily deduce the following

Lemma 3.2 Letp € [1,00], r > p and wy € L. There exist positive constants Co(p), C1(p),
Co(p;r) and C1(p;r) such that for all t >0,

: v Vel v 1
i) |GY = wollp < Co(p)llwollp, i) [IVGY *woll, < C1(p)t™2wollp,

— _3¢1_1 . — _1_3¢1_1
iii) |GYxwollr < Co(p; )t 2% Mwollp,  iv) [VGswollr < Cr(p;r)t 2257 o],

According to Lemma 3.2, we define for w € Mes? and p € [1,00] the norms:

) )

o [wllopr = sup [[w(t)llp,
0<t<T

. \HWthT— ,Sup {HW )]



and, for r > p,

Q(l_l)
o Iwllorzp) = sup ¢2 W@l

3
311 1,311
. H\WWLT,(T;p):OgET {t2(p Dw(t)|, + 272G T)Z

The following is the notation for associated Banach spaces:

o Fopr={we Mesi : [|[wlopr < oo},

o Fi,r={we Mesi :||w|ipr < oo},

b FO,T,(T;p) = {W € Mesg : |||W|||0,r,(T;p) < OO} and

L4 Fl,r,(T;p) = {W € Mesg : WWMl,T,(T;p) < OO}
Observe that by Lemma 2.2 i) and Lemma 2.3 i), a function w € Fy , 1 satisfies conditions
mildV1 and weakV1 if p €]1, 3], and condition mildV2 if p € [%, 3[.
It is worth noting also that the Lg—spaces, with p E]%, 3[, are in correspondence via the
operator K with the supercritical L%-spaces for the velocity field, that is, the LI—spaces

with ¢ = 222 €]3, oo[. We shall prove existence and uniqueness results for the mild equation

3—p
in Fo 1 for these values of p. Then we will show that the solution belongs to F ;. ., for all
r € [p,00[. Finer regularity results for K(w) will follow as a consequence of the continuity

properties of K and VK stated in Section 2.2, and of classic Sobolev embbedings.

A key point to establish these facts is the continuity property of the bilinear term in (10), as
an operator acting in some of the spaces previously defined. More precisely, given functions
w,Vv € Mesl, consider a function B(w,v) : [0,7] x R® — R? formally defined by

(z —y) [K(W);(s,9)v(s,y) = vj(s,y)K(W)(s,y)] dy ds.
(21)

Proposition 3.1 Let p,p’ € [1,00]. Then, B : F2 — F’ is well defined and continuous
whenever

i)
i)
iii)
iv)

Proof: The following formula will be useful: if 8(e,0) = fol 25711 — 2)?~!dz is the Beta
function of real parameters €,60 > 0, then

[\l [O%)

3 3
Sp<3, 5 <P <5y F=Fopr and F'=Foy .

[\SJ[OV]

<Sp<3, p<i<d, g U<y F=Foury andF' =Fopry).

[\][o%)

<p<3, g5 <p<gh, F=FiradF =F 7

<p<3, p<i<3, 2h<l<gy F=Fiyry andF =Fp 7).

N[OV

t
/ Ss—l(t o 8)9—1 ds = t6+0_1ﬂ(8, 9)’ Vi > 0. (22)
0

10



i) Let w,v € Fo, p with % < p < 3. We take the L norm to the i—th component of (21),

and apply Young’s inequality (20), with r» = p/, m = (% + % — %)_1 and k = g’fpp (notice

that the constraint on p and p’ ensures that 1 < m < %) This yields
3 t
IB(w, v)i(t)]lp < CZ/O IVGL_sllm (Ilv;(s) K(w)i(s)llx 4 [[vi(s) K(w);(s)|lk) ds
j=1

< C/O (t = 5)20 2w (s)p [v(s)]|p ds

by using also estimate (19), Holder’s inequality, and inequality (14) for the Biot-Savart
operator. Therefore,

1

1-3 ,
IB(w,v)i(t)]ly < Ct' G727 |w)|

loprlVllopr, vt €[0,T], (23)

and we conclude that
11

1-3(2
w, V) o1 < Colp,p)T' 55 [wlopr IVlopr, YW, v € Fopr,
IB(w, v)llop .7 < Co

with Cy(p,p’) > 0 a constant independent of T" and 1 — 3(11; - 2%,) > 0.
i1) We proceed as in i), taking now in Young’s inequality (20) r =1I', m = (% + 4 =)t
and k = 63—_ll. By similar steps we obtain

IB(w,v)i(t)|lr < C /0 (t — )2t llw(s)| [v(s)lli ds

3.3
vrdslwllog, (i) IVl i)

t
< C’/ (t— s)%_%s
0

Loy —2
< Ct 2w [wllog (i IV

0,1,(T;p)"

The relation between p, [ and I’ ensured us that m, k € [1, oo, and allowed us to use formula
(22) here. We conclude as in ).

3
iii) Assume now w,v € Fy , 7. We have gfpp €]1,00] and K(w);(t)v(t); € W7, Since

3
also G} € WhHs | we can integrate by parts for each t €]0,7] and obtain
B(w,v)(t,z)

3 t 9
= - Z;/O o Gi_s(x = y)aTJj [K(W);j(s,9)v(s,9) — v;(s,y)K(w)(s,y)] dy ds

Take f € D and write

—f s y 9 . .
B (w,v)(t) == /O / / Gl = DI | K)o, p)vilo, )| o dy s

11



By Hélder’s and Young’s inequalities applied as in i), we deduce, with é = % - %, that
3 t
— 3 3 |||[OK(w);(s) ovi(s)
Bl (w,v)(0) <Clfllgn- 3 [ (¢ - )% [Ha it + [ 22 k() 1, as
j=170 Yi q Yi llp
t

1Lp,T vl 1p,T

3 3 _1
<Cfll- /0 (t— 5)B 35 ddslw

<C 1=3G )
<Clfly-T" " 2wl prlviiapr < oo
(25)

We have used here (18), (14), the definition of ||-||; , 7 and formula (22). A similar estimate
as (25) holds for the term involving the product v;(s)K;(w)(s). Therefore, we can apply
Fubini’s theorem and integrate by parts to deduce that

B(w,v)i(t,x)aga(cf)dx =

R3
3 t v
0GY_, 0
S L (L e = e ) 5 1w, 0vils ) = v, K (w)iCs,0)] dy s
=170 JrR3 \JRs 0Tk Yj

(26)
for all f € D. Proceeding as before in (25), we deduce now from (26) that
0f(z)

oxy

’17P7T

3 t
3 o _1
JR O e T Y A L L
j=1

$-3(-55)
<Clf gyt 52wl p vl < 0.

1 1
From this and (23), we conclude that [|[B(w,v) |1,z < Ci(p,p/)T" 6 "2 |w
where C1(p,p’) > 0 does not depend on 7.

L7 1VIlp.T,

iv) By similar arguments as in 4ii) (and Young’s inequality as in 7)) we get similar estimates
1 3 3
as (24) for the derivatives, with t2+27 "% on the right hand side. The statement follows.

[

Let us write
wo(t, z) := Gf * wo(z).
Remark 3.1 Ifp €]3,3[ then we have 63%’13 <p< Gi—gp.
Thus, Lemma 3.2 and Proposition 3.1 i) and i) give sense to the abstract equation
w=wo+ B(w,w), weF, (27)

in the spaces F = Fo, 1 and F = F; , 7 when % < p < 3 and wy € LE. Hence, the mild

equation (10) and equation (27) are equivalent in these spaces.

12



3.1 Local existence and global uniqueness
We assume from now on that
e wpisin L} and 3 < p < 3.
Theorem 3.1 Let % < p <3 and wy € L be given. We have
a) For all T > 0, equation (10) has at most one solution in Fo, 1.

b) There is a positive constant I'g(p) such that equation (10) has a solution in Fop 1,
for all T > 0 and wy € LE satisfying

1
To(p)

To prove global uniqueness, we shall proceed in a similar way as in [13] using next lemma.

=%
P [lwollp <

Lemma 3.3 Let g : [0,T] —]0,00[ be a bounded measurable function, and suppose there
exist constants C > 0 and 6 > 0 such that g(t) < Cfg(t —5)971g(s) ds for all t € [0,T).
Then,

o) < 250.0) [ (= 82 1g(s) d.

The proof of local existence will rely on a standard contraction argument for the abstract
equation (27), based on Banach’s fixed point theorem (see for instance Cannone [7]):

Lemma 3.4 Let (F,| - ||) be a Banach space, B : F x F :— F a bilinear application and
y € F. Suppose there exists a positive constant A such that

IB(x1, x2) || < Allxa] [l 2]
for allx1,x0 € F. IfdA[ly|| < 1, then for ally € [|ly|l, 7x[ there ezists a unique solution of
x =y + B(x,x)

in the ball Br, = {x € F: x| < R,}, R, = @. The solution x satisfies ||x|| < 2.

Proof of Theorem 3.1: a) Let w and v be two solutions in Fy, . Proceeding as in
Proposition 3.17) (with » = p) we obtain

w(t) = v(Oll, <C [ (=) F o)l Iw(s) ~ v()l, ds
0
e /0 (t— ) [v(s)llp [W(s) = v(s)llp ds
<C (Iwhogir +I¥logr) [ (6= 975 w(s) = v(s)l, do.
0

Let Oy := 2V (1 — %) > 0 and N(p) be the first integer for which 65 — 1 > 0. Then, by
applying N (p) times Lemma 3.3 , it follows that

[w(t) = v(®)llp < CT) (Iwllopr +lIv

op7) /0 [w(s) — v(s)l, ds,

13



for some C(T') > 0. We conclude by Gronwall’s lemma.
b) From Proposition 3.1 i), one has for all "> 0 and w,v € Fg j, 7 that

1-3
IBw, v)llopr < Colp, )T 2 [[Wllopr [Iv

lopr (28)

where Cy(p,p) > 0 does not depend on T. On the other hand, Lemma 3.2 i) provides a
positive constant Co(p) such that |[wollop7r < Co(p)||wo|l,. Therefore, by Lemma 3.4, a
solution w € Fg,, 7 to the abstract equation (27) exists if

_3
4Co(p,p)T" "2 Co(p)|lwoll, < 1. (29)

The conclusion follows taking T'o(p) = 4Co(p) - Co(p, p).

il

3.2 Integrable solutions, Sobolev regularity and continuity in time

The probabilistic interpretation of the vortex equation we will develop requires the existence
of integrable solutions. However, the non-continuity of K in Lé prevents us from using a
contraction argument in that space. In turn, as a consequence of Proposition 3.1, a solution
in Fo, 7 (with p as before) will also belong to Fg 1 7, as soon as the natural probabilistic
condition wy € Lil,) is added.

Lemma 3.5 Assume that wy € LP N LY, with % <p<3and ;’Tpp <p < (i—gp.

i) If w € Fo, 1 is a solution of (27), then w € Fo .7 for all r € [min{p,p’}, max{p,p'}].
ii) We deduce that if wo € LY N LE, then w € Fo 1 for all r € [1,p].
Proof: Recall that if 1 <ry <r <ry < 00, then L™ N L™ C L" with

LI < WA + A1, Ve L AL (30)

927

i) Let w € Fy,, 7 be a solution of (27). Since ;’Tpp <p< Gf—gp, we have from Proposition
3.17) that B(w,w) € Fo,p for all » € [min{p, p'}, max{p,p'}]. Thanks to (30), one has
also wg € L5 and by the Lemma 3.2, wo € Fo 7. We conclude that w € Fo, 7.

i) Assume that wy € L} N L% and that r € [1,p[. The sequence defined by ro = r,

Tntl = S(j:: is increasing and converges to 3. Let N € N be such that rny < p < ryy1.
. 3s - . . . 3p 3rN+1
The function s +— > is strictly increasing on [0, 6], so we have 52 S o = TN As wy

belongs to LE N L3V thanks to (30), we deduce from ¢) (with p’ = ry) that w € Fg . 1.
Now, (30) also implies that wo € L3N N L;V~'. By applying i) with p replaced by rn and

p = ;’_’"—TJ\;\] = ry—1 we obtain that w € Fg,, , 7. We conclude by repeating NV — 1 times

this argument.

il

To prove Sobolev regularity of the solution, we need some simple technical facts:

Lemma 3.6 Let w € Fo 1 be a solution of (27) with 3 < p < 3. If for each T €]0,T] we
write
wo () := G} «w(7), and w.(t) := w(T + 1),

then the function w. is a solution in Fo, 17—+ of the equation

v(t,x) = wor(t,z) + B(v,v)(t, ). (31)

14



Proof: The proof follows from the semigroup property of G¥ and Fubini’s theorem, using
estimates (18) and (19) and similar arguments as in the proof of Proposition 3.1.

il

Remark 3.2 Ifp <7 <r <ry < oo, then we have ¥; ..\ 7 VF; (pry) 7 € ¥y ()1 for
1=0,1, and

”|V|||:’ p;r), T < H‘Vm:l ). T + |||V|||:2 o). T fOT‘ all v € F'i,(p;rl),T N Fi,(p;rg),T' (32)
( ) 7(p7 1)7 »(p7 2)7

Fori =0 (resp. i = 1) this follows by taking in (30) the function t%v(t) (resp. trta %v—(t)),

Tk

and then multiplying by 3.
We are now ready to prove the regularity properties of w we need in the sequel:
Theorem 3.2 Let p €]3,3[ and w € Fo 1 be a solution of (10).

i) One has w € Fupr, and ||wlipr < C(T,p)|w
depending on w.

lop, s with C(T,p) a constant not

i) For all p < r < oo one has w € ¥y, (p.y. Further, if A > 0 is an upper bound for
Iwllopr, there exists a finite constant C(T,p,r, A) depending on w only through wy
and A, such that

mW 1,7,(T;p) < C(T,p, r, A)

i) If wo € Lgl with p’ € [1,p], then the function w : [0,T] — Lg is continuous.

Proof : i) The proof is exactly the same as in Lemma 4.4 in [13]. We will repeat it here
since it is an important point for the sequel. Notice that all results for (27) obtained so far
apply also to equations (31) with the same constants for all £ > 0. From Lemma 3.2 one
has [[wo -l p 7 a@—r) < C1(P)IWllop,r for all 0 < T < T. If we choose T" small enough so
that

L
Ti(p)’
where T'1(p) = 4C1(p) - C1(p, p) and C1(p, p) given in the proof of Proposition 3.1 iii), then

)%
(1) 2 lwllopr <

1
1—3
4(1")" 2 C1(p,p)

for all 7 € [0,7]. Thus, from Lemma 3.4 we deduce for each 7 € [0,7] that (31) has a
solution in Fy , 7 (in the ball of radius R, defined in Lemma 3.4, with v = C1(p)|W|o.p,7)-

Iworll1p 1 ncr—r) < Cr@)IWllopr <

Define 74, := k% for k=0...N := [%] Uniqueness for (31) in the space Fo, 7/a7—7y),
for each 7 = 73, implies that the functions w(,) = w(7; + ) belong to Fy, 7ar—ry)
for all k = 0,...,N. But one has wm)a(t) = Wi, (% +1t) for all t € [0,Z° AT] and
k=1,...,N, so we conclude that w(z,, vg;;’“) € Fopram—ry) for k=1,..., N, implying

that w € Fl,p,T-
The estimate for the norm follows from the fact that for all ¢ € [0, % AT] and k = 1...N,

1 1 /o1 OwWr t+L/
one has (71 + )3 | 250 |, < O(T") (g + £)3 (¢t + 53| 2502, < O(T) [wllor-

i1) First we notice that wo € Fy . (1) for all » > p, and that w € Fy 1 by i).
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3s

i= §5; defined on the interval ]%, 3[ and define a sequence I,, by
lo =p, ln+1 = g(ln). Since ¢/(s) > 2, for all 3 < s <t < 3 one has g(t) —g(s) > 2(t—s) and
consequently there exists N € N such that [y < 3 and Iy11 >3 (e.g. N =01if p € [2,3]).
Observe that for all n. = 0,..., N — 1, we have g([ln, lns1]) = [lnt1,lnr2[C [£4-, 522
We can therefore apply Proposition 3.1 iv) with [ =y =p and I’ = % and deduce that

Consider the function g(s) :=

(T Taking then [ = % and I’ = Iy we deduce that w € Fy;, (1., We apply
the previous two-step argument starting now from /3 and we deduce that w € Fyj, (7).
Iterating this two-step procedure N times we conclude that w € Fy; (7, and taking
then [ = [y and I’ = 3 we establish that w € Fy 3 (7,,).

Let us point out that by Remark 3.2 and the latter we have w € Fy, (1, for all 7 € [p, 3].
On the other hand, at each time we apply Proposition 3.1 iv) we can obtain an estimate
for the norm of ||w||; y (1,p) in terms of [[w|; (7., of wo, and of a fixed upper bound for
the norm of the operator B : (FM(T;p))2 = Fi1 (1)

Therefore, we can exhibit an upper bound for [[wll; (3 in terms of T'[[wollp, [[Wollop
and of the norm of the operators B : (FLL(T;p))Z — Fyy (1p), With indexes | € [p,3[ and
' € [I, 24] chosen among a fixed finite subset of [p,3]. Thanks now to Remark 3.2, for
every r € [p,3] we can obtain an upper bound for the norm [[w]|; . (7, in terms of the
same (fixed) data about B.

To obtain the result for r €]3, oo[, we take [ := g~1(2r) (which belongs to [2,3[), and I’ = r
and conclude as before with Proposition 3.1 iv), with an upper for the norm [[wl|; ;. (7,
obtained in a similar way as before.

w € FLlo;h

iii) We will check that the operator B : C([0, 7], L})? — C([0,T7, Lfg,) is continuous when
p and p’ are chosen as in Proposition 3.1 7). Indeed, if ¢, is a sequence in [0, 7] converging
to t., then for all v,v' € C([0,T], L) one has

T 3 3
B(v, v)(tn) = B(v,v')(t:) [l S/O sp 2 [HV(% = 8) = V(te = 8)|plIV'(tn — 9)llpLa<s,

H IV (tn = 5) = V(te = 8)llpll vt = 5)IpLase, | ds

and therefore B(v,v’)(t,) — B(v,Vv')(ts) in Lé’/. Since clearly wy € C([0,T7, L), we have
a local existence result in that space for equation (27). Together with uniqueness in Fg 7,
this shows that any mild solution w in that space is continuous in ¢. The rest of the proof
is achieved by the same arguments of Lemma 3.5, using the continuity property of B we
have just established.

il

Denote by C® the space of functions R? — R? that are Holder continuous of index o €]0, 1[.
We recall the following standard embbeding of Sobolev spaces (see e.g. [4]):

Lemma 3.7 For all m > 3, the space W;’m is continuously embedded into LS® N cl=m.
From this and Theorem 3.2 we deduce

Corollary 3.1 Letp E]%,?:[ and w € Fy , 7 be a solution of the mild equation (10). Write
u(s,x) := K(w)(s,z). Then, the following hold:

16



sup ¢4 {[u(t) o + [[u(®)

} < C(T, p)[Wllopr (33)
t€[0,T7]

|22

for a constant C’(T, p) > 0 not depending on w.

i) For allr €]3,00[, i = 1,2,3, and any upper bound A € R of ||wl|op,r

sup ¢++3G9 {120 2800
te[0,T] 00 Ow;

du(t)
83@

} < C’(T,p, r, A) (34)

3
cl—7F

with C(T,p,r, A) > 0 a constant depending on w only through wy and A.

iii) By taking in i) r €]3, ;’Tpp[, we deduce that fOT ()] + 35, Hagx(f) [|oo] dt < o0.

Proof: By Lemma 2.2, one has u € Fy 47, with ¢ = ;’fpp, and by Lemma 3.7, we deduce
that for ¢ € [0, min{T, 1}]
1 1 1
£ ()l + [u®] 2 ) < O (@) < Clu@)lly + 2 V(@)
On the other hand, if ¢ € [min{7, 1}, T}, one has

£ (0o + a(®)] 225 ) < Ct3 u(®)lhg < CT? (Ju®)lly + 2 Vull,)

Since ||u(t)lq + t3 |Vu(t)||q < Cllw(t)|l1pr for all t € [0,T], the statement 3) follows from
Theorem 3.2 i). Statement i) is proved in a similarly way, noting that g—; €Fi,(ryp) by
Lemma 2.3 and using Theorem 3.2 4i). Part i) is immediate.

[

3.3 Proofs of the continuity properties of K and VK

We first recall some basic facts about Riesz potentials. Let 0 < aw < 3 and f : R? — R be
a measurable function. If well defined, the function Z,(f) given by

f(y)
Z = ——=—dy, 35
@ = [ Ay (3)
is called the Riesz potential of f (we omit the multiplicative constant usually appearing in
the definition of Z,).

Theorem 3.3 Let p € [1,2[ and % =
converges absolutely for almost every x.
If further p €]1, %[, then o (f) € LY(R®), and there exists a positive constant Cp 4 such that

1Za(Fllg < Cogll fllp

% — §. For every f € LP(R?), the integral (35)

for all f € LP(R3).

The proof can be found in Stein [29], Ch. 5. The same reference contains the proof of
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Lemma 3.8 Let vy(«) be the constant y(«) := W%QQF (2)/T(252). The following identities
hold in the distribution sense:

F(lz[ 7)) = v(a)(2ne]) 7, (36)

and
F(Za(9))(&) = v()(2m[€]) " F(9)(£), (37)

where F is the Fourier transform as defined in 1.1.

Proof of Lemma 2.2: Denote by Kj(z) the j-th component of the vector K(x), and
consider the operator

Fr K50 = [ RSC=fdy (38)

acting on real valued functions f. Let i’) (resp. ii’)) be the analogous statement of i) (resp.
ii)) in the space LP(R?) (resp. W1P(R3)) for the operator K; instead of K. Clearly, it is
enough to prove i’) and ii’).

The proof of the statement i’) follows readily from Theorem 3.3 with a = 1. We now prove
ii’). By using i’), we just need to check that for all f € WP(R) the identity

0 B of
sk =1 () (39)
holds in the distribution sense. Let us take f € S. Since K;(z) = —%% <ﬁ), it follows
from (37) with a = 2 that
— & 2 of i€k 2
FU(NE) = cF ()€ 25 e FK (5N = e F (1)) g <L

for all k = 1,2,3 and a constant ¢(2) that can be explicited. On the other hand, one has
\F(;())E)]IE] < CIF(f)(€)| € L?, and then %Kj(f) is also in L. Thus,

S
I35

and we obtain the identity (39) in L? for all f € S. Now, from this and an integration by
parts in W12, we conclude that

/Ra k (W> @g(a)da =~ | K(f)@) 2 (a)da

81‘k R3 8a;k

Fa (Efarklcj(f)> (&) = i&e(2)F(f)(E)

for all g € S. By the continuity of K; : LP — L% and the density of S in W1?, the previous
identity holds for arbitrary f € WP, This completes the proof. []

To prove Lemma 2.3 we will use a result on singular integrals (proved in [29], Ch. 2.):

Theorem 3.4 Let k: R — R be an homogeneous function of degree 0 such that

° / k(z)dy = 0, where 7 is the Euclidean measure on the sphere S?, and

o[5S ()~ sl < oo

z—y|<s
lz|=]y|=1

18



Let p €]1,00] and f € LP, and consider for each x € R? the singular integral

/‘L(.Z'—y) (

H(f)(x) := lim f(y)dy.

£=0 J|z—y|>e ‘:L’ - y‘3

Then, the limit H(f) exists in LP norm. Further, there exists a real positive constant Cp
depending only on p, such that

(Pl < Cpll fllp (40)

for all f € LP. Finally, if p = 2 one has the relation F(H(f))(&) = m(§)F(f)(&), where
m : R? — R is a homogeneous function of degree 0.

Proof of Lemma 2.3: Notice that

OK;(x) _ r;() OK;(x) _ hi ()

= , and = ,
Ox; |z|3 Oy, |z|3
. 322 ; . "
where the functions r;(z) = — X (1 - ;é) and ky j(z) = Z’i"ﬁg satisfy the conditions of

Theorem 3.4 (cf.: Z?’:1 kj(x) = 0 and Ky j(x) is odd in each component of x). Thus, the
singular integrals

Mf(y)dy and Hy;(f)(x) = lim Mf(y)dy

lz—y|>e 6xj =0 Jiz—y|>e 0wy,

H;(f)(x) = lim

e—0

of real valued functions f define continuous linear operators LP — LP for 1 < p < oo. If
f €S8, it follows as in the proof of Lemma 2.2 that

F(r (D)) = ) TR
in L?, and then 5
Hy.,;(f) Txklcj(f)'

Using integration by parts, density, and the continuity of Hy ; we conclude that this holds
for all f € LP. The result for H; is proved in exactly the same way.
The continuity estimate i) is now immediate thanks to Theorem 3.4. The estimate i) is
proved in a similar way as Lemma 2.2 4i) by considering Fourier transforms (see also Lemma
2.2 in [13]).

[

4 The nonlinear martingale problem
We consider now a fixed time 0 < 7' < co and we make the following assumption:
e wyp is a function in L} N L for some 3 < p < 3.

In this section, we will identify the solution w of the mild vortex equation in Fg, 7, with a
flow of R3-valued vector measures associated with a generalized nonlinear diffusion of the
McKean-Vlasov type. Let us establish some notation required in the sequel:
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- We denote by P(Cr) the space of probability measures on Cr = C([0, T, R? x M3x3).

- For any element P € P(Cr), we will write P for the first marginal P° = P|¢((o,7),r3);
and P’ for the second marginal P' = P|c((o,7],Myy5)-

- The canonical process in C([0,T],R3 x M3yx3) will be denoted by (X, ®).

- We use the notation Py(Cr) for the subspace of P(Cr) of probability measures @) such
that the support of @’ is bounded. (Equivalently, under each law Q € Py(Cr), the
process ® is bounded independently of ¢ and of the randomness.)

- By Fopr, Fipr, For(ryp) and Fy, (1, we denote the subspaces of MT that are the
real-valued analogous of the spaces F defined in Section 3. We use the same notation
as therein for the norms.

We define now a “vectorial weight function” in terms of the initial condition wy, by setting

ho(z) = wo(x) &;{‘)’?”;' (41)
0

(with the convention “J = 07). Observe that hg takes values in the sphere |[wp||; - 5% or 0.

With each Q € P,(Cr) we can associate a family of R3-valued vector measures (Qt)te[o ]
on R3, defined by

Qu(f) = EQ(£(X;)Prho(Xo)), (42)
for all f € D3. Since ® is bounded, the vector measure Qt is absolutely continuous with
respect to 7, with density given by

ho(z) = Zg; (z) = E9(®4ho(X0)| X = ), (43)

and its total mass is bounded by |lwpl|i( sup  sup |¢¢]).
pEsupp(Q') t[0,T]
Notice that (t,z) — h?(a:) is measurable. With the notation (43), we can rewrite (42) as

Qu(f) = BAUR(X A (X)), (44)
Thus, we can think of th () as a bounded vectorial weight found at position x at time ¢.

If now P € Py(Cr) is such that for each ¢ the probability measure Py is absolutely continuous
with respect to Lebesgue’s measure, then the same holds for the vector measure P. In
that case, and if p : [0,7] x R — R is the family of densities of PP, we will denote by
p:[0,T] x R® — R? the family of densities of P; (taking always bi-measurable versions of
both of them if they exist). We stress the fact that p; is defined in terms of the joint law
of (Xo, X, Dy).

We will study the following nonlinear martingale problem: to find P € P,(Cr) such that

o P°li=o(dr) = ‘ﬁv (H)ldx and for all 0 < t < T, P?(dx) = py(x)dx and Py(dz) = py(z)dz.

o f(t,X)— ' [‘9f 5, X,) +uAf(s,Xs)ds+K(5)(5,XS)Vf(s,XS)} ds,
0 <t<T, is a continuous P°-martingale for all f € C;’Q;
o &, =Idsyz+ [ VK(p)(s,Xs)®s ds, for all 0 <t < T, P almost surely.
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To state our the main result on the probabilistic interpretation of the vortex equation, we
need

Definition 4.1 We define P3 b0 95 the space of probability measures P € Py(Cr) satisfying

the following conditions:

e For each t € [0,T], the time marginal Py is absolutely continuous with respect to
the Lebesgue measure, with a bi-measurable family of densities (t,x) — p(t,x) that
belongs to the space Fy 1 for some % <p<3.

e Forallt € [0,T], the condition div py = 0 holds.

Theorem 4.1 Assume that wy € LéﬂLg for somep E]%, 3[. For everyT > 0, the nonlinear
martingale problem (45) has at most one solution P in the class PﬁTbo'

5:bs
Further, there exists a solution P in 733 50 such that P° has a density family p € Fop,r, if

and only if there exists in Fo, 1 a solutzon w of the mild equation (10) with initial condition
wo. In that case, for allt € [0,T] one has the relations

w(t,x) = p(t, z), p(t, ) EP((I)thO(XO)|Xt =1x)| = |w(t, 2],

and for all 1 <r <p and p <r' < oo, it holds that p € Fy, 1N Fio (1)
If T'g(p) is the constant of Theorem 3.1, we immediately deduce

3
Corollary 4.1 If wy € LN LY for some p €]3,3[ and Tl_ﬁﬂwoﬂp < #(m, then the
problem (45) has a unique solution in 733 b0
The proof of Theorem 4.1 will be done in several steps. First of all, we shall dwell upon
the properties of the evolution equation satisfied by the densities p of the marginal P° of a

given solution P. The study of this equation will provide a prior: regularity estimates for
the drift term K(p) in (45).

4.1 A nonlinear Fokker-Planck equation associated with the vortex equa-
tion

Assume for a while that (45) has a solution P € Py(Cr) with densities p € Mes. Assume
furthermore that

/ /R V()| p(t, ) dadt < oo (46)

(which is a minimal condition ensuring that fo (p)(s, Xs)ds has finite variation). Then, by

applying Ito6’s formula to f(t, X;) for an arbitrary function f € C’; 2 and taking expectations,
we deduce that the couple (p, p) satisfies the weak evolution equation:

/ £t y)p(t, y)dy = / £(0.9)p0(y)dy
R3

/ /Rg [ (s;y) +vAf(s,y) + K(p)(s, )V (s, )| p(s,y) dy ds, (47)
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where pg(z) = |w°(”ﬁ)‘dx. Observe that by (44), one has

lwollx
pi(x) = hi (z)pi(x).

If P is fixed, the function h” is also fixed, and (47) is a nonlinear Fokker-Planck equation
for the unknown p, which can be treated to a large extent as a scalar of analog vortex
equation. To obtain its mild form, we fix ) € D and ¢ € [0, 7] and take in (47) the function
fr 1 [0,1] x R3 — R3 given by fi(s,y) = GY_, x ¥(y), which is of class C;’Q, and solves the
backward heat equation on [0,¢] x R? with final condition f(¢,y) = ¥ (y). By Lemma 3.1
and condition (46), it is easily checked that

[

and by Fubini’s theorem we deduce that

IGY_s

- (2= )| IR @) (s, ) dy ds <

plt,2) = GY = pola / /R o Kb (s, a)pto) dy ds ()

for all ¢ € [0,7), where h = h'’ and hp stands for the function hp(t, ) = hi(x)pe(x).

We will now study some of the analytical properties of equation (48) in a more general
situation. Namely, we assume that h : [0, 7] x R3 — R3 is a fixed but arbitrary function of
class L>=([0, 7], L), and define for p,n € MesT a function b"(p,n) : [0,7] x R? — R3 by

b (. )1, 7) = / [ S = K ) s )y .

The next observation will be important:

Remark 4.1 For each p € [1,00] (resp. each p € [1,00] and r > p), the mapping n — hn
is continuous from Fop 1 to Fopr (resp. from Fy, (r.py to Fo (1))

Thus, the following continuity properties of b can be proved in exactly the same way as
Proposition 3.1 ¢) and ):

Lemma 4.1 Let p,p' € [1,00]. Then, b" : (F,| - |N? — (F,| - |') is well defined and
continuous whenever

i) $<p<3, 5 <P <% F=FoprandF = Fyyr.
ii)

Write now

[\][oV]

N[OV

<p<3, p<r<3, £ << F = Fy, () and F' = Fy . 7).

6 2r’

Wo
Bo(t.2) = G pof) = G+ 1201

[[wollx
Since wy € L%, Lemma 3.1 and Young’s inequality imply that o € For(1yp) for all r > p.

This and the previous lemma give sense to the abstract equation

p=+b"(p,p) (50)
in Fy,rif 3 <p <3, and (48) is equivalent to (50) in that space.

(49)

As we did before in the case of the vortex equation (10), we deduce now some additional
properties for (48):
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Lemma 4.2 Assume that wy € L, with % <p<3.

i) For allT > 0 and every fized h € L*>([0,T], L) the nonlinear Fokker-Planck equa-
tion (48) has at most one solution p in Fyp 1.

ZZ) pr € FO,p,T is a solution Of (48)7 then p e FOJ‘,(T;p) and ”|p|”0,r,(T;p) < C(T7pa T, meo,p,T)
for allp <r < oo.

i11) We deduce that p = hp satisfies p € Fo,. (1, and ]”ﬁ”|07r,(T;p) < CN‘(T, h,p,r, 1pllo.p1)
for allp <r < oo.

Proof: i) is proved in the same way as Theorem 3.1 a). The proof of ii) can be adapted
from the proof of Theorem 3.2 i), reasoning in the spaces Fy .7, instead of the spaces
F1 . (r,p), and using Lemma 4.1 and Remark 4.1. Part i11) is clear from 4i) and Remark 4.1.

il

We can now prove a priori regularity estimates for p, p and the drift term K(p) of (45):

Proposition 4.1 Assume that P is a solution of (45) in the class 77§Tb0 with densities
27 k)
11

p € Fopr and % < p < 3, and write % =53 Then, the following hold:

i) p € Foy (1) for all v € [p,oo] and K(p) € Fy (p,q) for alll € [g,00].
i) p € Fy, (1) for all v € [p,o0].

Proof : i) First notice that p belongs to FO%’T by inequality (30) since p € Fy 1,7 N Fop 7.
Thus, (46) holds by Remark 4.1 and Lemma 2.2 7). We deduce that p € F , r solves the
mild Fokker-Planck equation (48).
If we take [ > ¢ and define r := (% + %)*1, then one has r > p, and so Lemma 4.2 #4) and
Lemma 2.2 i) imply that
sup #2677 [K(5(1))|| < oo
t€[0,T]

Asi—1—1_2 this means that K(p) € Fo 1 (7:9)-

pr g
We next check that K(p) € Fy (7). From the fact that p € Fo (1., holds in particular
for all [ > q, we get from Lemma 2.3 i) that %KT(,:E) € Fo (ryp) for all k =1,2,3. Therefore

31 _1y||OK(p
sup tQ(P r) ‘ (7) < 00.
t€[0,7) Oy, |
Since %(% =1+ %(% — 1), we conclude that K(p) € Fi (1)

it) We claim that for each p < r < oo, the linear operator (with p fixed) defined by

t 3
n(t,2) = b o) () = [ S [ 29 e K (55, w)n(s w)dy ds.
0 R3 33/
j=1 !

is continuous from Fy . (7., to Fy, (7., where 7 and r’ satisfy the same constraints as
in Lemma 4.1. The proof of this fact is similar as in Lemma 4.1, taking therein p = p/
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and leaving one of the arguments in the bilinear function b” fixed and equal to p. (More

precisely, the norm |[b"(p, n)||;. (pir),7 can be bounded by certain constant times the product

17 (7 I (B) 1.1, (75)» With [ satisfying § — L = % - ,% =-3.)

Notice that the norm of b"(p,) : Fio 1) — F1 (T,p) has the same dependence on 7' as
the functional B has in Proposition 3.1 ) and 4i). Thus, by Banach’s fixed point theorem
applied to i — v + b"(p,n), we have a local existence result in Fi . (71,p) for some positive
T' (possibly smaller than T') for the linear equation

=0 +b"(p,n). (51)

Using this and uniqueness for (51) in Fy 7, together with the fact that v € Fq 47, we
can adapt the arguments of Theorem 3.2 i) to the linear equation (51) to show that any
solution n € Fy,r belongs to Fy 7. By following then the proof of Theorem 3.2 i), we
prove that n € Fy , (1, for all 7 € [p,o0[. Since n = p is a solution of (51), the statement
follows.

il

A straightforward consequence is the regularity of the process ® in (45):

Corollary 4.2 Assume that P is a solution of (45) in the class Pgb o Then, under P, the
5,

process ® is continuous and with finite variation. We deduce that the associated function
p 18 a weak solution of the vortex equation with initial condition wy.

Proof: Since condition (46) holds, the process f(t, X;) is a semi-martingale under P for
any f € C;’?)Q. On the other hand, from Lemma 4.2 74) with 7 = 3 and Lemma 2.3 i) we
get that

T
/0 /R3 IVK(p)(t, z)|p(t, z) dedt < oo. (52)

As the process ® is bounded under P, the equation verified by ® in (45), together with
(52) imply that ¢ — ®; has finite variation.
We can thus apply Itd’s formula to the product f(¢, X;)®; and see that

t
f(t, Xy)®, — £(0, Xo) — / [gz(s,Xs) + v (s, Xs)+
0

K(p)(s, Xs)VE(s, Xs) + £(s, Xs)VK(p)(s, Xs) | Ps ds

is a martingale for all f € C; 32 . By multiplying the previous equation by hy(Xp) and taking

expectations, we conclude from the definition of Py and Fubini’s theorem (thanks also to
(46) and (52)), that p is a solution of the weak vortex equation (12).

il

Remark 4.2 We have not used the fact that Vp, = 0 to establish any of the previous
results. This condition will allow us to conclude that p is a mild solution of the vortex
equation, and this will provide the additional regularity for the function VK(p) required to
prove that (45) is well posed.
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4.2 Existence
In this section we will assume that

e p€]3,3[and w € Fy, 1 is a given solution of the mild equation (10) defined in some
time interval [0, T7.

o w(0) =w € L3.

We will associate with w a solution P of the martingale problem (45) in the class Pgb o
2%

and such that the corresponding flow p of vector measures defined as in (42) satisfies p = w.
By Corollary 3.1, the drift term K(w)(¢) and its gradient VK (w)(¢) are continuous and
bounded functions on x for each t €]0,T], and with singularities in L> and Holder norm
at time ¢t = 0. To construct the probability measure P, we will follow a similar strategy as
in [13] by an approximation argument by suitable processes involving regularized kernels
instead of K. The additional difficulty here is that we have to approximate simultaneously

both processes X and @, and therefore to take care of both drift terms K(w)(s, Xs) and
VK(w)(s, X5)®s.

Consider ¢, : R® — R a regular approximation of the Dirac mass, that is, @.(x) = g%ga(%)
for all z and £ > 0, with ¢ : R? — R a positive function in S such that Jrs o(@)dx =1. We
define regularized kernels K. = . % K, and associated mollified operators K¢ by

K*(w)(z) := . Ke(x —y) Nw(y)dy
The following are key remarks:

Remark 4.3 If w € L} for some r €]1, 3], then
K*(w) = K(pe * w).

This is easily seen first for w € Ds by taking Fourier transforms, and then for general
w € Ly by density and Lemma 2.2 i). By similar reasons (using Lemma 2.3 1)), one has
for all r €]1,00[ and w € Ly that

VK (w) = VK (¢ * w).

In particular, the continuity estimates of Lemmas 2.2 and 2.3 hold true (with the same
constants as therein) for each of the operators K¢.

Remark 4.4 We also deduce that K(w) converges in L} to K(w), for all v €]1,3] and

+=1—1 and that 81;;2“’) 8?96(:}) for allr €]1,00[ and k =1,2,3.

converges in Ly to

Let (e,) be a sequence converging to 0, and take in a fixed probability space a standard
three dimensional Brownian motion B, and a R3-valued r.v. X independent of B with law

_ @)l

po(z)dx = :
[[wollx

Consider moreover the following family of linear stochastic differential equations:

M (z) =2+ VouB, + /O Ko (w)(s, & (x))ds, te0,T] (53)

We have
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Lemma 4.3 The function (s,y) — K(w)(s,y) is bounded and continuous on [0,T] x R3,
and infinitely many times differentiable on y € R3, with uniformly bounded and continuous
derivatives on [0, T] x R3.

Proof: The kernel K. belongs to S, and ¢ € [0,7] — w(t) € L} is continuous by Theorem
3.2 4ii). We have

K (w) (¢, 2) — K (w) (5, )] < [K*(w)(t, ) — K*(w)(t, 2)| < C(w,e)ly —
‘/|wtz w(s, )| Ke(z — y)ldz,

for constant C(w, ) a depending on |w|lo.1.7 and on K.. The continuity of K¢(w) follows
from these considerations, and for the derivatives the proof is similar using the derivatives
of K.

[

Therefore, equation (53) has a unique trajectorial solution for each z, and we can further
take a version of the process (¢, x) — £tn) () that is continuously differentiable in x for all ¢,

and with continuous derivative V§§") (x) (see Kunita [19] Ch.2). For each z, t — Vgt(”) (x)
is the solution of the ordinary differential equation in Mgys

w@m—mﬁ/W@WWéWMW@m% te (071
0

We will denote by (X, &) the couple of processes defined on [0, 7] by
X" = € (Xo), and @) = Ve (Xo),

so that

0~

x\" = Xy + VouB, +/ K° (w)(s, X\™)ds
(54)

H—m+/VWn>@ﬂm<ms

The law of (X, &™) clearly belongs to Py(Cr) and will be denoted by Q™. Moreover,
since the drift term in the first equation in (54) is bounded, (Q(™)? has a density with
respect to Lebesgue’s measure. For each n € N, there exists a bi-measurable version of
(t,z) — p™(t,z) of the densities of (Q™)? (see [26], p. 194), and thus, a bi-measurable

version (t,z) — p"™ (t,z) of the densities of Qﬁ”)

In what follows, we will prove that the sequence Q™ is uniformly tight and that its accu-
mulation points are solutions of (45). A first step is to prove the convergence, in a strong
enough sense, of the one dimensional time marginals. We need an auxiliary regularity re-
sult, that will allow us to identify weak and mild solutions of the linear equation satisfied
by ﬁ(”). This result is proved in Section 4.5.

Lemma 4.4 Consider T > 0, and let v : [0, 7] xR3 — R3 be a bounded continuous function,
with bounded continuous derivatives up to the third order in the space variable x € R3, which
are Hélder continuous in x, uniformly in (t,z) € [0, 7] x R3.
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Let ¢ € D. Then, the unique solution g of the backward Cauchy problem

£9(s,y) +vAg(s,y) +v(s,y)Vy(s,y) =0, (s,y)€[0,7] x R?,

(55)
9(ry) = ¢(y).
is of class C’;’s on [0,7] x R3.
Lemma 4.5 For allt € [0,T] and n € N, we have p™(t) € L5, p™(t) € L? , and
sup |5 o . < 00, sup [|o"™ o, < oo. (56)
neN neN

Moreover, p(™(t) converges to w(t) in L} for each t € [0,T], and in L*([0,T], L%). Sim-
ilarly, p™(t) converges to p(t) in LP for each t € [0,T], and in L*([0,T],LP), p being a
solution of the linear equation

plt2) = G * oz / [, gy KOs, du ds (31

for all t € [0,T].
Proof : By writing Itd’s formula for the product f (t,Xt(n))@,E") for an arbitrary function

fe (02’2)3([0,T],R3), and taking expectations after multiplying by ho(Xp), we see that
A" (t) is a solution of the following weak equation

() oy = [ 10 uwody+ [ [ |20 +vat(sy)
. . [ L5

+ K (W) (5, y) VE(s,y) + £(5,9) VK (W) (s, 9) | 5" (s, y) dy ds.
(58)

Hence, by similar arguments as in Lemma 2.1, the function ﬁ(”) solves the linear equation

§t, ) = GY ol /‘ LASF;ZS (& — ) K% (W) (5,)5") (5. 9)]

(n OK*"
61 o= )l 5.0 P s )]y .
J

(59)
We will prove that 5™ also solves the linear mild equation
P a) = [ Gl —ypuoly)dy
0GY_, . ~(n ~(n e
/ 2 (0 — ) K (W) (5,905 (5,9) = 57" (5, 9) K (W) (s,9)]| dy d.
R3 8y]
(60)
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To that end, we first check that f)(”)(s) has null divergence in the distribution sense. By
Lemma 4.3 and Lemma 4.4, for each ¢ € D and ¢ €]0, T, the backward Cauchy problem

29(s,y) + vAg(s,y) + Ko (w)(s,y)Vg(s,y) =0, (s,y) € [0,[xR3, 1)
61
g(t,y) = é(y),

has a unique solution ¢g which is of class C; 3 on [0,¢] x R3.
We can therefore plug the function f = Vg in (58), and after simple computations obtain

Vo(y)p™ (t,y dy—/ / [ (s,y) + vg(s,y) + K (w)(s,5)Vg(s,y) | /™ (s,y) dy ds
R3 R3

(62)
for all ¢ € D and t € [0,T]. Thus, div 5™ = 0.
Next, we claim that 5™ (t) belongs to L% for all ¢t € [0,T]. To verify this notice that

the integral in the Lh.s of (59) belongs to Fy, 1 if 5™ € Fg,7 and 7' € [r, . T[ for given
r € [1, 3[. This is seen by using Young’s inequality, and the facts that ||GY_|[m, [|[VGY_|lm €
L([o, t] ds) for m € [1, 3], and that K*»(w) and its gradient are bounded functions.
Then, using moreover the fact that wo € Fy, 7 for all » € [1,p] we state inductively that
o e Fo,, 1 for a finite sequence ri, k = 0,--- , N, such that ro = 1, 7541 € [r, 33 - [ and
rn = p, and our claim is proved.

From the latter and (62) we deduce that [os V( y)p™(t,y)dy = 0 for all ¢ € WP" and

from (59) and the fact G7_ (x — - )K**(w)(s,) € W3 ?"we conclude that 5™ solves (60).

We will now derive an upper bound for || ||g 7 independent of n.
Let us take L norm in (60). By standard arguments (as in Proposition 3.1 7)), and using
Lemma 2.2 and Remark 4.3, it follows that

t 3 —n
opt + Clwllopr /0 (t— )75 |7 (s)]], ds.

Iterating this inequality N(p) times, with N(p) the first integer for which 2V (1 — %) > 0,
we deduce that

15" )l < lIwo

t
1A Oy < € + C//O 15" ()l ds,

with constants independent of n, and we conclude by Gronwall’s lemma.
The same arguments establish the corresponding results for the functions p(™, starting this
time from the fact that p(™ solves the linear equation

P (t,z) = GY * pola /

which is seen by similar arguments as in Section 4.1.
Now we prove the asserted convergence for ﬁ(”). By taking the L% norm to the difference
w(t) — p™(t) and proceeding as above, it is seen that

1A () — w(t), <C /0 (t—5)"2 K= (w)(s) — K(w)(s)lly ds

S — y)K(w);(s,)p" (s,y) dy ds,  (63)

R3 83/3

t 3
0 (=97 156) = wis)l s
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We have also used here the estimates (56). Writing 0y = 1 — % and using induction, we get

15 (t) — w(t)]l, <C / 5)F0 =1 1K (w)(s) — K(w)(s)]lg ds

+c/ SN 5 () — w(s) ds.

The identity fg(t — 5)0-1 Jo(s =) tdr ds = B(0,¢) fg(t — 5)0+<1ds for all #,¢ > 0 has
also been used. Thus, taking a fixed N = N(p) such that = N(p) > 0y, yields

1590 ol < [ alt— ) [ (w)(5) ~ Kw)(s)l ds
0
15 () — wis)lly ds
o) /0 15  ds,

with a(s) = ZN(p) sk90=1 Integrating now between 0 and 7 € [0, T] gives

T t
/ 15 (t) — wit) |y <C / / alt — ) K= (w)(s) — K(w)(s)q ds dt

e / / 157 (s) — w(s)l, ds dt,

and by Gronwall’s lemma,

T T t
5M (1) — w alt — s en(w)(s) — K(w)(s s dt.
/O 15 (t) — w(t)|[pdt < C/O /0 (t—s) [K™(w)(s) — K(w)(s)lq ds dt

Thanks to the Remark 4.4, the right hand side converges to 0 by a double application of
Lebesgue’s theorem. Taking 7 = T gives us the convergence in L'([0, T, L%), and point-wise
convergence in L on [0, 7] follows then from (64).

Repeating this reasoning with the difference p(™ (t) — p(™(t), n,m € N, shows that p(™ is
Cauchy in L'([0,7], L?), and that p{™) () is also Cauchy in LP, Vt € [0,T]. Consequently,
there is point-wise convergence of p(™ in L? on the interval [0, 7] to a limit p € L'([0, T], L?).
Estimate (56) implies that p € Fy, 1, and using the fact that

/ / agyzjs 2—) ((s,9) K= (W)(5,9) — pls,y) K(w)(s,3)) dy ds

is bounded above by C’fg (t—s)_% (12 (s) — p(s)|lp + [IK= (w)(s) — K(w)(s)|lq] ds (which
goes to 0 as n — 00), we pass to the limit on n in equation (63) to conclude that p solves
(57). This completes the proof of the lemma.

il

Next step is to prove tightness of the sequence Q™. We will use the following version of
Gronwall’s lemma:
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Lemma 4.6 Let g : [0,7] —]0,00[ be a bounded function satisfying
t
g(t) < C+/ g(s)k(s)ds
0

for all t € [0,T], where k : [0,T] —]0,00[ is a positive function such that fOTk(s)ds < 00.
Then, for all t € [0,T],

T
g(t) < Cexp/0 k(s)ds.

Lemma 4.7 The sequence (Q™,n € N) is tight.

Proof: It is enough to prove that each of the two sequences of process X and ®(™ have
laws that are uniformly tight in n. We will use Aldous’ criterion for both of them.

Let R,, S, be stopping times in the filtration of (X &) such that 0 < R, < S, < T
and S, — R,, < A. Thanks to Remark 4.3, Lemma 2.2 i7), Lemma 3.7 7), and the arguments
of Corollary 3.1, we have

Sn Sn 1 1
/ KE) (w)(t, X™)dt < C / £ K E (w1 grdt < C (Sﬁ - Ré) Iwlhpr < CAZ,
n Rn

and the criterion applies.
Consider now the processes ®™). Since K*#(w)(t) is bounded, each process ®(™ is bounded
on [0,7]. On the other hand, by Remark 4.3, Lemmas 2.3 i7) and Lemma 3.7 ii), we have

OK ) (w)(t)
8xk

1_3¢1_1
<otz 267 |w

1,7,(T;p) (65)

[e.e]

for all r €]3, i—pp[ and k = 1,2,3. From this and Lemma 4.6 we deduce that

1 3(1

|(I>,En)| < exp (CTi_§

)
7wl ) (66)

for all t € [0,T] and a constant C' > 0 which does not depend on n. Let now R,,S, be
stopping times as before, and fix r €]3, gfpp[. By using (65) and (66) we establish that

275G _ 273G F-34-1)

Sh
/ IVKE (w)(t, X{)|| @™ |dt < C(RE

n

for a constant C' > 0 not depending on n, and the result follows since % — %(1 -H>o.

We can now prove

Proposition 4.2 Fvery accumulation point of the sequence QM is a solution of the mar-
tingale problem (45) in the class Pgbo.

2’ b

Proof : Denote by P the limit of a convergent subsequence renamed Q™. From the
weak convergence (Q(™)? — PP and Lemma 4.5, we deduce that P?(dz) = p(t, z)dz for all
t € 10,7, with p € Fy, v the unique solution of (57).
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Now we take f € Cb1’2, 0<s1 < -+ <8, <s<t<Tand A :R"™ — R a continuous
bounded function. We will first show that

B[ ([ B r + vs s X0 + Km0 9 X0} dr+ 10,0 = 75,0

X AN Xgy, - .,Xsm)] =0, (67)
and that

t
EP [ Oy — Id — / VK (w)(1, X;)®,dr
0

] =0, (68)

with (X, ®) the canonical process and w € F ,, 7 the solution of (10) we are given. Notice
that the result will follow from (67) and (68) by proving that the density family  of P is
equal to w.

Define a function « : C([0,7],R) — R by

50 = ([ { G )+ a1 ) + K ()T At | dr
£ F0E0) = £(5,606D) ) X A€, 6lom)) (69)

We now check that it is continuous and bounded. From Corollary 3.1 i) we see that

/ [K(W)(7,&(7))V (7, £(7))] dr < C(T)|V flloollWllo,p.1 and

2p

-3
v [wllopr, Y,y € R3.

K(w)(r, ) — K(w)(r,y)| < Cr~ 3|z — y|
Thus,

t
/ [K(W)(7, &(1)V (7, €1(7)) = K(W)(7,&2(T)) V[ (7, &a(7))] dr

2p

-3
< OVl = &llo” Iwlopr + C(DAflcllér = E2lloclIwllop,r,

for all &1,& € C(]0,T],R). It follows that the mapping & — fst K(w)(7,&(m)Vf(r,&(7)) dr
is continuous and bounded on C([0,7],R), and then the same holds for &.

Therefore, we have EQ" (k(X)) — EF(k(X)) as n — oco. Now, from (54) and the definition
of Q. it follows that

EQ" [( / t {gf(a Xo)+vAf (7, X7 )+K (w) (7, X7) V£ (T, XT>} dr+f(t, Xt>f(s,Xs>)

X AN Xsqyeeos Xsm)] =0,

and then
B2 (5(X)) = B9 [ [ (KO0 X)W1 X0) = KE) ()7, XV (7, X))

x)\(Xsl,...,Xsm)}
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As p(™(t) is a probability density and g% = 45’%3 < % < p, we have
sup |p* lo,gur < 00
keN

thanks to the estimate (56) for p(™. It follows that

K (w)(r, Xr) — K(w)(, X7)

9 (s(x)| < 0" [ / t

o]

T
< CsuplpPloger [ [KE w0)(r) - Kew)(r)|, o
keN 0 q

and by Remark 4.4, we conclude that EQ™ (k(X)) — 0. This proves (67).

We next prove (68). Consider an arbitrary continuous truncation function on matrices
XR : M3x3 — Msys, with R > 0, such that |xr(z)| < R for all z € Msys.

By (66) there exists a constant R = Ry independent of n such that sup¢o 1y |®(™)| < Ry,
for all n € N. We will check that the function ¢ : C([0,T],R3) x C([0,T], M3x3) — R given
by

CE.2) o= Py (20) — 1d / VK (w) (7, (7)) xR (20)d7 (70)

is bounded and continuous. To that end, it is enough to state that the mapping (£, z) —
fot VK(wW)(7,&(7))X Ry, (2(7))d7 is bounded and continuous. The first fact is consequence
of (65). The continuity follows easily from the estimate

for any fixed r €]3, ;Tpp[, given by Lemma 3.7. Thus, proving (68) amounts to check that

B (¢(6,2)) = 0 (71)

when n — oo. Since

B g (20) — Id — /0 VK (w)(1,£(7)) YRy, (27)d7| = 0
by (54), we have
EQ" (¢(X,®)) < RyEQ™ [ / t VK (w)(r, X,) — VK(w)(T, X,) dr}. (72)

If p > 2, the r.h.s. of (72) is bounded above by
T
Csup 9" o e 1 / | VK (w)(r) - VR (w)(7)|| ar.
keN 0 p

The fact that the supremum is finite is immediate from (56) since px < 2, and (71) follows
then from Remark 4.4.
If p < 2 we bound the r.h.s. of (72) above by

®) P TR
Cup o ey [ ¢367H
keN 0




To conclude (71) we just have to stablish that

sup |0 o g, (7:p) < 00 (73)
keN

This follows by our usual iterative argument applied to the equation (63), that is, using
repeatedly the fact that solution of the equation (63) in Fy,. (7., belongs to Fy . 1,y for
p<r<3andr<r < Gi’ér. The key point here is that, thanks to Lemma 2.2 and Remark
4.3, the norm of the linear functional

‘& [ OGY, .
)~ [ > L S = K ) s, ) dy ds.

J
defined from Fy,. (7, to Fo, (1), can be estimated in terms of K (w)lo (7, (Where

I = ;) and therefore in terms of Iwllo,r(7:py only, thanks to Lemma 2.2 and Remark 4.3.

Therefore, the norm [|5(™ llo,» (7;p) is bounded independently of n € N, and the rest of the
argument follows in a standard way. Thus, (71) being proved in all cases, we conclude (68).

To finish the proof, we just have to check that for each ¢ € [0, T], the function p(t) given by
/3 f(2)p(t, z)dx = EY (£(X;)®:ho(Xo)),
R

for all f € D, is equal to w(t). Thanks to the convergence 5™ — w stated in Lemma 4.5,
this will hold as soon as the convergence

B (£(X,)®:ho(Xo)) — BT (£(X¢)Peho(Xo))

is proved. Here we must be careful because the function hg is not necessarily continuous.
We will use fact (proved in [16]) that for every k& € N, one can find a continuous bounded

function hE such that [wol ({hf # ho}) < 4, and |hf| < |ho|. We also notice that under P,

llwollx
the process ® is bounded by the same constant Ry as it is under each law Q™).
Hence, for any k£ € N we have

|EQ™ (£(X,)®4ho(Xo)) — ET (£(X¢)®eho(Xo))|
< C(E?™ |hf(Xo) — ho(Xo)| + EF |hf(Xo) — ho(Xo)|)
+ B9 (£(X0) X Ry (Pe)ho(X0)) — EF (F(X2) X R (®2)ho(X0))].

We conclude by taking lim sup as n — oo and then limit as £ — oo.

4.3 Uniqueness

Proposition 4.3 i) If P € PgT,b,o is a solution of (45) with p € Fypr and p 6]3,3[,

then w := p is a solution of the mild vortex equation (10) in the space Fq p 7.

ii) We deduce that uniqueness holds for (45) in the class Pgbo.
27 ’
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Proof: i) Let P € 733 b0 be a solution of (45). By Proposition 4.1 and Corollary 4.2, p

is a weak solution in the spaces Fo, 7 N Fg,. (1, for all 7 € [p,oo[. As in Corollary 4.2,
conditions (46) and (52) can be seen to hold, and then it is not hard to check that j satisfies
the assumptions of Lemma 2.1. Thus, it solves the intermediate mild equation (13). To
conclude it is enough to verify that

0K (p 0GY_, _ -
/ G-t — )5, 9) T (s, )] 4 P00 )3y, K () s,y = 0 (74)
0y; 0y
for all s € [0,7]. Since 1 < gx < 2 (where ¢ = —) the function j = hfp belongs to

Fo 4« 7. This and the fact that div p(s) = 0 in the distribution sense yield (74), because
GY_(x — VK(p)(s,-) € Wy? thanks to Proposition 4.1 i).

i) Assume that P' and P? are two solutions of (45) in 733 50" with density families p' €

Fo 1 and p? € Fp p2 7 respectively. Then, we have ph,p? € Fop 1, and from ¢) and the
uniqueness statement for the mild vortex equation (10) in Fg,7 (Theorem 3.1 a)), we
deduce that ' = p2.

On the other hand, by the arguments in the proof of Proposition 4.1, p' and p? solve
equation (48) with h = h”" and h = h*” respectively. Since by i) and Theorem 3.1 i), the
function h” 1p1 = hP? p?> =w € Fo 1 is uniquely determined, it follows that p' and p? are
solutions of the linear equation

plt,x) = GY * pola / —KW)(s.9)p(s.y) dy ds,  (75)

R3 8y]

and thus they equal the unique solution of (75) in Fy, 7, that we denote by p.

Thus, we have established that P! and P? solve the linear martingale problem in 733 50"

o Qlimo(dr) = F2ldz and for all 0 <t < T and Qf(dx) = py(x)dz which s fixed,

o f(t, X))~ f(0,Xo)— J} [%(S,XS) +yAf(s,Xs)ds+K(w)(s,XS)Vf(s,Xs)] ds, -

0 <t<T, is a continuous Q°-martingale for all f € C; 2

o &, =1Id+ [ VK(wW)(s,Xs)®; ds, for all 0 <t < T, Q almost surely.

We can now follow the arguments of [25] or [13] to prove the fact that (P!)° = (P?)°. Indeed,
by Corollary 3.1 i), the coefficient K(w) in (76) satisfies |K(w)(t)| < Ctz. Consequently,
if @ is a solution of (76), and if D,, with n € N denotes the shift operator on C([0, 7], R3)
defined by D, (§) = ¢ (% + ), then the probability measure Q° o D, ! solves a martingale
problem with bounded coefficients, and with a fixed initial law given by p(%,x)dw. By
classic results of Stroock and Varadhan [30], Q° o D;;! is uniquely determined, and thus
(PYY°oD,; ! = (P*)°0D, ! for all n € N. By letting n — 0o we conclude that (Pl) (P?)°

It remains us to prove the identity (P')’ = (P2)". In virtue of the estimate in L°°-norm in
Corollary 3.1 444), it is an elementary fact that for each ¢ € C([0,T],R?) the O.D.E.

2(t) = Id+/0 VK(w)(s,&(s))z(s)ds
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has a unique continuous solution ¢ € [0,7] +— z(t) € M3xs. Further, using the estimate in
Holder norm of Corollary 3.1 4ii), and Gronwall’s lemma, it is easily seen that the mapping
€ + z is continuous. This clearly implies that (P') = (P2?), and the proof is finished.

il

4.4 Proof of Lemma 4.4

Under the assumptions on the function v in Lemma 4.4, standard results (see e.g. [14])
provide existence of a unique solution g : [0,7] x R? — R? of (55), which is continuous,
bounded and of class C; 2 on each domain [0,0] x R? with 0 < § < 7. We could try to adapt
available analytical results to prove that g € Cg ’3([0,7'] x R3), but this is rather tedious.
(Indeed, standard statements require Holder continuity in time of the coefficients, and do
not provide the complete regularity result we need here up to the final time 7.) We will
thus give a direct proof of Lemma 4.4 by a probabilistic argument, inspired from Theorem
7.1, Ch. 3 in Kunita’s course [19].

Proof of Lemma 4.4: Consider a three dimensional Brownian motion B on a filtered
probability space. By the assumptions on v and the results in [19], there exists on that
space a continuous three parameter process & () defined for all0 < s <t < rtandz € R3,
such that for each (s, z),

Eot(x) = &+ V20(B; — By) + /tv(ﬁ,gsjg(w))dﬁ, for all t € [s, 7]

almost surely. Further, the function &, : R® — R3 is a diffeomorphism of class C3. Since

t
Vési(x) =1d —I—/ Vv (8, &s,0(x))VEsg(x)db,

it follows that V& () is bounded and then V&g ¢(x) — Id when s — ¢t~ for each t € [0, 7].
Considering the equations satisfied by the higher order derivatives, one can also conclude
that D, is bounded, and that D¢ ¢(x) — D% when s — ¢, for any multi-index
la| < 3. It follows that the function f(s,x) := E(¢(&s,(x)) has derivatives in = up to the
third order, and f and its derivatives are bounded and continuous on [0, 7] x R3.

We will show that f = g, which achieves the proof. Write Lgp(z) := vA¢(z)+v(0, 2)Vo(z).
By the backward It6 formula (Theorem 1.1 in [19], Ch. 3), one has

DEur(x) = o(x) + VI / V(6o &9.)(@)dBy + / Lo(ob)(@)dd  (77)

where fst dBy is the backward stochastic integral with respect to B on [s,] (i.c. the

stochastic integral with respect to the standard Brownian motion (B! = B;_s— By, s € [0,1])
and its natural filtration). Using (77), we check that

Lod(y) = Jim o= [B6 0 €oy) — 6(0)].

and then the commutation relation E[Lg(¢o&g)(x)] = LoE|[(¢0&p ) ()] is obtained, thanks
also to the independence of s s(x) and & (y) for s < s < t. It follows then from (77) that

(s,2) = £(5,0) == [ Laf(6.)d0

s

for all s,s" € [0,7]. Whence, f and g are equal.
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4.5 Strong statements and stochastic flow
Corollary 4.3 Let w € Fo, 1 be a solution of the mild equation (10) with wo € L3.

a) There is strong existence and uniqueness for the linear stochastic differential equation

t
X, =Xo+V2uB; + / K(w)(s, Xs)ds
0

t t € [O’T]
T, = Id+ / VK (w)(s, X)Bsds (78)
0
-\ |wo(x)]
faw(Xo) = o,

and one has
law((X, ®)) = P,

T of the nonlinear martingale problem (45) such that p = w.

the unique solution inP3 , |
27

b) The family of SDE’s
t
Cor(e) = 2+ VB + / K(W)(t, &, (2))dr, £ € [s,T] (79)

with x € R® and s € [0,T], defines a C'—stochastic flow &, and one has
(X, ®) = (§0.-(Xo), Vo, (X0))-

Proof: a) By Theorem 4.1 and Proposition 5.4.11 in [18], there exists a weak solution
(X,®) of the SDE (78) in some probability space. If now (X,®) and (Y,¥) are two
solutions of (78) in the same given probability space, then

t
‘Yt_?t’ S C/ S%‘Ys—?s‘ds
0

by Corollary 3.1 i) for all ¢ € [0,T], and we conclude that X =Y by Lemma 4.6. The fact
that ® = W follows as in the last part of Proposition 4.3. Thus, trajectorial uniqueness
holds for (78) which yields the result.

b) By Corollary 3.1 and the results in [19], the stochastic flow (79) is well defined for
s € [0,7] and of class C! in z for all s,t €]0,T],s < t. We just have to check that
ot : R? — R3 is also C!. By Lemma 4.6 and similar arguments as in a), the function &o,t
is globally Lipschitz continuous (independently of the randomness and of t € [0,71]), and
the quotients d;(x,y) := ﬁ\fat(m) —&,+(y)| are bounded. With this and the relation

t 1
§o.t(y) — ot(x) =y — +/0 /0 [Vu(s,ﬁo,s(iﬂ) +0(0,5(y) — €0,5(x))) — Vu(s,&o,s(x)) | db
: (50,8(9) - fO,s(w»dS
t
+ /0 (s, £0.0(2)) (€0 (9) — Eo0(x))ds

we deduce for a fixed r €]3, i—pp[ that

1_3¢1_1

t
’(St(l',y) - 5t($,y,)| S C/O' s 2 2o |:‘y - y/|1_% + |68($ay) - 55(1',:'/)’ ds
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for all z, 7,7 € R3 thanks also to Corollary 3.1 7). By Lemma 4.6,

16:(2,y) — 8e(x,y/)| < C(T)|y —y/|*~+

for an absolute constant C'(7") > 0, and therefore
_3 _3
[0e(x,y) = du(a’, )] < C |l —a|' 77 + |y — o/

for all z,2’,y,y’, which easily yields the conclusion.

il

5 A cutoffed and mollified mean field model for the vortex
equation

This section provides the theoretical framework to construct stochastic approximations of
the vortex equation (2).

5.1 A generalized McKean-Vlasov equation

Consider a filtered probability space endowed with an adapted standard 3-dimensional
Brownian motion B and with a R3-valued random variable X, independent of B. Let
XR : M3x3 — Msxs be a Lipschitz continuous truncation function such that |xr(¢)| < R.
We will study the following system of nonlinear stochastic differential equations of the
McKean-Vlasov type:

t
Xy = Xo+ @Bt + / UE,R(SaXs)dS
¢ 0 (80)
P, = Id+/ VU&R(S,XS)XR((I)S)dS
0
with
Ue,r(s,7) = E[K(x — Xg) A Xr(Ps)ho(Xo)] (81)

Theorem 5.1 There is existence and uniqueness (trajectorial and in law) for (80), (81).

Proof: The proof is adapted from Theorem 1.1 in [31], so we will skip details. Consider the
closed subspace P(C%) of P(Cr) of probability measures @ such that Q|i—o = law(X() ®d14.
We define a mapping Z : P(C%) — P(C}) associating to Q the law Z(Q) of the solution of

X2 = Xo+V2uB, + fg ug(s, X&)ds

82
@? =Id+ f(f VuQ(S,Xg)XR((P?)ds, (82)

where

uq(s,7) = /C K — y(s)) A xr(T(3))ho(y(0))] Q(dy, dip). (83)

The coefficients in equation (82) are Lipschitz continuous and bounded functions, and so
= is well defined (path-wise). Also by Lipschitz continuity, we just have to prove existence
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and uniqueness in law for (80), (81), which is equivalent to existence of a unique fixed point
for 2. The Kantorovitch-Rubinstein (or Vaserstein) distance

Dr(Q', Q%) :=inf{/ sup [min{[z(t)—y(t)], 1}-+min{|é(t) = (t)], 1}] 1(d, dp, dy, d)),
C2 0<t<T

II has marginals Q' and QQ}, (84)

induces on P(C%) the usual weak topology. The required fixed point result can be deduced
in a standard way from the following inequality: for all ¢ < T and Q',Q? € P(C}),

Dy/(E(Q),E(Q?) < Cr /0 DA(Q",QY)ds, (85)

with Cr a positive constant, and D;(Q', Q?) the distance between the projections of Q!
and Q% on C([0,t], R3 x M33). To prove (85), consider for each i = 1,2 processes (X, ®*)
defined in terms of Q° as in (82),(83). Take on a different probability space (€', P') a
coupling (Y%, U);_1 5 of two processes such that law(Y?, ¥*) = Q. Then,

t
0= X21 < [ g (5. X2) — g s X2+ g (5 X2) = g5, X2)lds
0
t
= / B [(Bo(Xs = V) = Ko(X = Y))) Axr(W3)ho(Xo)] | ds

0

t

[ (02 = ¥ A ()~ xe2) ho( )| s
0

+ /0 t |E'[(Ko(XZ2 =Y = Ko(X2 = Y7)) A xr(¥2)ho(Xo)] | ds

gc/ot min{| X! — X?|,1}ds + C/Ot E' [min{|Y]' — Y2|,1} + min{| ¥} — V2|, 1}] ds.
On the other hand, the processes ®°, with i = 1,2, are bounded on [0, T]:
e, |@}] <1+ LeR||hollsoT, (86)
with L. a Lipschitz constant of K.. Thus,
|} — @7 < /Ot |(Vugi(s, X)) — Vugi(s, X2)) @i + | Vugz(s, X2) (@1 — 2)| ds
<C [/Ot |Vug, (s, X3) — Vug, (s, X2)| ds + /Ot min{|®} — &2 ,1}ds]
gc[/ﬂt min{|X! — X[, 1} + min{|! — 2|, 1}ds
+ /t E' [min{|Y]' — Y2[,1} + min{| ] — ¥2|, 1}] ds].
0

The conclusion follows with help of Gronwall’s lemma. []
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5.2 Propagation of chaos

Consider now a probability space endowed with a sequence (B%);cn of independent 3-
dimensional Brownian motions, and a sequence of independent random variables (Xé)ieN
with same law as Xy and independent of the Brownian motions. For each n € N and
R,e > 0, we define the following system of interacting particles:

¢
Xpmot = X+ VavB) + / L D K (XxEmR = XIS A x (@15 ) ho (XY ds
t 0 Mz
B =i [ ST VRO < XA A () ho ()| (@5 s,
0 "

(87)
for i =1...n, and with VK (y) A 2 = V,(K(y) A 2) for y,z € Ry # 0. Notice that the
coefficients in the system of SDE’s (87) are globally Lipschitz continuous and bounded, so
that there is a unique strong solution. We also consider in the same probability space the
sequence

. . . t .
Xpof = Xi + VovB] + / U, r(s, Xo5M)ds
‘ ; 0 ‘ , ieN (88)
B = 1d+ [ V(s X3 (@5 ds
0

of independent copies of (80). Their common law is denoted by P and h, M., L., J., R
and Lp are positive constants such that for all z,y € R,

b ‘h0($)| < E? and
o |[Kc(x)| < M, |Kc(z) — K:(y)| < Le|r — y[, [VK:(2) — VK (y)| < Je|z —yl.

Recall that |xr(¢)| < R for all ¢ € Msys, and that x g is Lipschitz continuous function.
Moreover, we will assume for simplicity that its Lipschitz constant is equal to 1:

IXr(®) — Xr(W)| <@ — | for all ¢, € M3xs.

Theorem 5.2 For e > 0 sufficiently small and all R > 0, we have

1

<
E _\/HC

(e,R,h,T) (89)

sup {|XZ,5,R7n _ th}a,R| + ‘(I)i,a,R,n . @i,a7R|}]
te[0,7)

for all i < n, where
C(e,R,h,T) = Cie(1 + RhT)(RhT) exp{Coe AT (R + 1)(h + RT)}

for some positive constants Cy, Co independent of R, €, T and h. We deduce that the system
(87) is chaotic with limiting law P&® € P(Cr). That is, for all k € N,

law ((XI’E’R”‘ q)L&R,n) (XQ,E,R,n (1)2767R,n) (Xk,e,R,n (I)k,a,R,n)) — (Pg,R)@)k (90)

when n — oo in the space P((Cr)¥).
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Proof: The convergence (90) is a simple consequence of (89), which we now prove. Since
they are fixed, we will drop the superscripts € and R of all processes. The proof is an
extension of the arguments of Theorem 1.4 in [31], but we we shall make the computations
explicit in order to keep track of the constants. We have

| X5 — X </ }7 (X" = XI™) = Ko(X1 = XI™) A xr(®I")ho(XF)|ds
+/ ‘;Z(KE(Xz—Xj’”)—Ka(Xé—Xg))AXR( ")ho(X{)|ds
. /Ot ‘% iKE(X; = XI) A (Xr(®L") = xR(®D)) ho(XF)|ds
v t \;gmxg — XJ) A xr(®)ho(X])

- / Ko(XI — 2(s)) A xr(6(s))ho((0)) PR (dx, de)|ds

Hence,
| X — Xt|<LRh/ {1 xim — Xi|+ = Z|X”‘ XI|}ds
j 1
Y . . t
—i—LRMEh/ HZ\(I)JS’”—CDst—i—/ I(n,R,e,s)ds,
0o "7 0
7=1

where

n

I, Roe,s) = [ 37 (KX = X3) A xa(@D)ho(X3)
j=1

- / K(XE = 2(5)) A xi(6(5)ho(w(0)) Pdz, do)) .

Thanks to the exchangeability of the system (87), we obtain

t t
E{sup | X" — X!|} <2L.Rh | E{sup|X"" — X'|}ds + LrM_-h E{Sup | B — | }ds
r<t 0 r<s

r<s
t
+ / E(I(n,R,e,s))ds.
0

Now, each of the n squared terms in the sum I(n, R, ¢, 5)? is bounded by L (2M_.Rh)?, and
by using the independence of the sequence (X', ®*);cn, all the “crossed terms are seen to
have null expectation. We conclude that

E(I(n,R,¢,5)%) < —(2M.Rh)%.

3\'—‘
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Then,

E{sup | X!™ — X!|} <2L.Rh | E{sup|X"" — X!|}ds + LrM_:h E{Sup | B — | }ds
r<t 0 r<s r<s
1 _
—(2M_.Rh)t.
+ \/ﬁ( 3 )
(91)
On the other hand, we have
in 1 - in in i in in J i\n
|(I> B (I)t| < ‘ E Z Xs’ o Xs’ ) - VKE(XS o Xs’ )) A XR((I)S7 )hO(XO)]XR((I)s’ )’ds
]:1
Al — XI7) - VKX~ X0) A x( @5 ho(XE) x(®5")|ds

/\ ZVK X1 — X)) A (xr(®I™) — Xxr(DL)) ho(X]) ] XR(DE™)|ds
J=1

10 DD VAL X A @00 (@) — ()]s
#1130 VR = ) A (@) 6 (8
=1

. / VKL (X! — 2(5)) A xr(6(s))ho(x(0)) P R(dz, )] xr(®)|ds.

Notice that

sup \@i’n|, sup |®} < C.p7:= (1+ L-RhT) (92)
t€[0,7T7] t€[0,T]

for all n € N. Thus,
| — (I)Z]<JRthRT/ {1 X" — Xi|+ = ZyXJ» — XJ|}ds
] 1

_ t1 2 . A
+ LsLRth,R,T/O n ; DI — ®I| ds

¢ ¢
+ Lth/ |BL" — B ds +/ I'(n,R,e,s) ds,
0 0

with
n

I'(n,R,e,s) [ VK (X! - X7) /\XR((I)J)hO(X]))XR((I)m)

SERS

Jj=1

- [ VR s 0 xR<¢<s>>ho<a:<o>>P&R<dx,d¢>xR<<I>i>] \
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We conclude in a similar way as before that

E{sup |®;" — ®,|} <2J.RhC. rr | E{sup|X,;" — X,|ds
r<t 0 r<s
¢
+ (LeLghCe g1 + L.Rh) | E{sup|®:" — @i} ds  (93)

0 r<s

1 -
+ % (2L5RhCE,R,T)t'

Putting together (91) and (93), we get

. . — t . .
B{sup | X" — X1| + [0 — B[} <2Rh (L. + J.Copur) / Efsup | X" — X1|}ds
r<t 0 r<s

t

+h(LpM. 4+ L.LrC. g7 + L:R) | E{sup|®%" — ®!|}ds

0 r<s
2RI
+ %(MECE,R,T + Le)t.
(94)
Finally, we notice that
9 C
K e ()] < C sup {pe(2) |z —y|dy +C pe(y)dy < = +C
z€R? lz—y|<1 lz—y|>1 €

and then, M, < Ce~3 for all € small enough. We deduce in a similar way that L, < Ce™*
and J. < Ce™® (since for functions ¢ € S, convoluting with K commutes with derivation).
As observed in Jourdain and Méléard [17], if g : RT — R™ is a bounded function such that
g(t) < fg g(s)ds + cot for all t € [0,T], then g(t) < 2 exp(c1T). This and (94) provide
an upper bound for the r.h.s. of (89) by the constant £ exp(c1T), where

c1 = 2Rh (Le + Jo(1 + RL:AT)) + h(M: 4+ L.(1 + RL.hT) + L.R)

and ¢ = 2—\%L(]\L(l + RL:AT) + L.). The statement follows by noting the existence of
universal positive constants C,C’,C” and ¢¢ (in particular independent of R, h and T)
such that B - -
CJ.L.(Rh)*T < ¢; < C'J.L.h(R+ 1)(h + RT)
and for all £ €]0, g¢[
L2
o S C”i

\/ﬁRB(l + RRT).

We can take for instance xp defined by

o iflol <R,
xa(?) = { B iflgl>R

(which is the truncation function proposed in [12]).
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Remark 5.1 In [12], Esposito and Pulvirenti claimed (without proving) the existence of a
nonlinear process satisfying analogous conditions as (80),(81), but without the truncation
XR on the process ® inside the expectation that we imposed in (81). Indeed, truncating “out-
side the expectation” in (80) is not strictly necessary: the two previous theorems can also be
proved in that case, by bounding |®| and |®'| above by exp{L.RhT} (thanks to Gronwall’s
lemma), instead of the bounds (86) and (92). In turn, it seems not possible to obtain these
results in the way conjectured in [12] (truncating ® only outside the expectation). In fact,
one cannot provide in that case a bound like (86) for the process ® by absolute constants,
which is crucial for estimate (85) to hold (or for an analogous to it with a different metric),
and therefore to ensure that an iteration (fized point) procedure will converge.

6 The 3 dimensional stochastic vortex method
We will now state and prove our main result. We assume the following;:

e wo € LENLE with p €]2,3[and 0 < T < <.

3
o« T llwollp < #@, where I'g(p) is the constant given by Theorem 3.1.

e w € Fy, 7 is the solution of the mild vortex equation (10) given by Theorem 3.1

Let us write
u(t,z) = K(w)(t,2)

for all (t,7) € [0,T] x R?, and fix a real number

3p
o €]3, ——1.
ro €8, 57

By the proof of Theorem 3.1, one has [|[w|o 1 < 2Co(p)|wo||p, where Co(p) is the constant

given in Lemma 3.2 i). Thus, we can make the following

Remark 6.1 By taking in Corollary 3.1 ii) A = 2Co(p)||wollp and r = 1o , we deduce the
ezistence of a constant C(||wol|p, T, p), depending on w only through the norm ||wo|p, such
that

V(oo < ¢ 2475 C(|lwol, T, p) for all t € 0,T).
Define now a positive constant R(wg, ") by
A T -1 3d_1,
R(wo,T) = exp{C’(Honp,T,p)/ t 27 2% o dt}, (95)
0

and recall that C'5 is a universal constant provided by Theorem 5.2.

3
Theorem 6.1 Assume that wy € L5 N LY with p €]3,3[, and that T17%||w0||p < ﬁ

holds, with Ty(p) the constant of Theorem 3.1. Let () be a sequence converging to 0 in
such way that

1
Vb {Cae;,?||wo 1 T (R(wo, T) + 1) (lwollr + TR(wo, T))} — 0.
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Furthermore, define for each n € N a system of interacting particles on R3 x Msy3 by
Zi,n - (Xi,en,R,n (I)i,en,R,n)
N ? )

and let P be the unique solution in Pgb 0 of the nonlinear martingale problem (45). Then,
2%

for all k € N, when n — o0,
law(Z¥™, 22", ..., 7F") — p®F
in the space P(CE).
Remark 6.2 Theorem 6.1 will hold if for instance €, = (cInn)~™?, with

0<c<Cyl ((R(wo, T) + 1)(|lwolly + 1)(T + 1))

The proof of Theorem 6.1 will mainly use similar techniques as those in [25] or [13] for
the equations considered therein. First we will prove that under the conditions ensuring
existence of the solution w, P can be approximated by a family of solutions P" of some
nonlinear martingale problems with regular interactions. Each P~ is associated with the
solution w*» € F¢, r of a mollified vortex equation involving a smooth kernel K.,

6.1 The mollified equations

Consider the operator K¢ defined as in Section 4.3, and for each € > 0 define

Bs(v/,v)(t,x) = / /R3 agzj] S r—y) [Ks(v/)j(s,y)v(s,y) — vj(s,y)Ks(v’)(s,y)] dy ds.

(96)

Remark 6.3 In virtue of Remark 4.3, the functional B® : F2 — F’ satisfies the same
continuity properties as the functional B in the spaces F,F’ considered in Proposition 3.1.
Moreover, in such spaces the norm of BF€ is smaller or equal than the norm of B.

Therefore, the same existence and regularity results of Theorem 3.1 and Theorem 3.2 hold
true with the same constants for the family of mollified equations

vi(t,z) = / G (& — y)wo(y)dy

/ agél >z —y) [KE(v);(s,9)v(s,9) — v;(s,y)K(v)(s,9)] dy ds.
R3  OYj

(97)

Theorem 6.2 Assume that wy € LYNLE withp €]3,3[, and that T' % Jwollp < & (p) holds,
with To(p) the constant of Theorem 3.1. There exists a unique solution w of equation (97)
in Fopr. The solution satisfies |[wlopr < 2Co(p)|wollp, with Co(p) the constant in
Lemma 5.2 i), and w € Fy, (7 for all v € [p,00[. Moreover, if A is an upper bound for
Iwllop, 7, and if C(T,p) and C(T,p,r, A) are the constants in Theorem 3.2 ii) and iii)
respectively, then one has

W lhpr < CT ) IW llop,rs
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and
w1 1) < C(T,p, 7, A).

Finally, w® belongs to Fo11 and the function t € [0,T] — we(t,-) € L} is continuous.

Hence, as in Section 4.3, for each ¢ > 0 the stochastic differential equations
t
& (r) =2+ V2uB + / Ke(w)(s,&(x))ds, t€[0,T],z € R3,
0

define a process (t,x) +— & (x) which is continuously differentiable on z for all ¢.
Let (e,,) be a sequence converging to 0 and denote by (X", ") the couple of processes

X7 =& (Xo), and @} = V&M (Xo) with ¢ € [0,T].
The law of (X™, ®") is denoted by P", and we write
o (t, ) and (1, 2)

for bi-measurable versions of the densities of (P™)¢ and P}* respectively. By similar argu-
ments as in the proof of Lemma 4.5, it is seen that p" € Fg, 7 and it satisfies the linear
mild equation

7t = [ Gile = ywou)dy

'S OC%LS € € ~n ~n € e
+/0 Z/RS ay (z —y) K (W) (s,9)0" (s,y) — 7} (s,9) K (W) (s, )] dy ds.

J

(98)
Since uniqueness holds in Fy , 7 for (98), we deduce that
5 = w (99)
for all n € N. Thus, (X", ®") solves the nonlinear stochastic differential equation
t
X =Xo+ V2uB, + / Ue, (5, X1)ds
¢ 0 (100)
o} =TId+ / Vue, (s, X7 )®hds
0
with
Ue, (s,2) = E K., (x — X') N ®Tho(Xo)]. (101)

(The reader should compare this process without truncation the with the process (80),(81).)
Proposition 6.1
i) For all t€[0,T] and n €N, one has p"(t) € L, p™(t) € LP , and

sup [|5" [lo,p,r < 00, sup [lp" o p,r < oo (102)
neN neN

Moreover, p"(t) converges to w(t) in L% for each t € [0,T], and in L'([0,T], L%).

Similarly, p™(t) converges to p(t) in LP for each t € [0,T)], and in L*([0,T), LP), with
p the solution of the linear equation (57).
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ii) The sequence (P™,n € N) is uniformly tight.
iii) When n — oo, one has P" = P.

Proof: i) The uniform bound for ||5"|op 7 is clear from (99) and Theorem 6.2, and the
bound for ||p™|lop,r follows as in Lemma 4.5. The proof of the convergence p" — w is also
similar as therein. Indeed, one has

! -2 g ~N £ £
167 (8) = w ()]l SC/O (t—s) 2 [K=(p")(s) = K (w)(s)]lq + [[K™ (w)(s) — K(w)(s)lq] ds
t s
0 [(t= 075 17(5) = wis)l ds
t T
<C [(t= 975 1K= (w)(s) = K(w)(5)], ds
t _3
0 [(t= 075 17(5) = wis)l ds
thanks to Remark 4.3, and then one can follow the same arguments of Lemma 4.5. The

convergence of p" is obtained in a similar way.

i4) In virtue of the uniform estimates for [[w*||; , 7 and [[w*"||; ;. (7.y) in Theorem 6.2, the
proof is done exactly in the same way as Lemma 4.7.

i11) We just have to identify the limiting points in a similar way as in Proposition 4.2.
If @ is the limit of a convergent subsequence renamed P™, we only need to check that
EQ(k(X)) = 0 and EQ(((X,®)) = 0, where x : C([0,T],R?) — R and ¢ : C([0,T],R?) x
C([0,T], M3x3) — R are the functions defined in (69) and (70). We know that

B [(/t {gf_(r, X))+ vAf(r, X,) + K (we) (1, X))V f (7, XT)} dr

+ f(t, Xy) — f(s,XS)> X AN Xy, ,Xsm)] =0,

and therefore
B (s(00) = B[ [ (K X097 X) ~ KO i) (X9, X))
X AN Xspyee ,Xsm)}
We deduce that
T
[E™ (5(X))] < Csup ”pkmO,q*,T/O K= (we) (1) = K(w)(T)ll, dr
< C/OT (Iwe () = w(n)ll, + K= (w)(7) — K(w)(7)|, ) dr

thanks to Remark 4.3 (and with C' a finite constant), and we conclude with Remark 4.4

that E9(k(X)) = 0.
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In a similar way, one can adapt the arguments of Proposition 4.2 to prove that E?(¢(X, ®)) =
0. The only point that needs special attention is to establish the uniform bound

sup [0 lo ps. (:p) < 005
keN

when p < 2. This can be justified by similar arguments as in Proposition 4.2 using the fact
that the norm of the linear functional

0GY 5 o e
n(t,7) / /R T @ = K (), (s, ) dy s
J

defined from Fy,. (1) to Fo, (1), can be estimated in terms of [[w=" o . .,y by Remark
4.3, and the last is bounded independently of n as asserted in Theorem 6.2.

il

6.2 Convergence of the particle approximations

We consider now a sequence (g,) as in Theorem 6.1. To prove the theorem, we will combine
the convergence result we have just obtained with the propagation of chaos result obtained
for fixed R and € in Section 5.
Clearly, by (101), (99) and the definition of p", the drift term w,, of the nonlinear process
(X™ ®") satisfies

ue, (t,z) = K (w®)(t, x).

We deduce the following crucial remark (which is analogous to the one pointed out in
Esposito and Pulvirenti [12] in a more restrictive functional setting):

Remark 6.4 Since ||w*®

0p1 < 2Co(p)||woll, holds, we have

_1_3 l,,
[V, (8)loo < ¢ 27257 C(|Jwollp, T, p)

for all t € [0,T),n € N, and C(|wollp, T,p) the same constant of Remark 6.1. Thus, it
follows from (100) and Lemma 4.6 that for all n € N, almost surely

sup || < R(wo, T). (103)
t€[0,T]

Consequently, if R > R(wp,T'), the nonlinear process (X", ®") defined by (100) and (101)
is a weak solution of the nonlinear McKean-Vlasov equation (80),(81). Since uniqueness in
law holds for the latter, this proves

Proposition 6.2 Let the pairs (X% 1) and (X™, &™) be respectively defined on [0, T
by (80),(81), and by (100),(101). Then, for all R > R(wo,T') and all n € N,

law(X™, ®") = law(XF, o),

We proceed now to the

Proof of Theorem 6.1: Let k € N be fixed. Consider the set P(C%) of probabilities @
on the space

Ct = C([0,T7], (R®)* x (M3x3)"),
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and the Kantorovich-Rubinstein distance
D(Q,Q") :=
e { o2, minle() —y(0), 1)+ min[o() — ()}, 1T ). (. )

2 0<t<T

II has marginals Q and Q'}

(which is a distance on P(C%), compatible with the topology of the weak convergence). Let
7" = (X R @ienR) be the process defined in (88), with R = R(wg, T) and € = ¢,,. If
P is the solution in P;Tb o of the nonlinear martingale problem (45), we have

2 "

D ((law(Zl’”, L 2k, P®k>

1n - 1,n

..,Zk’n)> —i—ﬁ(law(? L

<D ((law(Zl’”, e Zk’”)7 law(Z k.n —1 —k )

2 Y law(Z .., Z0)

k

é C Z E|: Sup {|XZa€nyR7n _ XZafnyR’ + |¢i75naR;n_q)ia€n,R’ }:| + B(law(?Ln o ’Zk’n)7 P®k)
i—1 t€[0,7)

The term involving the sum is bounded by kc—jg exp { Caey, ?|lwol1 T (R + 1) (Jwo|[1 + RT)}
thanks to Theorem 5.2, and goes to 0 by the choice of ¢,. The last term goes to 0 thanks
to Proposition 6.2 and Proposition 6.1 #4), and this finishes the proof.

il

Remark 6.5 In order to obtain an explicit rate in the previous convergence, it is necessary
to estimate in terms of €, the distance between P and P. This distance could be deduced
from L estimates of K¢ (w®") —K(w) and VK (w*") —VK(w). The explosion att =0
of the Sobolev norms prevents us from obtaining such estimates in the functional setting we
have chosen, but this should possible under additional reqularity assumptions on wgy. On
the other hand, it seems hard to improve the propagation of chaos estimates in Section 5,
at least by the approach we have followed there (which does not depend on the specific form
of the interaction kernel).

A first consequence is convergence at the level of empirical processes. Consider the space
M3(R3) of finite R3-valued measures on R?, endowed with the weak topology, and the
space C([0,T], M3(R?)) with the topology of uniform convergence.

Corollary 6.1 The family ([L?’E”’R)OQST of R3-weighted empirical measures on R>
1 n
~n,en,R i en, R, 3
et = L D e (X o (X))
1=

converges in law and in probability to (w(t, z)dx)o<i<T in the space C([0,T], M3(R3)).

Proof: Since law(Z'", ..., Z™") is exchangeable, the propagation of chaos in Theorem 6.1
is equivalent to the convergence in law (and in probability) of the empirical measure of the
system to P, as a probability measure in the path space (see [31]). This implies that

E (i Zf(xz*f"’R’“)x<q>:"€mR’">fo(Xé>> — B (E(X0)x(®0)fo(X0)),
i=1
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for all continuous bounded functions fy,f : R — R3 and x : M3x3 — M3x3. Let k € N
and h’g be a continuous bounded function approximating hg as in Proposition 4.2. Since
under P we have yr(®;) = ¥y, it follows that

Bt - [ s ads

n

S (B (XE) ~ B (RCX (@) (X))
=1

1 1,En n ien,Rn 7 7
> EXP T R (@) (ho (XG) — (X))

<E|-
n

) ‘
=1

n

+E|-

=D ECGE )X R(R T T RG(XG) — B (£(X0)XR(®:)hG (Xo)

i=1
+ EPIE(X0)xR(Pe) (h§(Xo0) — ho(Xo))I-

By similar arguments as in the proof of Proposition 4.2 we conclude that

limsup‘E@?’a”’R,ﬂ —/ f(x)w(t,z)dz

n—o00 R3

=0.

6.3 Stochastic approximations of the velocity field

Finally, we prove the convergence of the “approximated velocity field”, defined by

Ko () (to) i [ Ko=) n i),

to the local solution u(t) = K(w)(t) of the Navier-Stokes equation in Fo,7. We need a
technical lemma:

Lemma 6.1 Under the assumptions of Theorem 6.2, we have
T
IVwe(t) — Vw(t)||, — 0 for all t €]0,T], and / |Vwe(t) — Vw(t)|pdt — 0
0

when € — 0.

Proof: We write w7 := w*(7 + -) (so that w*7 = w(r + -)). For each ¢ > 0 and
7 €[0,T], w™ € Fy 71—, solves the “shifted” equation w*™ = w" + Bf(w", w""), with
wy' := GY * w®(7). On the other hand, it is clear that div w®(t) = 0. Taking derivatives
in the previous equation yields, for k =1, 2, 3,

owsT [ AGY .
B (t,z) = - Txi(x—y)(w k(T y)dy
8th s &T ETY . 8W2;T(S’y)
/ /R .\ o Y) [K (wW);(s,9) 0,

49



By taking now L% norm of the differences ag’;# (t,z)— 83’;; (t,z),i=1,2,3, we deduce by

similar arguments as in Theorem 3.1 a) that '
[ VWS () = VWO (1) ][, <CEE [ wE (1) = ()],
+C [ (=) () - W o),
0
+ 1K= (wWO7) () — K(Ww*7)(s)|l|ds
+ C/ (t— )2 [| VW (s) + VWO (5],
0
+ [ VK (w”7)(s) — VK(W"7)(s)lly] ds
Now define 657 (¢) := ||[Vw&7 (t) — VW% (t)| 5, and
AST(t) =773 (W=7 () = w7 (@), + K (wT)(1) = K(w* ) (1) l4)
+ [ VK (w7 () = VK(WT)()]],-

Observe that since w7 € Fop1—+ NFoq7—7, the convergence A*7(t) — 0 holds for each
t €]0,T — 7[ when € — 0 (cf. Remark 4.4). Now, for all ¢t €]0,T — 7] we have

6T (1) < O3 [we () = w(7), + /0 (t = 5) 2 (A7 (s) + 67 (s))ds.

As in the proof of Lemma 4.5 (and with the same notation), it follows by induction that

N(p) t t
57 (1) < Cllw(r) — w(r), S #6004 1 ¢ / at — $)AST (s)ds + C(T) / 557 (5)ds.
Pt 0 0
(104)
Thus, integrating and using Gronwall’s lemma yield, for all A € [0,T — 7],

A T—1 pt
| erwar < emwn) —wml+ @) [ [Cat— a5 s)as

Therefore, foA 057 (t)dt — 0 and from this and (104) we deduce that 6*7(¢t) — 0 for all
t €]0,T — 7[. Consequently, Vw®(t) — Vw(t) in (L})3 for all ¢t €]0,T]. Since W€ is
bounded in Fy , 7 uniformly in €, the convergence takes also place in L([0, T}, (L%)?).

il

Corollary 6.2 Let Tlf%Honp < ﬁ(m and denote u = K(w). Let e, = (cInn)™ be a

sequence satisfying the condition of Theorem 6.1. Then, when n — oo, we have

sup E ([K= (@) (t, ) —u(t,z)|) — 0
z€ER3

for each t €]0,T], and

T
sup E (/ ‘Kan(ﬂ"’an’R)(t,:):) —u(t,z)| dt) — 0.
0

z€eR3
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Proof: For all (t,z) € [0,T] x R3, it holds that

K= (=P (1, 2) — u(t,a)| s\Kanmet,m

3o X A e )|

ZKsn z— X7 ) A (xr(@F7 ) ho (X))

/C Ko (o >>AxR<¢<s>>ho<x<o>>P€mR<dy,d¢>\
t

+ |K* (W) (t, x) — u(t, z)|

(105)

with Penft = pen = Jqw(X R @benR) The independence of the processes (X e ft, dienfy,
i € N, imply that the expectation of the second term is bounded by %(2M€nRHwOH1).
Thus,

05(1 +R||w0||1T)
V(R wol1T)
x exp{Cae,,”|Jwo|[\T(R + 1)(||wolls + RT)}

E K., (@™ )(t,2) —u(t,x)| <(Le, Rllwolli + Me,||wol1)

+ jﬁ@Meanonl) (106)
K= (wn) (2) — K () (1) loe

+ K= (W) (@) + u(t)]]co-

The first term is bounded by C(ln”) for some constants C, a1, > 0 and goes to 0
when n — oo. The same holds for the second term for some other constants. The third
is bounded by C||w®"(t) — w(t)|lw1.» by Remark 4.3, and goes to 0 for each ¢t €]0,T] and
in L1([0,T],R), thanks to Proposition 6.1 i) and Lemma 6.1. The convergence of the last
term for each ¢ €]0, 7] and in L'([0,7],R) is obtained by standard arguments.

il

Remark 6.6 In order to improve the estimate of the first term in the L.h.s. of (105) (i.e.
by avoiding the dependence on the divergent constants L., and M., we used in the l.h.s. of
(106)), one could envisage to adapt the argument of Méléard [25] for the two dimensional
vortex equation. That argument used uniform estimates in Lebesgue spaces for the densities
of the approximating processes, following from results on generators in generalized diver-
gence form in Osada [28], together with a representation formula for the Biot-Savart kernel
in 2dimensions also given therein. We have yet not been able to generalize that formula
(and the consequent argument) to the three dimensional case.
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