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Abstract

We consider the problem of estimating an unknown function f in aregression setting
with random design. Instead of expanding the function on a regular wavelet basis, we
expand it on the basis {1;;,(G), j, k} warped with the design. This alows to perform a
very stable and computable thresholding algorithm. We investigate the properties of this
new basis. In particular, we prove that if the design has a property of Muckenhoupt type,
this new basis has a behavior quite similar to a regular wavelet basis. This enables us to
prove that the associated thresholding procedure achieves rates of convergence which have
been proved to be minimax in the uniform design case.
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1 Introduction

In this paper we consider the problem of estimating an unknown function f in a regression setting with random
design. We will consider the problem in the framework of wavelet thresholding. Of course, if the design is regular,
the procedures are now standard (see Donoho, Johnstone (1995) [16], Donoho, Johnstone, Kerkyacharian, Picard
(1994) [18]). In the case of irregular design, various attempts to solve this problem have been studied : see for
instance the interpolation methods of Hall and Turlach (1997) [25], Kovac and Silverman (2000) [30], the binning
method of Antoniadis, Gregoire and Vial (1997) [2], the transformation method of Cai and Brown (1998) [6],
the weighted wavelet transform of Foster [22] , the isometric method of Sardy et al (1999) [34], the penalisation
method of Antoniadis and Fan (2001) [3], the specific construction of ad hoc wavelets of Delouille et al (2001)
[11]...

Our aim here is to stay as close as possible to a standard WaveShrink. Doing this, means that we accept to
consider instead of the wavelet expansion of the function f its expansion on the basis {¢;x(G), j, k}, where
G is the distribution function of the design (or its estimation, when it is not known). This obviously creates
some difficulties since {¢;x(G), 7, k} is no longer an orthonormal basis, but has also clear advantages : among
them, let us emphasize the fact that our procedure is computationaly very simple. Compared for instance, to the
transformation method of Cai Brown, which considers this point of view for the finest scale, but then project on
the regular wavelet basis, the calculation are more direct, but overall, doing this, we stabilize the variance of the
estimated coefficients which avoids using a thresholding rule that needs to be re-calculated (or estimated) for each
coefficient.

Adopting such a point of view obviously pushes the difficulty toward the analytic part since we need to study
the behavior of the family of "warped wavelet basis * {11 (G), 4, k}. Of course the properties of this basis truely
depends on the warping factor G. Obvioulsy, if G is uniform, then, {1,(G),j, k} is a regular wavelet basis.
We will prove that under a condition on G, it is "almost’ the case e.g. for statistical purposes, we can use the
warped basis as a standard one. As expected, this condition is quantifying in a way the departure from the uniform
distribution and is associated to Muckenhoupt weights.

The Muckenhoupt weights have been introduced in [31] (see also [23] and[8]) and widely used afterwards in
the context of Calderon-Zygmund theory.

Our results will prove that under conditions mixing the regularity of f and the fact that G is not degenerating,
we find the rate of convergence of the procedures. For instance, in the case where the density g of G is bounded
above and below, we found exactly the same behavior as in the regular design except that here the conditions
of regularity are formulated on the function f o G~!. In a way, this is strongly linked with the results about
the equivalences of experiments (see, for instance Brown, Cai, Low and Zhang (2002) [5]). The assumption of
boundedness above and below for g will not be required in full generality. In this case, the regularity of f will be
expressed in terms of *warped” Besov spaces.

2 Model, War ped bases, Estimation procedures

2.1 Regression with random design

Let us consider the following model: We observe Y7, ... ,Y,, n independent variables with
Yi = f(Xi) +e 1)

where X; and ¢; are independent random variables, ¢; has a known distribution with density go. The X;’s are
observed, ¢;’s are not. Our aim is to estimate the function f. To simplify, in the sequel, we will assume that the
g;’s are normal variables with zero mean and variance o2. o2 will be assumed to be known or replaced by an
estimator. For sake of simplicity, in the sequel, we assume o2 = 1. The X;’s have a density g which may be
known or unknown. g is assumed to be compactly supported on the interval Z = [a, b], as well as f.



2.2 Wavelet shrinkage

Wavelet shrinkage is now a well established statistical procedure used for nonparametric estimation. A generic
wavelet estimator of an unknown function f is written as

f= > BrovrLs, s @

{I=(4,k),—1<j<JI(n)}

where {¢; 1,7 > —1, k € Z} is a compactly supported wavelet basis (we recall that : ¢ _1 = ¢ox) ﬂ} is an
estimator of the true wavelet coefficients

o= [ o ®)

Note that the procedure (2) is non-linear since only statistically significant coefficients (e.g. \ﬁ}| > )\ ) are kept.
Here ), is a threshold parameter which depends on the problem at hand. This procedure has been investigated in
many cases. See for the regression with equispaced design Donoho Johnstone (1996) [17], where this estimator
has been proposed with the following estimators of the wavelet coefficients

Br=">_Yitu(i/n) 4)
=1

In the case, with non equispaced but still fixed design, many adaptations of this first estimator have been
provided. Let us only mention here Cai and Brown (1998) [6] and Hall and Turlach (1997) [25], which are the
closest to the forthcoming discussion.

2.3 Warping the basis

The main idea developed in this paper is that instead of expanding the function on a wavelet basis and obtaining as
a consequence an estimator which is adapted to the basis but no so well adapted to the statistical problem, we are
going to adopt a different strategy : We will warp the wavelet in such a way that in this new basis, the estimates
of the coefficients will be more natural.

Let us devote the following lines to explain this idea : In the case where the design is fixed and equispaced,
the estimators of the coefficients 3; appear to be in a natural way ; given in (4). If we follow this idea in the
random design case and suppose for a while that

is a known function, continuous and strictly monotone from [a, b] to [0, 1], then

B = 5 @ ©

is a natural extension of (4).
We have :

E(

~%

) = Y E@GXD(X) +e) = E@r(GX)F(X))

b b
[ onGans@aa = [ o Wy = o
where 3; is now the coefficient of the new function f(G~1(y)) in the wavelet basis {);,7 > —1, k € Z}. This

can be rewritten as
FG ) = Briba(y)
I
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or,

Fl) =) Bron(G(x) 6)
I
and we can associate to this decomposition the following estimate :
A~ J A A
fr) =" > BiI{IBi| = wtn}vr(G(x)) U]
Jj=—1keZ
with,
= (B2, 97 g, G)
n

Obviously, (6) considers an expansion of f in a new basis :
{Wjn(G),j > -1, k€ Z}.

Notice here, that the formula (5) is also a key tool in Cai and Brown [6], since it is the estimator which is used
at the highest level J’ (27" = n)), and then the wavelet coefficients are deduced by considering the projection of
¢4 .1k(G) over each ;. In the present case, the calculation is very simple since starting from the same first step,
we just need to use the classical pyramidal algorithm, and as a consequence any wavelet software can be used to

perform the estimation.
Then one might ask what is to be done if G is not known, which is the most frequent case. The answer is

simple : Let
A 1 <
G () =~ > X <}
=1

be the empirical distribution function of the X;’s. Let us define the new empirical wavelet coefficients :
. 1 < .
B == ik(Gn(X)Y:.
i=1

And let us now consider the estimator :

J
P = 37 S Bl 18] = et b (Go(a) ©

j=—1kEZ

With again:

10%”)1/2, 9 41

n

by = (=

The difference between the two estimators is the substitution of the empirical distribution function. Notice
however that this substitution makes the computation even easier.
The only calculation steps are :

1. Sort the X;’s,

. Change the numbering in such a way that X; has rank s,

w N

. Calculate the highest level alpha-coefficients using the formula :

1 & ,
A = — w(i/m)Y;, (27 =
G n;%k(l/n) o n)

N

. Calculate the wavelet coefficients using the classical pyramidal algorithm

. Perform a thresholding algorithm giving rise to Bjk coefficients,

4]
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6. Reconstruct the estimator, using again the standard backward pyramidal algorithm, and obtain

P =SS B (G (2)

j=—1kezZ
which is a function especially easy to draw.

The aim of this paper will be to study the performances of the procedures f* and f” under conditions of
regularity which will take into account the regularity of the function f as well as the concentration properties of
the underlined design. It is interesting, at this step to notice that there is a slight difference here with the standard
setting in the fact that we set 27 ~ ¢! whereas, usually, we set 2% ~ ¢, 2, for the greatest level. This will be
commented below. It is also worthwhile to notice that for technical reasons, the results will be proved not exactly
for f, but for a procedure which is a bit less direct from the computation point of view (but still very simple):
Instead of estimating G over the whole sample, we divide the sample into 2 (independent) parts and use the first
part (for in {1,...,[n/2]}) giving rise to G'[n/Q] (x). Then we estimate the wavelet coefficients using the other
part of the data :

R 2 n R
Bir = ” Z Yk (Glny2 (Xi)Yi.
i=[n/2]+1
And let us now consider the estimator :

J
7O =30 ST ARHIBR] > wta}in Gy (@) (10)

3 Muckenhoupt weight and war ped bases
3.1 Muckenhoupt Weight

Let us first recall the following notion :

Definition 1. (Muckenhoupt weights) For 1 < p < oo, 1/p+ 1/¢q = 1, a measurable function w > 0 belongs
to the Muckenhoupt class A, if there exists 0 < C' < oo such that for any interval included in R,

<|17|/Iw(x)d9:) v (ﬁ/l.w(z)_%dz>l/q <C

For p = 1, the definition is modified in the following way : w > 0 belongs to the Muckenhoupt A; class if there
exists 0 < C' < oo such that,
w'(z) < Cw(x) a.e.
where w*(z) is the Hardy-Littlewood maximal function.
For p = oo, we set
Aso = Up>14,.

Definition 2. (Maximal function)If 5 is the set of all the intervals of R and if f is a measurable function, then
the Hardy-L ittlewood maximal function associated to f is

@)= s ([ 1f@)ds)
IeB, zel |I| I

The concept of Muckenhoupt weight has been introduced in [31] (see also [23] and[8]) and widely used
afterwards in the context of Calderon-Zygmund theory. It is easy to observe that the Muckenhoupt spaces are
increasing. Many functions belong to one of these classes. Of course, if w is bounded above and below, it belongs
to A, but w can also approach zero. For instance w(x) = |x|* belongsto A, for -1 < a <p — 1.

We see on the definition that this property somehow quantifies the way how w is closed to a uniform weight,
where the function and its inverse are evenly charging each interval. Some of the important properties of these
functional classes will be recalled in Appendix I.

In the sequel we will assume the following condition :
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(Hp) yr—w(y) = m is a Muckenhoupt weight belonging to A, ([a, b])

This will be proved to be equivalent (see Proposition 9, Appendix I) to :
There exists C, such that for all interval I C [a, b],

1 q,.\1/a 1 ~
(m/jg(x) d:c)/ SCm/Ig(m)da: 1/p+1/q=1.

Again, these conditions are obviously true when the design ¢ is uniform or uniformly bounded above and
below. More generally they obviously quantify the usual assumption that the design gives enough mass to any
interval.

3.2 Properties of the warped wavelet basis

As is shown in formula (6), our construction builds on the new "basis’ {1, (G(.)), 7 > —1, k € Z}.
Let us consider, the following L, risk :

E|f - flIE = E/ \f(x) — f(z)[Pde.

[a,b]

As is proved in [27], generally speaking (but with a mathematical sense that will be detailed later) threshold-
ing methods are working especially well in LL,,-risk, not only if one thresholds the wavelet coefficients but also
if one thresholds the coefficients associated to a "well adapted basis’ {e;, i € N}. In this context, being well
adapted precisely means the two following properties :

Shrinkage (or unconditional) property: There exists an absolute constant K such that if |6;| < |6;| for all 4,
then

1> tieill, < K|S Oleill,. (11)

Temlyakov property: There exist ¢, and C), such that for any finite set of integers F" we have :
o [ Slelr < [Tl <, [Tl 12)
ieF iEF iEF
Let us now state the following theorem, borrowed from [29]:

Letl < p < oo, we Ay, anda,; beacompactly supported wavelet. Let 7" and .S be two real measur-
able functions defined on R such that

S(T(z)) ==z, ae; T(S(x)) ==z ae. (13)
Vh > 0, measurable function, [ h(T'(z))dz = [; h(y)w(y)dy (14)

Theorem 1. Under the conditions (13) and (14), the family {1 (T'(.)), j > —1, k € Z} satisfies the properties
of shrinkage and p-Temlyakov.

Typically, these conditions are realized if we take 7'(x) = G(z), defined on ]a, b[ and if S = G~ ' is a locally
lipschitz function on ]0, 1]. It is well known then that if S is almost everywhere differentiable, then the following
change of variable formula is true ( cf [24]) :

Vh > 0, measurable function, /h(x)w(a:)dx:/h(T(y))dy
R R

where w is the Jacobian of S. i.e. w(y)
(14) is realized, with w € A,,.

= m. Then, we see that our assumption (74,,) precisely states that



3.3 Weighted Besov spaces

It is natural in this context, if we want to obtain a global rate of convergence in terms of LL,, risk, to impose
regularity conditions taking into account the fact that the design is non equispaced. This is what we are going to
express in this section. Let us define, for every measurable function

Anf(z) = f(z +h) = f(2)
Then, recursively, A? f(z) = Ay (A f)(x) and identically, for N € N, AY f(z).
Let

PN (¢, frw,p) = sup ( / AN f () Pou)du) P

|h|<t
with the usual modification for p = co. and let us define the following modified Besov space :

pN(t, f,w,p),,dt

Bupa) = {f+ ([ LBl < o)

The only difference with the usual Besov spaces is the fact that the modulus of continuity p? is calculated with
the weight w that possibly leads to a space inhomogeneity.

One of the major advantages of Besov spaces is that they can be expressed in terms of wavelet coefficients. In
fact, if w is a reasonable weight, one can show that it is still the case. The following proposition proves the direct
sense, which is the useful one in the context of this paper.

Proposition 1. For 1 < p < oo, let us suppose that w is in A, and let us put for every interval I C R

() = /Iw(x)dx

Then, if ) is a real compactly supported wavelet, such that

/’L/J(.%‘)CL‘deI?:O, k=0,..., N—-1

then for
k kE+1
F=> Biwthin, Lik= 5 ]
ik
1 (N
t, f,w, dt s
(/ (W)q?)l/q < 00 —> [Z 97593/2 Z 1851 Pw (i) YP)) 7 < 00
0 7 keZ

with the usual modification if ¢ = co

This proposition is proved in Appendix | (see Theorem 6). We will use the following corollary, which will be
necessary since we are not expanding the function in the wavelet basis but in the warped basis. Let us define :
An(G)f(z) = fF(GTHG(x) + k) — f(2).
As above, recursively, A? (G) f(x) = Ap(G)(AR(G) f)(z) and identically, for N € N, AN (G) f(z), and again,

P (t, f,G,p) = sup ( /|AN w)|Pdu) /P
|h|<t

Notice that 5V is defined with the standard uniform weight, the *spatial inhomogeneity” now lies in the definition
of A(G). Let us define the following spaces :

1 (=N
t, f,G dt
BG :{f (/ ((p (7f7 7p))q—)1/q<00.}
* o ts t
Notice that in the particular case p = ¢ = oo, it is easy to prove that :

fe B¢ < foG ' € By oo

5,00,00

The following corollary concerns the representation of spaces BS "».q In term of coefficients in the expansion
using the warped basis.



Corollary 1. Under the conditions of Proposition 1, for
£ =3 Bt (e B = (o Clo)
J.k gk
we have

(/0 (w)q@)l/q < 00 —> [Z(stgjﬂ(z |ﬁj7k|pu}([j,k))l/p)q]1/q < 00

ts t -
7 keZ
with the usual modification if ¢ = oco.

The corollary is an obvious consequence of the previous proposition applied to f o G~! just observing that
PN (t, f.G.p) = pN(t, fo G w,p).

4  Performances of the estimation procedures

4.1 Maxisets

The properties of the procedures f* or f@ will be expressed in two different ways. The first one is commonly
used: It consists in proving that we obtain minimax rates of convergence for a large variety of loss functions and
a wide class of regularity spaces (Theorem (2) and Proposition (2)).

The second way (Theorem (4) and Proposition (5)) consists in determining the maxiset of the procedures.
Let us quickly recall this notion. For a sequence of models &, = {P}',6 € ©}, where the P}*’s are probability
distributions, © is the set of parameters, we consider a sequence of estimates §,, of a quantity ¢(6), a loss function
p(gn,q(0)) and a rate of convergence «,, tending to 0.

Definition 3. We define the maxiset associated with the sequence ¢, the loss function p, the rate «,, and the
constant 7" as the following set:

Maz(qn, p an)(T) = {6 € ©, supEfip(dn, 4(6)) (@)™ < T}

This way of measuring the performances of procedures has been particularly sucessful in the nonparametric
framework (see for instance [9], [27], [33]). It has the advantage of giving less arbitrary and pessimistic compar-
isons of procedures. It also has the advantage of being very powerful at giving as subproducts the comparisons
of traditional types as quoted above; Here we will obtain the maxisets for the procedure f (theorem 4). From
this result, we deduce the rates of convergence of f* over a large amount of regularity classes by proving their
inclusions into the maxiset. We will then deduce the results for the more general procedure f© taking advantage
of the proximity of /* and f©, when n is large (theorem 2).

4.2 Properties of the procedures f* and f©:

Theorem 2. Assume that we observe the model (1), with the unknown function g satisfying the conditions (),
where p > 1, = > p are given real numbers. Let us suppose that f is bounded and let us take 0 < r < 52—, the

2s+1°!
two estimators f* and f© defined in (7), (10), have the following rates of convergence :

E|f*—fl[E < Cln/logn] ™ if feBS. ,, s>1/2 (15)
E|lf® —f|2 < Cln/logn] %if f € BS 0, s>1/2. (16)
where
sp
= 17
@ 1+ 2s (17)



Remarks and comments:

The rates of convergence obtained here for f* corresponds to the rates which were proved to be minimax in a
uniform design, up to logarithmic factors. Notice however, that we don’t observe the elbow, and the division
between a sparse and a dense zone as was the case for the uniform design. This is essentially due to the fact that
the Sobolev embeddings which are true with regular Besov spaces, no longer occur in the context of weighted
spaces.

The results on f@ are almost the same as for f* except that we need uniform conditions on the wavelet coeffi-
cients.

The limitation s > 1/2 is standard in the regression setting. Let us observe that this restriction appear in our
choice of J. In standard thresholding (standard denoising or density estimation for instance) one usually set the
highest level L so that 2© ~ n/ logn. Here we have to stop much sooner (27 ~ (n/logn)'/2). This is necessary
to obtain, in particular the exponential inequalities of Proposition 3.

We can also want to express the results in terms of "regular’ Besov spaces. This can be done if we are ready to
more restrictive assumptions on the underlined design (e.qg. its density is bounded above and below). We have the
following proposition :

Proposition 2. Assume that we observe the model (1), with the unknown function g satisfying 0 < m < g <
M < oo, forp > 1,7 > 1given real numbers, 0 <r < 3=, the two estimators f* and f© defined in (7), (10),
have the following rates of convergence :

Ellf*—fI2 < Cln/logn]™® if foG™ € Byry, s>1/2 (18)
Elfe —f|2 < Cn/logn]™ if foG ' € By, s>1/2. (19)
where
als) = a=g70 fors> o~ 20)
S Gl Vi R S 1)
1+2(s—1/m)

This proposition proves that, under the condition that ¢ is bounded above and below (case already investigated
in Stone 1982 [36]), we observe exactly the same behavior as in the regular setting with the only exception that
the regularity is stated with the function f o G~! instead of f.

The proof of theorem 2 will be given in the next section. It will be decomposed into the following items :
First we investigate the behavior of f*. The first step takes advantage of the following theorem 3 borrowed from
[27].

The aim of theorem 3 is to determine the 'maxiset’ of the thresholding method for a completely general basis. We
refer to [27] for its proof. This theorem will be applied to obtain Theorem 4, which is determining the maxiset of
the particular procedure f*. The proof of Theorem 4 is given in the first part of the next section.

The second step (proving (15)), consists then in proving that the space BSW,,. is included into the maxiset M az(q)
with ¢ properly chosen to obtain the prescribed rate of convergence (« = (p — ¢)/2). This is done in Appendix 1.

When the result is established for f*, we just need to transfer it to fe by proving that the two estimators are
reasonably close. This is done in the following section, part 3.

We need now to introduce the following notations : Let { e;x,j > —1, k € N} be a set of functions in L”(R),
v will denote the measure such that for j € N, k € Z,

{5, k)} = llesullp,

and we define the following functions spaces :

oo (1) = {f = 3 Bresne sup MUK/ 185] > A} < oo} .



Theorem 3. Letp > 1,0 < ¢ < p. Supposethat{ e;x,j > —1, k € N} satisfies the shrinkage and p-Temlyakov’s
properties (11) and (12). Suppose that ¢(n) is a sequence of real numbers tending to zero and A, is a set of pairs
(4, k) such that :

sup v{A, }e(n)? < oo. (22)

We suppose in addition that, for any pair (j, k) in A,, we have an estimator ﬁ;k, such that, the two following
inequalities hold :

E|Bjx — ik < Ce(n)?P (23)
P(|65k = Bl = re(n)/2) < Ce(m) Ac(n)’. (24)
Then, the thresholding estimator (25)
f=3" BBkl = re(n)}es, (25)
(J,k)EAR
is such that there exists C' > 0
Vn € N*, M fn = FIE < Ce(n)P=a.
if and only if,
[ € lyo(v), and,
supe(n)®? || f— > Bieill < 0.
" (k) EAR

Remarks and comments:

1. Rephrasing the theorem is saying that the maxiset of the procedure £,

Mazx(q) = {f. Ellf* — fIE (c(n) " < o0}
= lq,OO(V) ﬁ{f = Zﬁjkejk SUPC(n)quHf— Z ﬁjkeijg < OO}

(4:k)EAn
2. This theorem will be applied to obtain the following theorem 4 with

The basis satisfies the shrinkage and Temlyakov properties because of condition (7,) and the Theorem
().

3. The estimators of the coefficients will be taken to be B]’fk It will be proved in Proposition 3 (see section
5.1) that inequalities (23), (24) hold with

logn

1/2
eln) =t, = < ) and 27 ~ ¢(n)~! (26)

4. It will be proved in Appendix | (see Theorem 5) that condition (+,,) implies that v{(j, k)} = [lex |5 =
11k ||ﬁp(w) ~ 297/24(I;;,). Then the condition (22) is verified as soon as we have :

J
Z 27(P/2) Zw(ljk)c(n)p < o0 27

j=—1 k

This is obviously true as soon as w belongs to IL; and 27¢(n)? is bounded, which is the case under our
assumptions.
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Hence, as a consequence, we obtain the following theorem.

Theorem 4. Letp > 1,0 < g < p. Under the condition (#,), the maxiset of the estimator f

1ogn (q—P)/2
Maz(g) = {f, B|If* fllp( ) < o) (28)

can be expressed in the following form if v{(j, k) } = 297/2w(I;),

Maz(q) = {f Zﬂﬂ/HOG sup X'v{(j, k) 18] > A} < oo, sup| > Bikthk o G[p2! =) <oo}

= >l k

(29)

5 Proofs

In this section we will first prove Theorem 4. As a consequence of Theorem 3 and the remarks above, we only
need to prove inequalities (23) and (24). This is done in subsection 5.1. Then, we prove inequalities (15) and
(18) by inclusion, in subsection 5.2, which is very short since we rejected all technicalities about Besov classes in
the Appendix I. Subsection (5.3), is devoted to prove that f© and f* are close enough, at least under regularity
conditions on the unknown function. This will be done in two steps reflecting the fact that the difference between
f@and f*is decomposable into two parts with different level of difficulties : 1-replacing B by B, 2- replacing

G by G,/oin1(G).

5.1 Proof of Theorem 4

We begin with the following proposition :

Proposition 3. if f is bounded, there exist constants C,,, C},, and for any v > 0 there exists a constant «, with

R 1+ |fI1% ,
E(18jk — Bikl") < Cp%, for2) <n (30)
~ [logn
P(|Bjk — Bjk| > & " ) < Cpn P for k > Ko, 20 < (@)1/2 (31)

Remark : Let us observe that (35) implies (23), and choosing  large enough will obviously ensure (24).

5.1.1 Proof of the Proposition
1. Using Rosenthal inequality (see [26] p. 241), for p > 2,

Bl (GROYI | (ERyr(GX)Y?)?/2

np_l np/2 )

E(8k — Bjxl?) < C(

E[1h,x(G(X))Y [P = Elojx (G(X))(f(X) + )P < 2P7H(Eo(G(X)) f(X) P + Eltyj,x (G(X))el”)
But,

B (GO = [ 631G @Paaids < 1712 [ ;4GP gz
17115 / [y (w)[Pdu < | fI[B27"7 / [y () [Pl = [ |27 5
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Furthermore,
El;1(G(X))el” = E[¢p; 1 (G(X))[PEle[’ = Ele Ip/lwgk NIPg(x)de < C,27(271

So:
El; 1 (G(X))Y P < Cp(1 4 || f]|7)27 5~V

So:ifp>2,

p 9i(5-1) P
(L+[If125)2 n (L+11f11%)

npfl np/2 )

E(|851 — Bixl?) < Cp(
So obviously if 27 < n (and a fortiori if 27 < , /;-2) we have

~ 1 p
E(18jk — Bjkl") < Cp%)

The same is obviously true for 0 < p < 2, using Jensen inequality :

(El.x (GX)Y]H)P/2

np/2

E(|Bk — Bjxl?) <

Yic1 Yik(GX))(f(Xi) + &) — B
=G UG — E@sa( GO (X)) + = S (G

Hence
(A H@)
< P(I%ij,k@(m(f(xn ~E(4;1(G(X))f(X))] > H/QW :
- I—Z%k €l|>”/2@)

e Let us observe that conditionally to (X4, ..., X,,) = (21, ..., z,) we have

=Y UG~ NO, = S 02, (G(1)
So

PSS sl GOl > /225D

< / /exp g ZZ I::;g? Gl g(xl)..g(:z:n)dzl..dzn
klogn
< I—Zw — 1> a) +exp—grmr s

Using Hoeffding inequality (see [26] p. 241), we have, using the fact that wik(G(Xi)) are i.i.d.
variables bounded by 27||¢[|%,, and such that Ey? , (G(X;)) = 1:

2712042 2 2
|_ 27/) —1]>a) <2exp-— ||1/J||2 55 < op—20%/ Il 32)

12



if 20 < n

logn*

Hence, we can easily fix « and then « large enough in such a way that

1ogn) <on,
n

P(3 > sG] > /2

if 20 < n

logn*

e Using Bernstein inequality :

P(|% Z%‘,k(G(Xi))(f(Xi) — E(yx(G(X)) (X)) > K/QW)

2 1 2
n?(k/24/ —22)

< 2exp—
2/3(302 + Mr/2/8%)

where

M = ||JUj(GX))(F(X) = E@)e(GX)) F(X)) oo < 227200l £llo

o? = Elr(GX))(f(X) = E(h;x(G(X) F(X)? < Elh x(G(X)(f(X)* < |1 flloo-
Furthermore,

2 logn\2
2 exp— n* (k)24 =52) < 2exp_ 3k?logn
2/3(30% + Mr/2,/1%2) A flloo(3 + 22925 /2, /252
_ 3x2logn
= PO TG A

if2/ <\ /o

Hence, we find that for any -, there exists « large enough such that

PO% ij,k(G(Xi))(f(Xi) —E(;x(G(X))f(X))| > r/2 10%) <C'n7.

5.2 Proof of inequalities (15) and (18)

To prove these inequalities we only need the following proposition :

Proposition4. Forallp > 1, # > p, s > 1/2, » > p/(1 + 2s), for g such that : p — ¢ = 2sp/(1 + 2s), we
have,
BE_ . C Mazx(q).

s,

Furthermore, if 0 < m < g < M < oo,
Bs.xr C Maz(q).

This proposition is proved in Appendix II.
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5.3 Behavior of the estimator f©
5.3.1 Maxiset for an intermediate estimate

Let us consider an intermediate estimate (which will only be used for the convenience of the proof).

J
Py =Y BI85l > Ktu}vr(G(x))

j=—1kez

f’ is intermediate between f@ and f* The difference between f@ and f’ only lies into the basis system
which is (as for f* ) 1% (G(x)) for f’ whereas it is a random system for f©.

Our first concern consists in investigating the behaviour of f” by proving the following proposition, using a
technology similar to the one used for f*.

Proposition 5. Letp > 1,0 < ¢ < p. Under the condition (), the maxiset of the estimator f!

) (a—p)/2
Maa'() = {f. EIf' - I} (1%) < 00} (33)
is such that,
Maz'(q) = Max(q) (34)

The proof of this result completely mimic the proof of the result concerning f*. The only involving problem
consists in showing that we have a result similar to Proposition 3, if we replace the estimates 5* by 3°.

Proposition 6. if f is bounded, there exist constants C,, C,,, such that for any v > 0 there exists o :

(L4 [1/115)

~ @ )
E(lBje = Bixl") = Cp— 557, for2’ <mn (35)

. @ logn , n
P(|Bjk  — Bir| > ry/ 5 ) < Czl,n_"“’ for k > kg, 27 < (@)1/2 (36)

Here will appear the fact that dividing the sample in 2 sets obviously simplifies a great deal the proof. We
will mimic the proof of Proposition 3, just arguing conditionally to the first part of the sample (i.e. conditionally
to G[n/Q]).

We easily obtain :

E|95.1(Gloyo) XY P |Glya] Bl k(G (X))Y 2 |Gppyo])P /2

. @ .
El(18k = Bikl") | Gyl < C( oy + e )
1 n A logn | A
P~ Yicmarr Yik(Guya(Xo))e] > k/24| == |Glay21)
K logn 1
S/.../expf— — - g(x1)..9(xpn)dxy . .dzy,
8 o Y ¥ k(G (20))

N N A logn | 4
P(% Yimpszr Yik(Guy2) (X)) (f(Xi) = B8 (G2 (X)) (X) [Glnya))| > 5/24 % |Gny2))

3x2logn

4 lloo(3 + 2292 /2 / 152

< 2exp—

To finish the proof as above, we just need the following lemma: Let us define

ek (1) = B[t (Gl (X)) PR(X) |Glny2)] —/|¢j,k(G($))|l|h($)g($)d$

14



Lemma 1. For < 1, h uniformy bounded, if 27 < (n/logn)'/?, we have

Elejr(l)| < €27(/271 (37)

V>0, 3\ P(ejr(2)] >N <Cn™7 (38)
Proof of the lemma : Let us recall the following inequalities (see for instance the review on the subject in

Devroye Lugosi [?] section 12.) : Forany r > 0, A > 0, there exist constants C;, C5, such that:

E||Gpnyz — Glloe < Cin"/? (39)
P(||G[n/2] — Glloo > A) < Codnexp —nA?/32 (40)

The proof of the lemma consists in using these inequalities and the following bound : Let us put
Ry = ||Glnyg — Gllo
If NV is the size of the wavelet support, we have
leske(p)] < p/(2”2Hw||oo)p*1(23j/2IIw’Iloo)RnI{G(x) € [k/2" = R, (k+ N)/2' + Ru]}g(x)dz
< CPPI2R, U I{G(z) € [(k — K)/2’, (k+ N + K)/2)}g(2)dz + I{R,, > K2j}]
< CPPI2R, U Hyel(k—K)/2/,(k+ N+ K)/2|}dy + I{R,, > sz}]
< C'YPPPR, 4+ C2WHII2R R, > K277}

Then, obviously, we get :

Elejr(p)] < C'[29P/2n =12 4 91(P+2)/2y=1/277/2]
P(lgjr(2)] > A) < P(R,>C' 270Dy P(R, > K27 U+D)]
< C[n—c’zA/64+1 +n7K2/64+1]

To finish the proof of Proposition 6, we just have to replace (32), by

1 .
P(— | it/ 7k (Gpya (X)) = 1] > @)
< P(; | Z V7 (G (X /“/’Jk Gny2(@))g(@)da| > a/2) + P(lejn(2)] > @/2)
i=[n/2]+1
<Cn™7

using Hoeffding inequality for the first part, as in (32) and the lemma for the second one.

5.3.2 Evaluating the difference /@ — f’
The second part of the proof consists in evaluating the difference
f@ _ f/'

Proposition 7. Under the conditions of Theorem 2, if f € B s>1/2,

§,00,007

El|f® || < C((log n/n)sl’/g(logn)iﬂfl An~P/?)

15



The end of this subsection will be devoted to proving the proposition. Let us observe that the Proposition
proves inequality (16) since it is not difficult to verify that under the condition s > 1/2, the quantities of order
(log n/n)Sp/Q(log n)P~1 will always be negligeable compared to the rates that we are expecting, in theorem 2.
Notice also that we will need the condition B¢ as is clear in the following lemma where we will need a

§,00,00

uniform condition on the wavelet coefficients.

Lemma 2. Since g is compactly supported, if there exists s > 0, such that |3;x| < €271/ for all j >
0, k € Z, for

Aji () = k(G () — Y (G(x))
we have the following bound as soon as {;;, < 1 is random or fixed,

J
El ST Bkl < (b— a)PCPCy((logn/n)*?(logn)?~' An77/2) (41)
j=—1keZ

Proof of the lemma:
It will be useful to remark than if A
Ry = |Gz — Gl
is smaller than 1/271, we can affirm that if G(x) belongs to the support of 1, then it belongs to only a finite
number of supports of other +;;.’s and the same is true for G, /51(«). More generally, if G(x) belongs to the

support of 1), then wjk(é[n/g] (x)) may not disappear only for a number of k which is proportional to 27 R,,.
Hence, we can write :

HZ@%MMMSK%W%WQWMW% (42)
kEZ v

where K only depends on the length of support of ). Hence, using (42), and (39)

B> Y Binlinills < 0= a)E DY Bindinljll%

J<J kez J<J keZ
< (=) PV EIDY DD BiklinklZ
j<J  j<JkeZ
< Cub—a)JPh Y sup |B[P25P 2| Yl|BER,
A
< CPCy(b—a)JP? Z 97p(1=s),,—p/2
i<
< (b—a)’CPCy((logn/n)™* (log n)" =" An~"/?)
We write for

H= Y > BiI{|Bjsl > Ktn/2}Aji

J>j>—1keZ

16



Foof =S SOBRHIBN = Kty A

J>i>—1kez

= Y > BRIHIBG = Kt} A (I{|Bjk] = Ktn/2} + I{|Bj| < Ktn/2})
I>j>—1kez

— DY BBkl = Kt /2385 (I{|B5] = Kt} + I{|B5i] < Ktn}) +
J>i>—1kez

= >0 D B5 - BB = Ko} {IBjk] = Ktn/2} Ak
J>i>—1kez

+ Y D Bh = BI85 = Ktn}{IBj| < Ktn/2} Ak
J>i>—1keZ

+ YD BI85 = Ktn Y I{|Bik] < Ktn/2} A
J>i>—1kez

- Z Zﬂ]kl{|ﬂjk|>Ktn/2}I{‘ k|<Kt }) Jk+H
J>i>—1kez

= ay1+ar+as+as+H

We have :

E|f¢ — f|I5 < 5P E|| H| + Ellat||? + El|az|? + Ellas||2 + Ellaq||?] (43)

Using lemma 2, we get

E|H|% + Ellas|2 + Ellaal|; < C((logn/n)**?(logn)P~ An~r/?). (44)
Let us now investigate the terms a;.
Elaally < JP7M0—a) Y EIY (B — B 1B = Kt {|Bk] > Ktn/2} A2
J>j>—1 keZ

Notice that if j, is such that 275 ~ nT7 , we observe that for j > j, the terms in the right hand side disappear
since there is no k’s with | 3,,| > Kt,,/2. Hence, using (42) and (39) and for + = =1,

Elailp < J*7'b—a) D> EID (B — B IG5 = Ktn}I{IBk] > Ktn/2} A%

js>j>—1 keZ

< K77Mb—a) 3 EsuplBf - Gul 20 |L R
Jszjz—1

< KJPY(b—a) Z 23jp/2E[sup|Aj@k—ﬁjk|p”]1/”E[RﬁT2]1/T2
je2j>—1 ke

. J
< KT b-a) Y PR

npbPri /2 nPrz /2

Jsz2j=—1

3p/2+1/r
< Kn~ 1i+¥zs L—p

As s > 1/2 we can choose 7, such that this term is not significant either.
The term a4 is even simpler :
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Ellazlly = EI Y > (65 — B {55k = Ktu}{|Bjk] < Ktn/2}Azl7

i>—1keZ

< cgr! Z 23JP/2[Esup|ﬁjk 5Jk|P71]r1[P{sup| ﬁjk'ZKtn/Q}]%
J>i>—1

< Jrlco Z 23J10/2[ B [2j]12

> nprl/2 ny
J>i>—1

< CJP*ln%"'%_% < Cn~P/?

if we choose ~ large enough. We have used (36).

6 Appendix |: Muckhenhoupt weights, Besov spaces
6.1 Definitions

The definition of a Muckhenhoupt weight has been given in subsection 2.4. There are several equivalent definitions
which are well known (see [35]). We give here another important one together with the very helpful *doubling
property’.

Proposition 8. If I denote a bounded interval of R, and |1 its Lebesgue measure, for 1 < p < oo and ¢ such that
1/p+1/q = 1, w a non-negative locally integrable function, the following statement are equivalent :

1. weA,i.E.

(ﬁ/w)l/p(ﬁ/wfq/p)l/q < C < oo, (45)
I I

(with the obvious modification if g = 0o, p = 1.)

For any measurable function f, (%/jm) < C(ﬁ/ﬁﬂpw)l/l) (46)

(where w(I) = [;w.)

Moreover, the measure w( fA x)dx satisfies the following *doubling’ property :
If I =[a—h,a+h] and2If [a72h a + 2h] then

w(2I) < (20)Pw(1) (@7)

Proof: (46) implies easily (45) taking f = w~%/?. To prove that (45) implies (46), we apply Holder inequality to
[l = (I flw/P)(w™1/P) -

1 1 p,)1/p 1 w/Py/a 1 p)1/P 1 W)~ /P
[0 < [israieig [wmvmin <o (v [o

Applying now (46) with 27 instead of 7 and f = 1; we get (47). O

18



6.2 Muckhenhoupt weight and densities.

here we prove the following proposition :

Proposition 9. Let 1 < p < oo, let g be a density on [a, b] and G(z f s)ds be the associated repartition
function. Let us suppose that G is strictly increasing from [a, b] to [ } The foIIowmg statements are equivalent

1. m € A,([0,1]) i.e. for any I subinterval of [0, 1]

1 1 1p /q
— <
(mlgcﬁw m/‘ W/t < c

2. Forgsuchthatl/p+1/q =1, for any J subinterval of [a, b], we have
5)1ds) 1/a < O /
IJI / [J]
Proof:

Since G is strictly increasing from [a, b] to [0, 1], we have a bijection between the intervals of [a, b] and those
of [0,1]. Soif I = [a, B] C [0, 1] then [«, 5] = [G(u), G(v)]. And if then J = [u, v], we have 17(G(s)) = 1;(s),
orl;(t) = lJ(Gfl(t)). In addition, as for any non negative measurable function @ :

/[071] B(G (1)) dt = /W (5)g(s)ds

mamewli M@meh

17(t 1/1) /11 q/pdt)l/q <C
III/ 9(G=1(1) III

is obviously equivalent to

|}| ( / 11(G(s))ds) '/ ( / 1:(G(s))g(s)¥/P+1ds) /1 < ¢

1 _
s)ds) 1 < | /
IJI/ 1=

6.3 Weighted spaces, wavelets and approximation

In this section ¢ is a compactly supported scaling function of a multiresolution analysis and ) an associated
compactly supported wavelet. We fix the notations in the following way :

supp(¢) C [0, L]; supp() C [0, L].

6(&) = mo(E/2)F(9)(£/2) (48)
DE) = mi(E/2)F(9)(E/2) (49)

where ¢ denotes here the Fourier transform of g and m (&) and m; (&) are trigonometric polynomials.
As usual for k, j in Z and any function g, we put g; »(z) = 27/2g(272 — k). We put

k k+1 ~ k k+L
[ga 27 ])7 IjJC:[ga 97 ]7

So

or

Ik =

So that supp(é; x) C Ik, supp(jr) C I; 5. For a measurable function f we define:

an = [ F@E@is = [ HeTes
Pif = Zaj,k¢j,k =Py, f; Pig f —Pif=Pw, f= Zﬂj,k%‘,k
e e
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6.3.1 Linear approximationinL,(w)

The following theorem express the equivalence of the LL,,(w) norms of functions in V; or W; in terms of wavelet
coefficients. Notice however that here the weight w is appearing in the sum.

Theorem 5. Let 1 < p < oo, and suppose w belongs to A, (R), then

1. There exists C only depending on ¢, v) and w, such that :

1 )
Yol Z lajplPwln) < 2772, audinllf, ) < CZ |k [Pw (L k) (50)
C Z BikPwlie) < 27 JP/QH 2k Bj,kwj,an, »(W) < CZ |85,k Pw (51)
2.
Vi€ Z 1PifllL,) < C?lIfllL,w) (52)

Tim (I, = flu,@) = 0 (63)

3. Let0O<g<oo, and f eL,(w),
D @R f = fllL, )Y < oo = D (2722 1BjalPwlin)/P)M <00 (54
J J keZ
with the usual modification if ¢ = co
This theorem is the consequence of the following lemmas.

Lemma 3. Letw bein A, (R). Let § a be bounded function, whith supportin [0, L] and 6, 1. (z) = 27/20(27x—k).

Then for 0 < p < oo,
1Y Nkl k (@)L, @) < C220 Ik Pw( i) 7
k€EZ kEZ
and p = oo,

1> Xk k(@) @) < C2/ (SUPIAJ kl)
keZ

Proof of the lemma: The main tool of this proof is the doubling property (47) of the measure w(z)dzx.

1. p = o is obvious.

2. 1<p<oo.

As 6 is a bounded function, with support in [0, L], §; 5 in supported in ijk. Hence there exists C' < oo
such that ", |6(x — k)| < C. Hence,

> Nikbik@)P < 2P0 kP10 — k)N 10272 — k)P
keZ keZ keZ

< PPN N klP10(27 2 — K)))

keZ
/ S Nslip@)Pw(@de < CPaa2(3 PP / 0292 — ) )w(z)dz
kezZ keZ Ik
< CPY0)1o2P2 (Y Nk [Pw(Tik)
keZ

We finish the proof using the doubling property (47), since it implies :
w(fjﬁk) <cw(ljk).
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3. 0<p<1.

[IX hatistre@is < Sl [ u@pos
kEZ kEZ Tj
< D lPlIOIE 2P P (Tn)
kEZ
< cllOlB2? Y NPl
keZ
o
Lemma4. Forl <p <oo,w € A4,
(Y| [ 16;dal L) < Ol
k
(with the obvious modification if p = c0.)
The same inequality is true if we replace ¢ by .
Proof: The main tool is here property (46).
2jp/22|/f<13j,kd$|pw(fj,k) < 2jp/22([ | fllé.k|dx)Pw (LK)
k ko YAk
‘ 1 -

< (CP/? *\/ ik[Pw(x)dr w(l; Li P

< ;w(lm) |fojklPw(@)de w(ljk) |1kl

< 02l [ | S 2 loe - Pu()ds

k
< [If@Pota)ds
Using |I~j,k| ~ 277 and the doubling property (47). Of course ¢ and = can be exchanged.
o

Remarks :
1. From the two previous lemma we deduce (50) and (51).

2. Using these lemmas we deduce (52) :

1Pl = IS / F @05 0y kI )
k

IN

CQj/Q(Z|/f¢j,kd$|pw(1j,k))1/p < O fllL, )
k

3. Now, to prove (53), it is enough to prove that the family {¢x, 1, } is total in L, (w). But this is obvious
since if g € Ly(w)* = Ly(w) and [ gopw = [ g¢pjww = 0 forall k, &', j then gw = 0 a.e. 50 g =
0 w. a.e.. (Itis clear that if g € L,(w) then gw is locally Lebesgue integrable.)

<
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It remains to prove (54). But for f € L, (w),

1 Pw, fllL, @) < I1Pjs1f = fllu, ) + 1P f = fllL, @)
and

1P = FllLp@) < D I1Pwf I, )
l=j
Hence : _ _
D @I f = flly ) < 00 == [ (27| Pw, fllL, )] /? < o0
J J
We have used the following well known convolution lemma:

Lemma 5. Let (a;) ez and (b;), ez two sequence and
a x bk = Z ak_jbj.
J

then
llaxblli,zy < llalli,.@llblly, @) (55)

Moreover, using (4) we get :

(S 1w, )17 < 00 =5 (3222 |8, PeL3.) 7)) < o

J J keZ

6.4 Weighted Besov spaces and wavelet expansions

Using the notations of section 3.3, we shall prove the following theorem :

Theorem 6. Letw e 4,, 1 <p<oo
Let ¢ and ¢ be defined as above and let us suppose in addition that :

/ka(m)dm =0, k=0,1,..,,N -1
Let
Bik = / f(2)29/24p(25 2 — k)dx.
R

Then,
(/0 (w)q@)l/q < 00 —> [Z(QjSQj/Q(Z |ﬁj’k|pw([j’k))1/p)q]l/q < 00

ts t -
7 keZ

with the usual modification if ¢ = cc.
We will use the standard following lemma.

Lemma 6. The following statements are equivalent :
1. There exists § € L, (R) such that

2. There exists v € L, (R) such that
(z) = (DV7)(x)

/ackw(a:)da: =0, k=0,1,...N -1
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ma(§) = 0(¢l")

5. There exists a trigonometric polynomial /7 such that
mi(€) = (1 — exp —i&) Vin(€)
Moreover, supp(f) C [0, L], supp(y) C [0, L].

For the reader’s convenience we give a very short proof of this lemma.
Proof:

1. 1 = 2 The hypothesis is equivalent to

P(€) = (1 —exp—i&/2)N0(¢)

So
0 . A . . 1 siné/4, na
96 = (1 - exp—ig/2)"06) = (1" exp~iNE/4 5o (o) Vi)
And obviously exp —iN¢/4 %(Sigfj“)N@A(g) is the Fourier transform of an integrable function.
2. 2 < 3 This is standard using Taylor formula.
3. 2=14

G)NA(E) = D(&) = ma(¢/2)9(£/2)
implies, as |¢(0)] = 1,
ma(€) = O(¢Y)
4. 4 <= 5 This is due to the following lemma .
5. 5 = 1 we have R R R
D(€) = ma(€/2)9(€/2) = (1 — exp —i&/2)Vm(£/2)H(/2)
Lemma 7. Let m(w) be a trigonometric polynomial . The following statements are equivalent.

1.
m(w) = (1 — exp —iw) ¥ m(w)

with /7 a trigonometric polynomial.
m(w) = O(|w|") .

Proof:
1 = 2is obvious.
2 = 1: Letus put

M
m(w) = Z ay, exp tkw
k=0

If N =1, we have to find a a trigonometric polynomial >, by, exp ikw such that

M
Z ag expikw = (1 — expiw) Z by, exp tkw
k=0 k

So

M

Z ay exp thw = Z(bk — bgy1) exp ikw
k=0 kEZ
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Let us put Aby = (bx, — bxy1) = ak, So that by, = ijk a;. But, by hypothesis

M
m(0) =0= Z a;
=0

So b, = 0 for k < 0and k£ > M. We can now finish the proof using a recurrence on N.
O

The following corollary of lemma 6 is now clear :

Corollary 2. let ¢) a compactly supported wavelet satisfying one of the previous equivalent properties of lemma
6. Let f alocally integrable function, and :

Bk = / F @)y () = 2972 / F(@)$(2 — k)d.

then
By = (02 [ AN o) F)0(2u R (56)
and if DV f exists
B0 = (%27 [ DY fuy (2 - Ky (57)
Proof :
N
B = 2 [ f@pis - Rie =27 [ f@)Y (-1l - /2 k)
=0
N
= 212 / > O (=D f(u—1277710(20u — k)
=0
= (DM [ AN g f)O(2u R
One can prove simply (57) using integration by part. O

6.4.1 Proof of theorem 6
Forw € A,, using (56), (46) and(47), we have :

BialP < 2Pl / AY oo F ()| [0 — )| du)?

IN

4 [..|P 4
corz el [ ay L ppioee = plrwtu)a
w(Zj k) Ik
So
29712\, 1 [Pw (I k) < C/[ |AY G F(@) P10 0 — k) [Pw(u)du

Ij,k

and

223" 1B klPw(Iin) /P < C7 /R IAY. Gy f(w)[Pw(u)du < C7pN (27U £, w, p) (58)
keZ
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7 Appendix |1: proof of Proposition 4

We will only prove the first part. For the case where g is bounded above and below, it is enough to notice that we
are reduced to the general case with w(Z;;,) ~ 277,
Let us recall that we are going to consider the following spaces :

G _ . ! (ﬁN(t’vavﬂ—) rﬂ 1/r 00
Bw,7_{f(/0( )t) < }

S, ts

Let us recall that corollary 1 proves that under the condition (M), then, for ;, = [£ £EL]) and f =
>,k Bkt i (G), we have

feBS, , = [Z(st?j/Q(Z 1B w (I )Y < o0
J keZ
with the usual modification if r = co.
As Maz(q) is the intersection of 2 conditions, we will have to prove the inclusions of BSW,,. into the two
following sets :

Ly = {f = B oG, iu%Aqv{(J} k) 1Bkl > A} < oo} (59)
T >

Ly = {f = BrroG, sup|| > Biwhk o GIB2'P79 < oo} (60)
T 1200 5%

Let us remind that we will concentrate on the case where
v(I) = |[tbr 0 G|I% ~ 277 %w(I;y,)

and let us introduce the following besov bodies :

b5, = {f =Y BrroG, [ 2B kT w( ) YT < oo} (61)
I

j>—1 keZ

with the usual modification if » = co. Our aim is to reduce the proof of Proposition 4, to the embeddings of Besov
bodies which are quite simple as is shown just below.

7.0.2 Embeddings of the Besov bodies

Because of the fact that w is a finite weight, the following inclusions are obvious.

be e bC if0<p<m, z<s. (62)

S, T, Z,p,T

7.0.3 Condition (59)

Now, let us turn to the problem of embedding a particular body b into

s,

lg00(v) = {f =D Bt 0 Gy swp AR/ |ie] > A} < oo} .
T >
We will simplify the problem by considering the embedding into

o) ={f =) BrroG, Y |Bx|"2" w(Ix) < oo}
I jk

since, using Markov inequality, obviously I, (v) C I, o (v). Let us remark that choosing s = p/2¢ —1/2, we have
l,(v) = bgq,q.

Then we have the following proposition.
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Proposition 10. Let us define ¢ by the relation (63)

then

) (63)

if 0<r<gq, b __ <b"

S,,T $,4,49

Proof:

We will use the embeddings (62), taking p = ¢q. As we have ¢ < 7, (sincep > g <= s > 0), using (62),

we get, if moreoverr < g, :

SN G

S,™,T 5,4,9

7.0.4 Condition (60)

Using Theorem 5, we have:

I D2 Biatbia o Glp27 < 3 D Biathin 0 G2
=Lk S %
< O PPQIBlwLa) 2
>l k
Hence, if f € b condition (60) obviously holds. Hence the problem remaining to us is to check

(1—q/p),p,00’

whether S _ s included into bﬁ_q/mm. Now, if we use the embeddings (62), with p = p, and we only need

s,

to check that s > 2s/(1 4 2s) = 1 — ¢/p, with ¢ chosen as in (63), which is always true for s > 1/2. Hence, (60)
will always hold if s > 1/2, for p < .
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