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Abstract

The aim of this paper is to show how a probabilistic approach and the use of Malli-
avin calculus provide exponential estimates for the solution of a spatially homogeneous
Landau equation, for a generalization of Maxwellian molecules. We recall how this so-
lution can be obtained as the density of a nonlinear process. This process is a diffusion
driven by a space-time white noise, with linear growth, but unbounded coefficients, and
a degenerate diffusion matrix. However, the nonlinearity gives some non-degeneracy
which implies the existence and regularity of the density. We use some ideas introduced
by A. Kohatsu-Higa and developed by V. Bally, adapted to our situation to show that
this density can be upper and lower bounded by some exponential-type estimates.
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1 Introduction and main results

The Landau equation, also called the Fokker-Planck-Landau equation, is a nonlinear partial
differential equation that describes the collisions of particles in a plasma. This equation
can be obtained as limit of Boltzmann equations when collisions become grazing (for this
convergence, see for example [5], [13], [8]). The Landau equation has a physical sense in
dimension 3 but can be generalized in any d-dimension.

In this paper, we consider Landau equations in IR?, d > 2, in the spatially homogeneous
case and for a generalization of Maxwellian molecules, given by
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(1.1)
where f(t,v) > 0 is the density of particles with velocity v € R* at time ¢t > 0 and
(aij (2)), <ij<d 15 & non-negative symmetric matrix depending on the interaction between

particles given by
aij(z) = h(|21*)(|21%0i; — zi2;),

where §;; denotes Kronecker symbol, |- | denotes Euclidean norm in IR, and h is a positive
continuous function on IR, such that for all z € IR? there exist m, M > 0 such that

m < h(]z]?) < M.

When h is a constant, we recognize the coefficients of the spatially homogeneous Landau
equation for Maxwellian molecules, c.f. [14].

By integrating by parts, one obtains (c.f. [13]) a weak formulation of the Landau equation
(1.1): for p € C? (Rd, IR) with bounded derivatives,

d 14 ;
% ZRd P (U) f (tﬂ/) dv = 5 ijZ:1 //deﬂ{d d’Ud'U*f(t,U)f (t’v*) a;j (U _ U*) avl;}] (’U)
d
0
+ ; //IRdled dvdv, f(t,v) f (t,v4) b; (v — vy) 8782(1)), (1.2)
where
d aaij )
b2 =) 5, (&) = —(d= D)z

Jj=1
As a is a non-negative symmetric real matrix, there exists a d x d matrix o = (045)1<; j<d

such that
a=o0.0"

where ¢* denotes the transpose matrix of o. Note that the choice of ¢ is not unique.

In what follows, we will assume that ¢ and b are of class C* with bounded derivatives
of order greater or equal to one (in particular, Lipschitz continuous with constants K, and
Ky).

For example, the choices of

o) = VAT | D]
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in dimension two, and of

z9 —Z3 0
o(z)=vVh(z?)| =21 0 23
0 Z1 —2Z9

in dimension three are convenient, as soon as h is a bounded function of class C* with

r® (z) =0 (ﬁ) for each [ € IN*, when x — +o0.

In [7], the Landau equation (1.1) is solved in a probabilistic way as follows. Due to
the conservation of mass, one is looking for a solution defined as a family of probability
measures (FP;):>0, when the initial condition is a probability measure Py(dv) which can be
- but not necessarily - equal to fo(v)dv, with fy a probability density function. Remark
that if P;(dv) = f(t,v)dv for any ¢ > 0, f will be a solution of the Landau equation in the
standard weak sense.

We deduce from (1.2) the following definition of weak solutions of the Landau equation.

Definition 1.1 Let Py be a probability measure on IR?. A measure solution of the Lan-
dau equation (1.1) with initial data Py is a family of probability measures (FPt),~o on R?
satisfying for any ¢ € C? (]Rd, ZR) with bounded derivatives,

% - © (V) P (dv) = ;”zd::l/ B (dv) (/IRd P, (dvy) aij (v — v*)> 0 (v)

+ g /]Rd P, (dv) </le Py (dvs) bi (v — v*)> dip (v). (1.3)

The probabilistic approach developed in [6] and [7] consists in associating with this
equation a nonlinear process with law P such that the time-marginals (P;) are solutions
of (1.3). This process is the solution of a nonlinear diffusion driven by a space-time white
noise, with linear growth, but unbounded coefficients, and a degenerate diffusion matrix, as
will be described next.

Let W = (W',..,W%) be a d-dimensional space-time white noise on [0,00) x [0, 1],
defined on its canonical probability space (£, F,P), that is, Q is the space of continuous
functions from [0,00) x [0,1] to IR vanishing on the axes, F is the Borel o-field of  and
P is the Wiener measure associated with W. Here the W' are independent space-time
white noises with covariance measure dtda on [0,00) X [0, 1] (according to the definition of
Walsh, [15]), where da denotes Lebesgue measure on [0, 1]. We consider its natural filtration
(Ft)psgs Fr = o{W([0,s] x A) : 0 < s <t, AeB([0,1])}.

In order to describe the nonlinearity, we also consider the probability space

([0, 1], B(]0, 1)), dev),
and we denote by E, E, the expectations and £, L, the distributions of a random variable

on (Q,F,P) and ([0, 1], B([0,1]), da), respectively.

For k > 2, we denote by Pj the space of continuous adapted processes X = (X;)t>0

from (2, F, (F1)i>0,P) to IRY, such that for any T > 0, E[ sup |X;|¥] < oo, and by Py
0<t<T



the space of continuous processes Y = (Y;):>0 from ([0, 1], B([0,1]), da) to IR, such that
Eo[ sup |Y;|¥] < oo, for any T > 0.
0<t<T

Let X be an integrable vector on IR?, independent of W.

Let us consider the following nonlinear stochastic differential equation.

Definition 1.2 A couple of processes (X,Y) on (2, F, (Fit)e>0,P) x ([0, 1], B([0, 1]), d«) is
said to be a solution of the Landau stochastic differential equation if, for any t > 0,

Xt:XoJr/Ot/Ola(XsYs(a)).W(da,ds)+/0t/olb(XsYs(a))dads, (1.4)

and L(X) = L, (Y), where o and b are the coefficients of the Landau equation (1.1).

Using It6’s Formula, one easily proves that if (X,Y) is a solution of the Landau SDE
(1.4), then the family of distribution (/%);5 of X (or of Y) is a measure solution of the
Landau equation with initial data Py = £ (Xj) according to Definition 1.1.

Under standard assumptions, one can obtain existence and uniqueness of the solution
of the Landau SDE.

Theorem 1.3 [6, Theorem 5] Assume that Xo has finite moments of order k, k > 2 and
the coefficients o and b of the Landau equation are Lipschitz continuous. Then there exists
a couple (X,Y), unique in law, solution of the Landau SDE with (X,Y) € Py X Pgo. The
family of distributions (Py),~, of X is the unique measure solution of the Landau equation
with initial data Py, and with finite moments of order k.

Using this interpretation, Guérin proves in [6], by tools of Malliavin calculus, the ex-
istence and uniqueness of a smooth solution of the Landau equation. She obtains in fact
the existence and regularity of a density for each P, ¢ > 0, the degeneracy of the matrix o
being compensated by the effect of nonlinearity.

Theorem 1.4 [6, Theorems 13 and 18] (1) Assume that X is square integrable and that
its distribution is not a Dirac mass. Assume that the coefficients o and b are Lipschitz
continuous of class C* and let (X,Y) denote the solution of the Landau SDE. Then, for
any t > 0, the reqular version of the conditional distribution of X; given Xy is absolutely
continuous with respect to Lebesque measure. Denote by fx,(t,v) its density function.

(2) Assume moreover that o and b are infinitely differentiable with bounded derivatives of
order greater or equal to one, and X has finite moments of order k, k > 2. Then, for each
t >0, the density fx,(t,.) is (Po-a.s.) bounded and of class C*° with bounded derivatives.

A consequence of Theorem 1.4 is the existence of a weak function solution of the Landau
equation (1.1), which is given by

flt,v) = /]Rd fao(t,v)Po(dxo).

The aim of this paper is to obtain some exponential-type upper and lower bounds for
the solution of the Landau equation. The research of a lower-bound was partially developed



in Villani [14]. In that paper, the author obtains (in Section 7-Theorem 3) a lower bound
for the solution of the spatially homogeneous Landau equation in the case of Maxwellian
molecules, assuming that the initial condition is a lower bounded function. The general
case is more complicated and a conjecture is stated in [14] Proposition 6, but never proved.

Here, we prove exponential-type upper and lower bounds for the conditional density of
the solution of the Landau SDE X; given X, from which one can deduce bounds for the
solution of the Landau equation.

Theorem 1.5 Assume that the hypotheses of Theorem 1.4 (2) hold and let fx,(t,v) denote
the conditional density given Xo of the solution of the Landau SDE.

a) Assume the following hypothesis.
A he foll h h
(H) For all¢ € RY, E[|Xo|?|€]>— < Xo,€ >2] > 0.

Then, for allt € (0,T] and for fized v € IR | there exist positive constants ¢ and Cr,
which can be explicitly given, such that Py-a.s.,

1 _ 2 2\d/2
on (t,U) > Mr(t,0,X0) In(Cr (14|v|*+| X0|?) )7
Crtd/2(1 + [v]2)d/2
where )
— X
Mrp(t,v, Xo) =2 <CT(U,X0) tV C|Uto| V 1) + 1,

with cp(v, Xo) = Cp(1 + oA+ 4| X, |2(@*+d+1)y2,

(b) There exist positive finite constants cr,c,C' such that Py-a.s.,

_ _ (In(1+[v|?)—In(1+|Xg|%)—Ct)2
fxo(t,v) < ept™42%e < :

for allt € (0,T] and v € IR%.

Remark 1.6 Hypothesis (H) means that the support of the law of X¢ is not embedded in
a line. In particular, hypothesis (H) holds for the two extreme cases, if either the law Py of

Sy +0
2

Xo has a density fo with respect to Lebesgue measure, or if Py = , with x1 and x4

non collinear vectors, where 8, denotes Dirac function at z € IR®.

We obtain (a) by adapting ideas introduced in Kohatsu-Higa [9] and developed by Bally
[2] in the case of non elliptic diffusion processes. The main tool is the conditioned Malliavin
calculus. The trick consists in discretizing the time-interval and use a recursive argument
in order to obtain the lower bound. In [9], general random processes are studied, but the
techniques necessitate some ellipticity and boundedness of the coefficients, that we do not
have in our situation. So we use an additional idea introduced in Bally. On every discretiza-
tion interval, we only consider the diffusion in a tube around a deterministic trajectory, in
which we have some estimates on the coefficients. We have then to estimate the probability
for the diffusion to stay in the tube. We will see that choosing the discretization meshes
sufficiently small, and a simple deterministic path, we are able to evaluate all quantities we
need. The obtention of the upper bound (b) is simpler and uses Malliavin calculus in a more
standard way. As the coefficients are not bounded, the upper bound in not of Gaussian



type. The trick here consists in introducing the SDE satisfied by In(1 + | X;|?), which has
bounded coefficients.

A consequence of the lower bound of Theorem 1.5 is the strict positivity of the solution.
Such a result was obtained by Fournier in [4] for the solution of the Boltzmann equation,
adapting a probabilistic approach due to Bally and Pardoux [1]. Let us remark that such
an approach could also be adapted without difficulty to the Landau framework, proving
that the solution of the equation is strictly positive for each positive time. Our aim here is
to obtain the a refine result giving precise estimates.

2 The Malliavin calculus

In this section we present some elements of Malliavin calculus and conditional Malliavin
calculus that will be used for the proof of Theorem 1.5.

2.1 Elements of Malliavin calculus

In this subsection, we recall, following [10], some elements of Malliavin calculus related to
%1%

Let H be the Hilbert space H = £2([0,7] x [0,1]; IR?). For any h € H, we set W (h) =
SE ) Jo W (r, 2)W(dr, dz). The Gaussian subspace H = {W (h),h € H} of L2, F,P)
is isomorphic to H.

Let S denote the class of smooth random variables F' = f(W(hy),..., W(hy)), where
hi,...,h, are in H, n > 1, and f belongs to CSO(ZR”), the space of functions of class C*
such that all its partial derivatives have at most polynomial growth order.

Given F' in S, its derivative is the d-dimensional stochastic process DF = (D, ,)F =

(D(lr Z)F, s D?r Z)F), (r,2) € [0,T] x[0,1]), where the Dy, . F" are H-valued random vectors
given by
D, F=>" 7o, (W(h), .o, W(ho))hi(r, 2), 1=1,....d.
i=1

More generally, the k-th order derivative of F' is obtained by iterating k times the derivative
operator: if F' is a smooth random variable, k is an integer and (l,...,1;) is a k-uplet
of {1,...,d}*, we denote the iterated derivative as D! --- D F, where a; = (ry, %) €
[0,7] x [0,1]. Then for every p > 1 and any natural number m, we denote by ID™P the
closure of & with respect to the semi-norm || - ||, defined by

m

|1 llmp = EIFP]+ Y END®FIf )7,
k=1

where

d
IDOF e = > [ f (DY, -+ Dl FPdan - oy,
Lde=1 ([0,7)x[0,1])*

We set ID*° = Mp>1 Nim>1 D,

Similarly, for any separable Hilbert space V', one can define the analogous spaces
ID"™P(V) and ID*°(V') of V-valued random variables, and the related || - ||, p, 1y semi-norms
(the related smooth functionals being of the form F = 7%, Fjv;, where F; € S and
v € V).



We denote by § the adjoint of the operator D, which is an unbounded operator on
L£2(Q; H) taking values in £2(Q) (see [10, Def.1.3.1]). In particular, if u belongs to Dom &,
then §(u) is the element of £2(Q) characterized by the following duality relation:

Z/ / D(T 2) (1, z)dzdr], for any F € ID“2 (2.1)

Recall that if u € £2([0,T] x [0, 1] x ; IR?) is an adapted process, then (cf. [10, Prop.1.3.4])
u belongs to Dom ¢ and 6(u) coincides with the It integral:

- i:l/: /01 w (r, 2)W (dz, dr).

One of the multiple applications of the Malliavin calculus is the study of existence
and smoothness of densities for laws of random vectors on the Wiener space. The basic
assumptions are introduced in the following definition of a non-degenerate random vector.

Definition 2.1 A random vector F = (F',..., F'%) € (ID*)? is said to be non-degenerate if
the Malliavin matriz of F defined by vp = ((DF', DFJ)g)1<; j<a is invertible a.s. and

(det vr) ™" € N1 £7(2).

For a nondegenerate random vector, the following integration by parts formula plays a
key role.

Proposition 2.2 [11, Prop.3.2.1] Let F = (F', ..., F%) € (ID>)? be a non-degenerate
random vector, let G € ID* and let g € Cgo(le). Fiz k > 1. Then for any multi-index
a=(ai,...,ax) € {1,...,d}*, there exists an element H,(F,G) € ID® such that

E[@ag(F)G] = E[Q(F)Ha(Fv G)],

where the random variables H,(F,G) are recursively given by

d
l)FG:Z +)ij DFY),

Oé(F7 G) = (ock)(Fa H(al,...,ak_l)(F7 G))

JFrom Proposition 2.2 it follows that the density of a non-degenerate random vector is
infinitely differentiable. Moreover, taking G = 1 and a = (1, ..., d), one obtains the following
expression for the density of a non-degenerate random vector, that gives a powerful tool to
get upper bounds for this density.

Corollary 2.3 [11, Corollary 3.2.1] Let F = (F',...,F%) € (ID®)? be a non-degenerate
random vector and let pp(x) denote the density of F'. Then

pr(z) = E[lypiszii<i<ayHa,...a)(F, 1)),

where
0y(F,1) = 8((vp ' DF)S((va' DE) - 5((vp D)) - +).

-----



2.2 Conditional Malliavin calculus

In this section, we give the conditional version of some of the results established in Section
3.1.
We need a preliminary result, which is a consequence of [10, Prop.1.2.4].

Lemma 2.4 Let s € [0,T] and let Fy be an Fs-measurable random variable in ID“?. Then,
Dy Fy is zero almost everywhere in [s,T] x €.

A consequence of this result is the conditional version of the duality relation (2.1), which
follows similarly to the one-parameter case [12, (2.12)].

Proposition 2.5 [3, Proposition 4.4] Let s € [0,T]. Let F be a random variable in ID"?

and let u be an adapted process such that E[fOT fol lu(r, 2)|2dzdr] < oo. Then the following
duality relation holds:

[F/ST/OIU(T,Z)- W (dz, dr) | Fs] = //DTZFurz)dzdrf]

The following norms are the white noise versions of those in [12, Def.1]. Let s € [0,T].
For any function f € £2(([0,T] x [0,1])"; IR?), any random variable F € ID™P, and any
process u such that u(r, z) € ID"™P, for all r € [0,T], we define

H, = £2([s,T] x [0,1]; RY),

”fHHgg’” = (/ |f(ra Z)szl tet dznd""l te dTn)1/2a
([s,77x10,1])

1E s = {BIEFP |7+ ) ENDOFI, o0 |FIH?,
k=1

and

m
k
ullim,p,s = {Bllullf, | Fs] + > E[ID¢ )UI!Z§k+1|fs]}1/p-
k=1
Moreover, we write yp(s) for the Malliavin covariance matrix with respect to Hg, that is,

vr(s) = ((DF', DF') g, )1<i j<a-

We next give a conditional version of the integration by parts formula (Proposition 2.2).
The proof follows similarly as the non-conditional version using conditional expectations
and Lemma 2.4, and is therefore omitted.

Proposition 2.6 Let F,Z, ¢ (ID*)¢ be two non-degenerate random vectors where Zs is
Fs-measurable. Let G € ID> and let g € Cgo(]Rd). Fiz k > 1. Then for any multi-indez
a=(ag,..,on) € {1,...,d}*, there exists a random variable HS(F,G) € ID®® such that

E[aag(F + ZS)G ’]:s] = E[Q(F + ZS)H;(Fv G) ‘Fs]y

where the HS(F, G) are recursively given by

8(G (yr(s)™")y DFY),

B

<.
At,, I,

HY(F,G) = H{,\(F H{,, o, (FG)).



Finally, the next result gives an estimate of the £2(Hg, 2)-norm of the random variables
H(F,G) for « = (1,...,d), which gives the explicit exponents that appear in the non-
conditional version [11, Proposition 3.2.2].

Proposition 2.7 Let F € (ID*)? be a non-degenerate random vector. Assume that there
exist positive Fs-measurable random variables X5 and Yy (eventually deterministic) such
that, for any p > 1 and k > 1, there exists constants c1(p) > 0 and ca(k,p) > 0 such that

(2) E[(detyr(s) ™ |FVP < e1Xs;
(b) E{| DO (E Lo |F P < exYi, i = 1, d.
Then there exists a constant ¢ > 0 and indices m,q depending only on d such that
1HE, o) (F.G)llo2,s < |G llm,q,s XSV,

Proof. The proof of this result uses the same arguments in the proof of [3, Lemma 4.11],
but in a general setting. We will only give the main steps.

Using the continuity of § (c.f. [3, Proposition 4.5]) and Holder inequality for the condi-
tional Malliavin norms (c.f. [16, Proposition 1.10, p.50], we obtain

d
1as D I(ves) Dalligs IDEF)1ss (2:2)
=1

1, o) (B G)

0.2, = CHHESL...,dfl)(Fa G)

For the third factor we use hypothesis (b). For the second factor, note that

m

1Cvr () Diglmps = {ENCvr(s)™Digl? 1] + D _EUDY (v ()il on 111
k=1

For the first term, we use Cramer’s formula to get that
(v (s) ™)l = [Aij(det yr(s) 71,

where A;; denotes the adjoint of (y#(s));;. From the Cauchy-Schwarz inequality for condi-
tional expectations and hypotheses (a) and (b) we find that

_ - d—
E[((vr(s) ™))" |F4] < capBl(det v(s)) 2 |F]Y2 x B| D(F)[[ 5V | 7,]1/2
< ¢4 pX§n2p(d*1)‘
For the second term, we iterate the equality (cf. [10, Lemma 2.1.6]),
d
D(yr(s) i = = > (vr(s) i D(ve () (ve(s) ™),
k=1

in the same way as in the proof of [3, Lemma 4.11]. Then, again using hypotheses (a) and
(b) and iterating the process (2.2) we conclude the desired bound. A



3 The lower bound

In this section we adapt the techniques introduced by Kohatsu-Higa [9] and developed by
Bally [2], in the situation of the Landau equation in order to prove the lower bound of
Theorem 1.5.

Consider the Landau equation introduced in Section 2, that is,

A ‘ d st pl A t ol
X;:X5+Z/ / aij(Xs—Y;(a))WJ(doz,ds)—i—/ / bi(Xs — Ya(a))dads,
o Jo 0 Jo

where i =1,...,d, 0 <t < T, and Xy, o and b satisfy the hypotheses of Theorem 1.4.
Consider a time grid 0 =ty <t; < --- <ty =t and let

A=t —tr_1.

We define the following evolution sequence,

Xi =X AT +Th, i=1,..4, (3.1)
where
. d ti 1 '
H=3 [ [ ou, — Vi, @)W dayds),
j=1"t-170
and

‘ d oty pl .
A= / | (3K = Vi) = o (6, = Vi (@)W (de ds)
tr 1
+/t /0 bi(Xs — Ys(a))dads.

3.1 Preliminary estimates

We start by establishing some preliminary estimates that will be needed for the proof of
the lower bound of Theorem 1.5.

Consider the conditional covariance matrix of the (Gaussian) random variable J; with
respect to Fy, ,, which is given by

d

tr 1
Cir(Jg) = Z/t /0 01 (Xt — Yoy (@) orj (X, — Yy, () )douds
j=1 7tk

d 1
(e te) Y [ oK, — Vi (@) (Ko, — Vi (@)das 1< L <d.
j=1""

Note that, as Jj, is Gaussian, we have that C'(Ji) = v, (tk—1)-

The first two results concern a minoration of the lower eigenvalue and a majoration of
the upper eigenvalue of the matrix C(Jy).

10



Proposition 3.1 Assume hypothesis (H) of Theorem 1.5. Then,

d
inf Y Ci(Jp)&é = eAy >0,
£€B ’|€‘:1 lr=1

where ¢ > 0 is a constant not depending on k.

Proof. In one of the steps of the proof of Theorem 1.4, Guérin showed that for each £ € IR?,
one has

EC(Jp) > ApmF (&, ty—1),

where
F(&,1) = E[IX:*IE” — (X0, €)%, (32)
and m is a lower bound of the function h appearing in the Landau equation.
Since the law of X; has a density, F'({,t) > 0 for each ¢ > 0. Moreover, assuming
hypothesis (H), we obtain that F(£,t) > 0 for each ¢ > 0. Then, as the function F'(,t) is
positive and continuous on the compact set [0,T] x {€ € IR? : |¢| = 1}, a strictly positive

minimum is reached on this set.
Hence, for all ¢ € IR?, |¢] = 1, we have that

EMC(I)E = ey,

where ¢ > 0 is independent of k. In particular,

d
inf Z Ci(Jr)&&r > cAy > 0.
{EZR 7|€‘:1 l,r=1

Proposition 3.2 There exists a finite constant Ct > 0 not depending on k such that

d
sup Y Ci(Jr)ésr < OrAk(1 Xy, [> +1).
ceR J¢|=11,r=1

Proof. Let &€ € IR?, |¢| = 1. Using the Lipschitz property of o and the fact that X € Py,

d 1
> CulIae < AK? [ (X5 P+ Vi (@)f)da
l,r=1 0
= AKZ(1 Xy, P+ E[IXe, 1P
< AKXy, P+ E[ sup | X,[*)
0<s<T
< CrAR(|Xy, P+ 1).
Therefore,
sup Y Ci(Jo)&ér < Cra(1Xe, > +1).
¢cIR |¢|=11,r=1

AN

The next two results concern estimates for the conditional Sobolev norms given F, ,

of the terms J, and I'y of the evolution sequence (3.1). Note that as the coefficients of

the Landau equation are unbounded these conditional bounds will depend on the random
variable X;, .

11



Lemma 3.3 For any p > 1 and m > 1, there exists a finite constant Cp > 0 such that
DT lmpit, < CTAY2 (1 Xy |+ 1), forall i =1,...,d.

Proof. Let (r,z) € [0,t] x [0,1]. Then
D () = ou( Xy = Yo, (D) ey 1<i0<d.

Hence, from Lipschitz property of o, Holder’s inequality, the fact that X € P, and the
inequality (a + b)* < a® + b“ for a,b > 0 and 0 < o < 1, we obtain that

' ti 1. d 2 2 1
DT lmpts s = E[(/t /0 > (oa(Xe, = Yo, (2))2drdz)?? | Fyy /P
k—1 =1
< (APPRD(|X,, [P+ E[ sup |X.[7])"”

0<s<T

< CrAY* (X, |+ 1).

A
Lemma 3.4 For any p > 1 and m > 1, there exists a finite constant Cp > 0 such that
T ey < CrAR(| Xy, | +1), forall i=1,..,d.
Proof. By definition,
Tkl ey = {E[T%[” | Fe ] + ZEHID@(T?;)HZ@ | Fe ]3P (3.3)
jil k—1
For the first term in (3.3), note that
E[T4 P |Fy_,] <277 '(A+ B), (3.4)
where
tr 1 d 5 5
=Bl [ (X = Yie) = o (i, = Vi (@) dads) 5,
k—1 j=1
ti
B[ [ - Va@ads 17 )
te_1J0
Now, using Holder’s inequality and Lipschitz property of o, we have
173
A< oal [* [BIXG - X P Vo) ~ Vi (@) B dads. (85)
tg—1

In order to evaluate the first term in (3.5) we use the stochastic differential equation satisfied
by the increment Xy — X3, . Then, from Burkholder’s inequality and again Lipschitz

property,

s 1
E[|Xs — Xoy [P [Fep )] < CTAZ/“{/t /OE[|Xu]p+]Yu(a)]pyftk_l]dadu
k—1
s 1
+A7/? / / E[| X, + |Yu(a)\pftk1]dozdu}
tp—1 Y0
<

CrAP*! ( /t E[|XulP | Fep_,] + E[| Xu|P] du).
k—1

12



Moreover, using the fact that X € P,

B[l Xul?[Fy i) < B[ Xy = X [P Fo ]+ [ X P

< oo [0 BIpIE o) 1P
tk—1
By Gronwall’s Lemma,
E[|Xu? |Ft,_ ] < (Cr+ | X, _,|P) exp(Cr). (3.6)
This implies that
E[|Xs = Xo_ [P [Fou) < CrAY* (1Ko, P+ 1). (3.7)
In particular,
E[| X, — Xi,_,|P] < CrAl?, (3.8)

Therefore, substituting (3.7) and (3.8) into (3.5), we obtain that
A< Cra(|Xy,_ I+ 1). (3.9)
In the same way, from Holder’s inequality, Lipschitz property of b and (3.6) we obtain that
B < CTA£<‘th,1’p + 1) (310)
Substituting (3.9) and (3.10) into (3.4) we finally obtain
[T} 1P, _y] < CrAY(I Xy, [P+ 1) (3.11)

We will now treat the second term in (3.3). Assume m = 1. Let (r,2) € [0,T] x [0, 1].
Then, for r € [tg_1,tx], the Malliavin derivative of I'; satisfies the following SDE

D;.(T}) = oa(Xy = Y;(2)) = oa(Xy_, = Yi,_,(2))

d tr 1
! i 7 - o J o, ds
#2[) DhalolXs = V) W(da

tr 1
[0 [ Dbt - Vida)dads, 1< it < d
r 0

Note that A
EI D)%, 1Fa ] <3N+ B +C), (3.12)

where

tr d

A= E[( 1 Y (oulXy = Yi(2)) = oa(Xey — Yo, (2)))2drdz)P?| Fy, ],

0
=170 =1

e 1 d d te 1l
= L (o) — Ys(a '04827‘2’/2,5
= E[(/t“/o 12_1(;1/7" /O Dy (0ij(Xs — Ys(@)))W (da, ds))“drdz)""" | Fy, ]

tr 1 d tr 1
=Bl [ [ D - Vil dadsyaraz 7, )
t—1 =1 r

R

13



For the first term in (3.12), we use (3.9) to get
A < CpAY(| Xy, P+ 1). (3.13)

For the second term in (3.12), we use Burkholder’s and Holder’s inequality for conditional
expectations, and the bounds for the derivatives of the coefficients of o, to get

ti
B' < CpAl sup / / |D (X)) |Pdrdz|Fy,_,].
s€ltk—1:tk] | =1 tp—1

We now consider the stochastic differential equation satisfied by the Malliavin derivative of
X, , that is, for (r, 2) € [tg—1,tx] x [0,1],

DL (X5) = ou(X, — V(2 /k/ Z Onrsj (X — V(@) DL,y (XTYW (dav, ds)

jnl

+/r /O ;anbi(xs—ys( )) D}, ., (X7)dads.

Again from Burkholder’s and Holder’s inequalities for conditional expectations, the bounds
of the derivatives of ¢ and b, and Gronwall’s lemma, we obtain that

P / / D! (XM Pdrdz |Fy,_ ] < Op(| Xy, [P +1).
s€[ty— 17tk]Jn 1 te—1

Therefore, we have that
B' < CTA2(|th71\p +1). (3.14)

Finally, in the same way, using the bounds for the derivative of b, we obtain

ty
' < CrA} sup / / \D (X)) [Pdrdz|F, ]
sE[t,— 1,tk]nl 1 tk—1
< CTAP(’th 1P +1). (3.15)

Substituting (3.13), (3.14) and (3.15) into (3.12) we conclude that

B[ DTN, | 1Fi ] € Cra(Xe, P +1).

In order to treat the case m > 1 in (3.3) we use the stochastic differential equation satisfied
by the iterated derivatives of I'¢, that is, for (I1,...,ln) € {1,....d}™, (B1,..., Bm) with
Bi = (TZ‘,ZZ') S [O,T] X [O, 1], and rq,...,Tm € [tk—btk]a

Dlﬁl Dlm FZ ZDll n 1 Dn+1 . 'DlTZL(O-iln(X’r‘n _ Y;”n(zn))

ﬁn+1

+3 /ﬁv Wm/ D - Dy (035(Xs — Ya())) W(da, ds)

+/ /Dﬁl Dl (bi(Xs — Ya(@))) dads.
T1V--Vry J0

14



Then, similar arguments as above conclude that, for j = 1,...,m,

E(|DYVT)I 05 1Fus] < OTAL(1Xe [P+ 1). (3.16)

tp—1

Finally, substituting (3.11) and (3.16) into (3.3) we conclude the proof of the lemma. A

Finally, we will need a lower bound for the determinant of the conditional Malliavin
matrix of the random variable Ji + pT'y, for p € (0,1). For this we will use a truncating
argument using the idea of [2].

Using Proposition 3.1, we have that

d
1
detyy4pr, (te-1) 2 (5 inf > Cu(T)&s —  sup DTk - €, )"
¢elR Je[=1 2 ¢elR" Jg|=1
C
> (A= s ID(T) €, )Y
¢elR” J¢g|=1

where, from Cauchy-Schwarz inequality, for all £ € R?, |¢| = 1,

173
1Dy - €l / / 2 (TL)?drdz = V.

We will now localize on the set where Ay, := V’“ < 1/4. Let § € C*°(R+, IRy) with bounded
derivatives such that 0 < 6 <1, §(z) =1 it :z: < 1/8 and 6(z) = 0 if z > 1/4 and we define
the random variable

Q = 0(Ap). (3.17)
Note that, on the set {Ax < 1/4}, we have

det v, +pr, > CAL (3.18)
Finally, the next lemma evaluates some Sobolev norms of Q).

Lemma 3.5 There exists a finite positive constant Cp such that:

(i) HQHm,p,tk_l < CTAk(‘th_JZ + 1);

.. 1/2 1/2
() 111 = Qllmpie < CTAY* (1Ko |+ 14 A (| Xy, 2+ 1)),

Proof. Note that

1Qlmp e = {ENQPIF o]+ D ENDVQIP o; [ Fiyi]}?
j=1 tp—1

< {1+ZEHD” Hp@ [P ]3P
7=1

15



Using the bounds on the derivatives of 6, we have

E[”D(])( ) |ftk 1]

s

< CE[| DY) (Ak)llp 8 [ Firea]

= oA pE[HD”(HDm)uH% O oy i)

H®J

7 .
< CAT(j+ 1) 12( ) (E[IDD ()2, 0 )
(=0

k—l

x(E[[|[ DY~ (FZ)IIH@J )%

< CrAY (| X, | + 1)

We now evaluate the Sobolev norm of 1 — @), that is,

11 = Qllmpt_y = {ElI1 = QIPIF, ]+ Y _E[IDY(1 - )HH@ | Fr ]}
j=1

Since 0 < @ <1 and @ =1 on the set {A; < 1/8}, by Chebychev’s inequality,

Elll - QP|Fy ] < P{A,>1/8F, ,}
< §PENY|F, ]

gr/2 -
(CA )P/2 H|D(Fk)HHtk71 ’f‘tkfl]

< CrAPR(Xy, |+ 1)P.
As
E[| DY (1 — Q)II’;{%1 [Froa] = E[IID(”(Q)II’I[’L,%{1 Pt
< CrAN(| Xy |+ 1)
we conclude the desired bound. A

3.2 Proof of the lower bound of Theorem 1.5

Let t > 0 and v € IR? be fixed, and assume that hypotheses of Theorem 1.4 (2) and
hypothesis (H) of Theorem 1.5 are satisfied for a random variable Xy. The aim of this
section is to prove the lower bound of Theorem 1.5 for the density of the solution of the
Landau SDE fx, (¢, v).

As explained in the introduction, we start by describing the path we will choose to define
some evaluation tubes. We consider the straight line linking X( at time 0 and v at time ¢,

that is,
t—s

z(s,w) = ;U + Xo(w).

Then 2 : [0,t] x Q — IR is a continuous differentiable function, measurable with respect to
Fo, such that z(0) = Xy and z(t) = v.

16



We consider the time grid defined at the start of this Section. The tubes Ay are defined,
for k=1,...,N, as

Ve

A i=Aw | Xy, (w) —z(t)] < 5

vi=1,..k}eF,_|,

where c is the constant obtained in Proposition 3.1.

We will start by proving a lower bound for the conditional density of the random variable
X, (from the evolution sequence (3.1)) given F, , on Ay. Note that this conditional density
exists and from Watanabe’s notation can be written as E[d,(Xy, )|Ft,_,], where §, denotes
the Dirac function at the point z € IR%.

We will work with the following approximation of 6. Let ¢ € C°(IRY), 0 < ¢ < 1,
[ ¢=1and ¢(z) =0 for |z| > 1. Let

on(x) =00 '2).

Remark that ¢, (z) = 0 for |z| > 7.

Then, our goal is to find a lower bound for the quantity E[¢, (X, — z)|F,_,] on the
tube Ay, independent of 7.

Let @ be the random variable defined in (3.17). Let us apply the mean value theorem.
We have

Elgn(Xy, — 2) [Fy_y] = Eldy(Xey,_, + i + Tk — 2) [Fp 4]
> [¢U(th 1+Jk+rk_z) ‘ftk 1]

2 [¢77(th 1+Jk*z) |ftk1+2/ |:8 l(th1+JkZ+kaer‘ftk 1:|

v

0
[¢ﬂ(th 1+Jk—Z |ftk 1 |: ¢77 th 1+Jk_z+prk FkQ‘ftk 1:|dp

(3.19)

In order to obtain a lower bound for E[¢, (X, — 2)|Fs,_,] on Ay we use the method
in [9] which consists in finding a lower bound for the first (Gaussian) term in (3.19), and
an upper bound for the second term by the use of integration by parts formula. Then, it
suffices to choose the meshes Ay sufficiently small in order to have a positive lower bound.

In the same spirit, in order to obtain the lower bound for E[¢,(X;, , +Jp — 2)Q | Fy,_,]
on Aj, we write

E[¢77<th71 + Jk — Z)Q |ftk71]
= E[an(thfl + Ji — Z) |ftk—1] - E[Qsﬁ(thfl + Ji — Z)(l - Q) ‘}—tkq]' (3'20)

Again we will need to find a lower bound for the first term in and an upper bound for the
second term in (3.20) and choose Ay sufficiently small in order to obtain a positive lower
bound.

We start by establishing a lower bound for E[¢,(X:, , + Ji — 2) |F,_,] on A. For

this, we will use the estimates of the eigenvalues of the conditional covariance matrix of Jg
obtained in Section 4.1.

17



Proposition 3.6 Assume 0 < 1 < \/c¢Ay, and choose z € IR® such that

vV CAk
5

[z(tk) — 2] <

Then there exists a constant Cp > 0 not depending on k, such that, on Ay,
1
E[¢y(Xty_y + Jk — 2)|Ft_,] = NS (3.21)
A a(z)

where ¢ (z) = Cp(|z|? + 1)%2.

Proof. Note firstly that using Proposition 3.2 and the assumption on z, we has

sup Z Cir(Je)&&r < CAR(IXuy [P+ 1) < CAR(J2]* + cAg + 1)
ccIR® |e|=11,r—1

< CrAg(|2* + 1), (3.22)

since A < T.
As Ji is Gaussian, we have, on Ay,

[d)?? th 1 + Jk _Z)|‘Ftk 1]

1 2*C(Jy) tz
/ O Xes 0 2) B O (T 2 eXp( 2 ) &
N 1 (G+z—Xy )CUR) T E+2— X ) .
e e (- 2 )&

Since |Z| < n < v/cAy, and using the assumption on z, we have that, on Ay,
s 2 <12 2 2 9
242 = Xoo |7 < 327 + |2 = 2(te) " + [2(te) — Koo, [7) < el

Then, using Propositions 3.1 and 3.2 and (3.22), we obtain

1

Elgn(Xty s + Tk — 2)|Fyy ] >

AN
The next result gives an upper bound for the second term in (3.20) which uses the
integration by parts formula from the Malliavin calculus and some of the Sobolev norm

estimates obtained in Section 4.1.

Proposition 3.7 Choose z € IR such that |z(ty) — 2| < 7”2&“. Then, there exists a
constant Ct > 0 not depending on k such that, on Ag,

Elgy(Xe,_, + Jk = 2)(1 = Q) |y, < ea(2)AL 72,

where ¢y(2) = Cp(1 + |z| + |2]2)(1 + |2])2% 4,
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Proof. Note that from the assumption on z, and from the estimates of Lemmas 3.3 and 3.5
(ii), we have that

DD lmpte s < CAY*(1 X 1| +1) < CAL* (2] + cAg + 1)
< A (2] + 1), (3.23)
as A, < T, and
11 = Qllimptr s < CrA2 A+ |2+ [2). (3.24)

Now, in order to apply the integration by parts formula, define

T T4
O, (x) = / / op(u)du, =€ R
By the conditional version of the integration by parts formula (Proposition 2.6), we have
b
E[¢77(th—1 + Ji — Z)(l - Q) ‘ftk—l] = E[(I)U(th—l + Jk — Z)H(lf,“id)(‘]ka 1- Q) "Ek—1]‘

As [ ¢, =1, by the Cauchy-Schwarz inequality, we obtain

E[ﬁbn(thfl + J — Z)(l - Q) ’ftk—l] < ||H8€:1d)(=]ka 1- Q) 0,2,t5—1"

Using the estimates of Proposition 3.1, (3.23) and (3.24), in addition with Proposition 2.7,
we obtain

tp— 1-d)/2 2 _
IHG (1= @llozigy < CrAY™V2(1 4 2]+ |22 (1 + [2)2
A

The next result gives an upper bound for the second term in (3.19) again with the use
of integration by parts formulas and some of the Sobolev norms estimates of Section 4.1.
Proposition 3.8 Choose z € IR? such that |z(t),) —z| < CzA’“ . Then there exists a constant
Cr > 0 independent of k such that, on Ay,

< cg(z)A,(:*d)/z,

5 .
‘E [ ai? (Xtpoy + i — 2+ pl)T4Q ‘ftk—l]

where c3(z) := Cp(|z| 4 1)24°Td+2,

Proof. Let ®, as in Proposition 3.7 so that

0oy
or?

(fadJrch)77
Oztoxl - - Oxd

(Xt + Tk — 2+ ply) = (Xe, , +Ju— 2+ pLg).

By Proposition 2.6,

Oy,

E L
ox*

(thq +Jk—z+ ,OF;C)FZQ ‘ftkl]

= E[(I)ﬂ(thq +Jk— 2+ prk)Hzf:id@(Jk + pLk, F%cQ) |ftk—1]'
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As [ ¢, =1, by the Cauchy-Schwarz inequality, we obtain

t _ .
< HH({C,.},d,i)(J’C + pl, F%Q)

0 .
’E|: ¢77 (th-q +Jp—z+ ka)FZQ ‘ftk1:| |0727tk—1‘

ozt

Finally, from Proposition 2.7 and the estimates of Lemmas 3.3, 3.4 and 3.5 and (3.18), we
obtain

e .
HH(f,.f,d,i) (Jk + plg, I‘;ﬂQ) H0,27tk71

< O]+ DAY (2] + DA 1 (Ay((o] + 1) DED) s ATAED
< CpAlTD2 () 4 1)2 a2,

A

We will now chose Ay, sufficiently small to arrive at the proof of the lower bound for the
approximation of the conditional density of the random variable X, given F;, , on Aj.

Proposition 3.9 Let v € IR? be fized at the start of the Section. There exists a finite
constant Ct > 0 such that if we choose Ay satisfying

1
v A - 2
k< Cre(v, Xo)’ (3.25)

with

C(U,X(]) =1+ ”U|2(d2+d+1) + ‘Xo‘Q(d2+d+1),
then, for fived 0 < n < \/cAr, and all z € IR? such that |z(ty) — z| < \/cAL/2, we have, on
Ak}

El¢n(Xy, — 2) [Fyy] >

4cq (z)AZ/27
where ¢1(z) is the constant obtained in Proposition 3.6.

Proof. We first note that, on the set {|z — z(tx)| < VcAg/2}, and using the fact that
|x(tr) —v] < |v — Xo| and A < T, we have, for all ¢ > 1,

R 3971 (12 — w(ti)]? + o (te) — vl + [v])

<
< CT(l + |U’q + |X0|q).

Then, using the last inequality, one can easily see that there exists a finite positive constant
Cr independent of z such that, if we assume condition (3.25) with this constant, we have

1 1
VAR < A , (3.26)

der(2)es(z)  2e1(z)ea(z)

where ¢;(2), c2(z), c3(2) are the constants obtained in Propositions 3.6, 3.7 and 3.8.
Now, substituting the lower bound of Proposition 3.6 and the upper bound of Proposi-
tion 3.7 into (3.20) and using condition (3.26) on Ay, it yields

1 B CQ(Z)A,];/Q) - 1
c1 (Z)AZ/Z AZ/Q B 201(,2)AZ/2

MM&“+%@M&JZ<
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Finally, applying this lower bound and the upper bound of Proposition 3.8 into (3.19), and
again using condition (3.26), we obtain

1 03(2)A,1€/2 1
EW(Xt—Z)\ft]Z( - > .
e o 2cl(z)AZ/2 AZ/Q 461(Z)Az/2

A
The next step is now to find a large deviation evaluation for the probability of the event
Ap conditioning on Xj. For this, we will use a recursive argument in the same way as in [2].

We choose
A= Ak = Akfl, for k = 1, ,N - 1,

and Ay =t —ty_1 such that Ay < A. In particular, note that A <t and
N < i +1
= A )

where [z] denotes the integer part of x. We will then choose A sufficiently small and use
the lower bounds from Proposition 3.9 in a recursive way in order to obtain a lower bound
for the probabilities Py, (An).

Proposition 3.10 Let v € R? be fized at the start of this Section. Choose A defined above
such that

1 ty/c
VA A 27
S Cre(o, Xo) " 4o = Xo|” (3.27)

where Cp and c(v, Xo) are the constant and function obtained in Proposition 3.9. Then,
there exists a finite constant Cp > 0 such that

Px,(Ay) > e NIOrA+RP+Xol)*?) - py g g

Proof. Note that condition (3.27) implies that, for k =1,..., N — 1,

lz(ty) — x(tp—1)| = %\U — Xo| < \/ZZ (3.28)

Let 0 < np < @. As Ap = A1 N{| X, — x(tr)] < @} and using the fact that
[ ¢, = 1 and that Lebesgue measure is invariant to translations, we have, for k = 1,..., N—1,

Px, (Ax)
= Ex,[la,_,E[1

{IXey_ —z(tp)I< @} [ Frs]]

= Exo[la,, /Bd Elén(Xe,, — Z)1{|th71—x(tk)|§ @}‘ftk_z]dz]

ol ds /Z—w(tk—1)|<\/a/4—77EWW(X%1 - Z)l{‘th—lfm(tk”S @}‘ftkﬂ]dz]

ElA_/ E|¢p,(Xe, , — 2)|F:, ,]dz].
Xo[ k—1 o ()| <VeB A [77( te—1 )’ tk 2] }

The last equality follows from the fact that

[ Xop oy —a(ti)] < [ Xy — 2|+ 2 —2(te-a)| + [2(th-1) — 2(ty)]

\/CA_ n cA  VeA

4 "ty T

n+
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Take n = @. Using condition on A and Proposition 3.9 we obtain, for k =1,.... N — 1,

Pxo(A)) > Exolla,., / Elby(X_, — 2)|Fir_,]d7]
|z—2(tk—1)|<VcA/8

1

> Ex,|la,_ / dz].
Xo[ k—1 r—(te1)| < VA8 CTAd/2(1+|Z’2)d/2 ]

Note that, on the set {|z—x(tx_1)| < vV ¢A/8}, and using the fact that |x(tx_1)—v| < |[v—Xp|
and A < T, we have

° 3(l2 — a(tr-1)* + |z(te—1) — o> + [v]*)
CT<1 + ‘1}’2 + ’X0’2).

27 =
<

Hence, we finally get that, for k=1,.... N — 1,

1
CrAI2(1 + [v]? + [ Xo[)¥/?
1

- Py (A;._
oL+ JoP 1 Xy ¥o(Ar=1):

Pxo(Ar) = Mz = @(ti1)] < Ve /81Px, (Ay-1)

where \(E) denotes Lebesgue measure of E C IR%.
Iterating this process and using the fact that Py, (A1) = 1 Py-a.s. we obtain that Py-a.s.

1
Cr(1+ |v]? + | Xo|

N-1
Fxotdn) 2 ( )d/2> Py, (A1) > e VIOl +Xol)?/%)

which concludes the desired bound. AN

We are now able to prove the lower bound of Theorem 1.5. For this, we write X; = X,
and we consider the approximation of the (conditional) density fx,(¢,v) given by

E[¢W(XtN - U)‘XU] = E[E[(bﬂ(XtN - v)‘ftN—l]]‘ANLXO]'

We now choose A such that

A=l L e
-2\ C2c%(v,Xp)  16]v — Xo|? ’

where C7 and c(v, Xg) are the constant and function from Proposition 3.9.
We then apply Proposition 3.9 with £ = N and z = v and Proposition 3.10, we use the
fact that Ay < A, and we let 1 tend to zero to finally get that Py-a.s.

1 — N In(Cr (1o +|Xo[2)4/2)
t > T 0
Pxoltv) 2 & Rap T o)

We finally use the fact that NV < % + 1 to ultimately conclude that Py-a.s.

1 AL 2 2\d/2
tv) > (=t/A=1) In(Cr (1+[v]*+|X0[*)*/%)
Ixo(bv) 2 G a1 oy !

which proves the lower bound of Theorem 1.5. A
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4 The upper bound

In this section we prove the upper bound of Theorem 1.5. Let ¢ > 0 and v € IR? be fixed and
assume that the hypotheses of Theorem 1.4 (2) hold. Let fx,(t,v) denote the conditional
density of the solution of the Landau SDE given Xj.

The proof of the upper bound for fx,(t,v) is classical: apply the Cauchy-Schwarz in-
equality to the expression of the density obtained in Corollary 2.3 to get

Fxo(tv) < Pxo{|1Xi| > [0} PE[(H (X4, 1)% [ Xo]?, Po-as. (4.1)

Then, one evaluates the factor Px,{|X¢| > |y|} using an exponential martingale inequality
in order to get a large deviation type bound. In order to obtain an upper bound for the
second factor E[|H(y gy (Xy,1)[? | X0]'/? and to get the factor t=%2 of the upper bound
of Theorem 1.5, we will use precise estimates on the Sobolev norms of X; similar of those
obtained in [6], in addition with Proposition 2.7.

This is given in the following two lemmas.

Lemma 4.1 Under the hypotheses of Theorem 1.3, there exist finite constants ¢,C > 0
such that Py-a.s.

(In(1 + [v|?) — In(1 + | Xo|?) — C’t)2>
ct ’

Py {1Xi] = o]} < exp(—

for all t € (0,T) and v € IR™.
Proof. Consider Z; = In(1 + | X¢|?). From the d-dimensional Itd’s formula,

2X! ;
Zi = In(1 + | Xo|?) // (X = Yl W (s

/ / 14—2); ‘2b(X Ys(a))dads

/ / 1+ |X 1+ X2 (045(Xs — Ys(a)))*dads

ik
/ / iﬁ;ﬂ 2)2 50ij(Xs — Ys(a))opj(Xs — Ys(a))dads.

Using the Lipschitz property of b and the fact that X € P,, we have

2X’ (X5 — Ya(a))

1+|X E dads

t ol
< 2Kbt+Kb/ / |Ys(a)|dads
0o Jo

< 2Kt + KptE[ sup |X;]]
0<s<T

S Clt.

Equally, from the Lipschitz property of o and the fact that X € P,

1 + |X |2 (Uij(Xs - Ys(Oé)))2dOzds < eot,
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and
2XiXk

(1 + [ X.2)2 5 T (Xs — Ys(@))o (Xs — Ys(a))dads| < cst.

zkl

Hence, we obtain

Pxo {I1Xe| > [0} < Pxo{Z > In(1+ [v]*)}

< Px {M; > In(1+ [v]*) — In(1 + [ Xo|*) — Ct}, (4.2)
where C' := ¢1 + ¢ + ¢3 and
2X¢ .
M; = / / 1 TIX. |20'lj(XS —Ys(a))W/ (de, ds)

is a continuous martingale with respect to F; and with increasing process given by

o= [ [ (8 i i

Again, using the Lipschitz property of o and the fact that X € P5, we get that
<M>t S ct.

Finally, applying the exponential martingale inequality to (4.2), we obtain that Pp-a.s.

(In(1 + [v|?) = In(1 + | Xo|?) — Ct)2>.

P {11 > i} < exp - -

A

Lemma 4.2 Under the hypotheses of Theorem 1.4 (2), there exists a finite constant Cp > 0
such that Py-a.s.
E[(H}, (X, 1))? |X0]Y? < Cpt= /2,

for all t € (0,T7.

Proof. In order to prove this result, it suffices to prove that for any p > 1 and k£ > 1 there
exist finite constants c1(p,T) > 0 and ca(k, p, T') > 0 such that

(i) E[(detx,(0)) 7 [Xo]'/? < ext™
(ii) E[ID®(XHIP o [Xo]' /P < eat'/?, i =1,...,d.
0

Then, Proposition 2.7 with s = 0 and G = 1 concludes the desired estimate.
In order to prove (i) we follow the proof of [6, Theorem 19]. Fix e € (0,1/2] so that
t/2 <t(1 —¢€) < t. From the proof of [6, Theorem 19] it follows that

(detyx, (0)4 > inf  (yx,(0)¢,€)
¢elR" [¢|=1

2
> gméte -2 sup I,
¢elR” J¢|=1
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where m is the lower bound of the function h appearing in the Landau equation, ¢ denotes
the infimum of the function F(&,r) defined in (3.2) on the compact set {r € [£,¢]} x {£ €
R : |¢| =1}, and

= ,i [ {gijs [ 3" Gy (0Xs — Yala)) Dby (XD (d )

(1—e) =1

d t 1 d 2
+ Zfz/ /0 Z 0bi(Xs — Ys(oz))DZ’Z)(Xé)dads} dzdr.
i=1 7 =1

We now choose y > 0 such that %méte = 3y~ /¢ and notice that since € < 1/2 we have
that y > 99(mét)~? := k. In addition, as e varies in (0,1/2], y varies in [k, c0).

By Chebyshev’s inequality, for ¢ > 2.

1 2
Px,{detyx,(0) < ;} < IP’XO{(gméte -2 sup I)< y_l/d}

gelR? Je|=1

< Px,{ sup I>y*1/d}
¢elR? Je|=1

< y"'E[ sup |17 |Xo).
celR ¢|=1

Again following the proof of [6, Theorem 19], using Burkholder’s and Holder’s inequali-
ties, we have that

IN

d S 1
E[ sup |I|?|Xo] Caqr(te)®™ sup Y E / / IDf (X1 Pdzdr | Xo]
gelR J¢|1=1 0ss<Tp;— JO JO

< CigrT (t6)2q_ L

In the last inequality we have used the recurrence hypothesis (ii) in the proof of [6, Theorem
11]. Thus, by the definition of y, we obtain

1—2¢q
d .

E[ sup |I|?|Xo] < cd7q,T92q_1(2m6)1_2qy
celR’ j¢|=1

Consequently, taking ¢ > pd — 1, we get
Bl(detx, (0) 7 [Xo] <K +p [ 57 P detx, (0) < ) dy
k

o
< 9% (me) "= + p / y" "R sup (1] [ Xo] dy

& ¢elR" J¢|=1
oo
< 9dp(m5)—dpt—dp+Cd’p7T92q—1(2mé)1—2q/ yp—l—q/d+1/ddy
k

—d
< cgprt P,

which concludes the proof of (i).
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We now prove (ii). For k = 1, we consider the stochastic differential equation satisfied
by the derivative (c.f. [6, Theorem 11]), that is, for r <,

Dp, oy (X{) = oa(X, = Yo (2) / / Z 001 (X — Ya())Df, ., (XE)W(da, ds)
]k 1

//0 Zalb (Xs — Y(a ))Dér,z)(Xf)dozds.

Then, using Burkholder’s and Hélder’s inequality for conditional expectations, the Lipschitz
property of ¢ and the bounds from the derivatives of o and b we obtain,

E[|D(XE) 3, [Xo] = / /O L (X0))2drdz)r? |Xo)
=1
d t sl
< ert??(1+ sup ZE[// | DY, (XF) Pdrdz | Xo)).
0st<T =1 0 7

Then, the recurrence hypothesis (ii) in the proof of [6, Theorem 11] concludes the proof of
(ii) for k = 1. The case k > 1 follows along the same lines using the stochastic differential
equation satisfies by the iterated derivative, that is, for ({1, ...,1;) € {1,...,d}* and (531, ..., Bx)
with §; = (r;, 2z;) € [0,T] x [0,1],if t > r1 V- V 1y,

k

Dy DY (X)) = ZDgl <Dyt Dt DU D (o, (X,

Bre Bn+1 n }/rn (Zn))

/rv . / Dh. le (04j(Xs — Ys(ax )))Wj(da,ds)

/ / Db - DY (bi(X, — Yi(a))) dads.
r1V--Vry

Then, together with Burkholder’s and Hoélder’s inequality for conditional expectations, the
Lipschitz property of o0 and the bounds from the derivatives of ¢ and b and the recurrence
hypothesis (ii) of [6, Theorem 11] we conclude the proof of (ii). A

The proof of the upper bound of Theorem 1.5 follows then substituting the results of
Lemmas 4.1 and 4.2 into (4.1).
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