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Abstract

The subject of this paper is to estimate adaptively the common probability density
of n independent, identically distributed random variables. The estimation is done
at a fixed point zg € IR, over the density functions that belong to the Sobolev class
W, (8, L). We consider the adaptive problem setup, where the regularity parameter 3
is unknown and varies in a given set B,,. A sharp adaptive estimator is obtained, and
the explicit asymptotical constant, associated to its rate of convergence is found.
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1 Introduction

Consider n independent, identically distributed random variables X1, ..., X, having com-
mon unknown probability density f : IR — [0, 00). We assume that f belongs to a Sobolev
class of densities.

For any L > 0 and 3 positive integer, we define the Sobolev class of densities W (3, L),
as the set of functions

WE.L) =1 R= e [ p=t [ (10 @) e < 12,

where f® will denote from now on the generalized derivative of order 8 of f. We may
define for an absolutely integrable function f : IR — IR its Fourier transform F(f)(z) =
I Py (y)e~™¥ dy, for any z in IR. We adopt now a more general definition of the Sobolev
class, allowing non-integer values of 5 > 1/2

W(B.L) = {f: R — [0,00) - /R f=1 /R F () @) 2 e de < 2 L?).

Let f, be an estimator of f based on the sample X, ..., X,, and z( a fixed point. The
performance of the estimator f,, at the point xg is measured by the maximal risk

Ry g(farpns) = w0 By 0,4 falwo) = f(z0)|] (L.1)
fEW(B,L)
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where F(-) is the expectation with respect to the distribution Py of X7, ..., X, when the
underlying probability density is f, ¢, g is a given sequence of positive numbers and g > 0.

The sequence ¢y, g such that the maximal risk related to (1.1) remains positive for all
estimation procedures f,, asymptotically, and finite for some explicit estimator, asymptot-
ically, is called the optimal rate of convergence for the class W (3, L). Using the argument

of optimal recovery as in Donoho and Low [10], it is easy to find that the optimal pointwise
B—1/2
rate of convergence over the Sobolev class W (3,L) is ¢, 3 = (1/n) 28 . This rate and

the estimator attaining this rate depend on the regularity 8 of the unknown density f.
Thus, it is difficult to implement such an estimator in practice. Our goal is to suggest
an adaptive estimator f, (zg) of f(z¢), zo € IR, i.e. an estimator independent of the
regularity § of f, which is optimal in an exact asymptotic sense.

To define the notion of adaptive optimality we follow the minimax framework applied to
the problem of adaptivity by Lepskii [22]. He considered the Gaussian white noise model,
rather than density estimation. In this context, he introduced the notions of adaptive rate
of convergence and rate adaptive estimator.

Adaptive rates of convergence on different functional classes for the Gaussian white
noise model were obtained by Donoho, Johnstone, Kerkyacharian and Picard [8] (who
give a detailed overview of the results in adaptive estimation), by Lepski, Mammen and
Spokoiny [26], Goldenshluger and Nemirovski [13], Juditsky [19]. Most of these results re-
late to Besov classes of functions. The last three papers use the Lepski type of adaptation.

For the same framework of the Gaussian white noise model, exact adaptive results are
available for several cases. Exact adaptivity means that not only the rate but the best
asymptotic constant associated to it is attained by the proposed adaptive estimator. The
first result of this kind in the estimation in L norm on Sobolev periodic classes belongs
to Efromovich and Pinsker [12]. For further developments see Golubev [14], [15], Golubev
and Nussbaum [17]. Then Lepskii [22], Lepski and Spokoiny [27] obtained exact adaptive
results in L, and at a fixed point, respectively, on the Holder classes with 0 < 5 < 2 (see
also Lepskii [23] and [24]). Tsybakov [29] proved exact adaptive results for the Gaussian
white noise model both in Ly, and at a fixed point, on the Sobolev classes. Lepski and
Levit [25] gave exact adaptive results in pointwise estimation over a large scale of infinitely
differentiable functions.

Similar results on the adaptive rates of convergence exist in density estimation. We
refer here to Donoho, Johnstone, Kerkyacharian and Picard [9], Kerkyacharian, Picard and
Tribouley [21] and Juditsky [19] for the general setting of Besov classes and L, norm, with
p < 00. They applied the wavelet shrinkage in order to construct the adaptive estimator.
Barron, Birgé and Massart [1], Birgé and Massart [3] propose different adaptive density
estimators constructed by the methods of penalization and prove their adaptivity in the
Ly norm. Devroye and Lugosi [7] obtained similar results for the I.; norm using an original
adaptation procedure.

The results on exact adaptive estimation of the density of i.i.d. random variables,
under the quadratic Ly risk, are due to Efromovich [11] and Golubev [16]. Efromovich
[11] considered estimation over Sobolev and more general ellipsoids of periodic densities
on [0, 1], Golubev [16] estimated a density in Sobolev classes over the real line.



In this paper, we consider the problem of exact adaptive density estimation at a fixed
point on the Sobolev classes. Note that, similarly to the results of Lepskii [22], Brown and
Low [4] concerning the pointwise estimation in Gaussian white noise model, the adaptive

B=1/2
estimation with the optimal rate ¢, 3 = (1/n) 2# is not possible and we have to nor-
malize the risk by the adaptive rate of convergence, which is logarithmically worse than
the optimal rate. In fact, the adaptive rate of convergence on a slightly modified Sobolev

class Wy, (5, L), described below, is of the order (log n/n)ﬁ2—;/2 (see Butucea [5]). The main
result of this paper is to find the constant ¢ (5, L, q, f (z¢)) multiplying this rate of con-
vergence which allows to attain the exact asymptotics of the minimax adaptive risk. We
also construct explicitly the adaptive estimator that attains this exact asymptotics. This
extends a pointwise adaptive result of Tsybakov [29] to the problem of density estimation.

2 Results

Our results concern the exact adaptive estimation, at a fixed point zg € IR, over the
Sobolev class of densities, with regularity 8 € B, for some set B,,. We introduce the
following class of Sobolev densities

Wi (B, L) ={f €W (B,L): f(x0) = pn},
where p, is a sequence of positive real numbers that satisfies

7}Lm pn = 0 and hmlnf (pnlogn) > 0. (2.1)
As we see later, by considering the truncated class of functions W, (3, L) instead of
W (8,L), we change nothing to the estimation problem if the density f remains fixed
as n — oo. Nevertheless, we need to avoid the possible case of a density f that varies with
n such that f (xg) — 0 too fast as n — oo.

An alternative possibility is to consider that our density belongs to a local Sobolev
class, where the smoothness on a neighborhood around the estimation point is quantified.
In this context only the adaptive rate of convergence is maintained by the estimation
approach described here and not the exact constant normalization.

Consider now the following maximal risk over W,, (3, L) at fixed ¢, for ¢ > 0

Ry p(frs¥np) =  sup  Ep [, %] fu(o) — flz0)| ] . (22)
FEWR(B,L)

We assume that the set B,, of regularities is a discrete set, B, = {01, ...,0n, }, where
1/2 < B1 < ...< BN, < +oo are positive integers. Moreover, we suppose that 5, > 1/2 is
fixed, while hm ﬁNn = +oo and {N,},,5; is a nondecreasing sequence of positive integers.

We define An = _ax | Bit+1 — Bi| and assume that it satisfies
1=

lim supA,, < +oo (2.3)

n—oo
together with

Ayl
im QH& = 00. (2.4)
n—oo 35 loglogn



Similarly to Lepski’s result, we may as well consider a bounded set of regularities [a, b] <
(1/2,00). This changes nothing to the adaptive rate of convergence, but the length of
the interval should appear in the constant. Our approach is, in some sense, more general
because it considers a larger union of classes without loss in the rate. In particular,
conditions (2.3) and (2.4) entail

1
e v 29
1/2
(%) log Bn, T 0 (2.6)
ﬁ ; 1/2 1
<1Ogn log = 0. (2.7)

This is proved in the beginning of Section 3.
The following definition is a modification for the density problem of the adaptive
optimality introduced by Lepskii [22] (see also Tsybakov [29]).

Definition 2.1 The sequence 1, g is an adaptive rate of convergence over the set
By, if:

1. there exists an estimator f, independent of B over By, which is called rate adaptive
estimator, such that

limsup sup Ry, g (f,¥n3) < 00, (2.8)
n—oo [BEB,

2. if there exists another sequence of positive real numbers p, g and an estimator f*
such that

limsup sup Ry, g (f,", pn,g) < 00
n—oo (BEB,

and, at some 3’ in B,, 5}"";/[ — 0, then there is another (3" in B, such that
n, n—oo

Pug | Pud”
"pn,/@’ wn,ﬁ” n—oo

Note that condition (2.8) introduces a wide class of rates. We choose between those
rates by a criterion of uniformity over the set B,,, expressed in the second part of Defini-
tion 2.1. If some other rate satisfies a condition similar to (2.8) and if this rate is faster
at some point 3’ then the loss at some other point 5” has to be infinitely greater for large
sample sizes n.

Let us denote B_ = B,, \ {fn, } and

B—1/2
c(loﬁ) % for Be B_

n

Yng = o , (2.9)
(%) e for ﬁ = 51\/”
where the constant ¢ is function of 3, L, ¢ and f (z9), ¢ = ¢(08,L,q, f (z9)) > 0 and
satisfies

0< hﬁmlnf C(ﬁ,L,q,f(l’o)) \/E < limsup C(ﬁaquvf(xO)) \/B < 0.

p—o0



Adaptivity in § over the set B, in the pointwise estimation, causes the loss of a log n-
factor within the adaptive rate with respect to the optimal rate of convergence. Such a loss
was not remarked in the setups of Ly or sup-norm risk measures. It is shown in Butucea
[5] that the adaptive rate of convergence of the maximal risk defined in (2.2) over the set
By, is ¢y 5 in (2.9) and for the rate adaptive estimator described in the next subsection.
We see in this paper that the logarithmic factor appears as soon as the set B,, has at least
two distinct values.

Let us stress the fact that we actually attain the optimal rate of convergence at the
last point of the set B,. This is mainly due to the adaptive procedure described below
which tends to overestimate the true regularity 5. This fact is explained and proved in
Section 4.2.

2.1 Exact adaptive estimation procedure

The estimation procedure contains three steps. First, we consider a preliminary estimator
fn (x0) of f(x0), as the following kernel estimator

Fo (w0) = %ZK(X;;:C) (2.10)

where K is a bounded, positive kernel, such that [ |u||K (u)|du < oo, and the bandwidth

is h, > 0. The bandwidth satisfies lim h, = 0 and lim nh, = oo, which guarantee
n—oo n—oo

that fn (zo) is a consistent estimator. This preliminary estimator does not need to be
particularly well performing, but for technical reasons in Lemma 3.2 it must not be too
slow. Hence the following conditions on the bandwidth, that are not very restrictive:

limsup h,n% < oo, (2.11)

n—oo
for some fixed 0 < ap < 1/2 and
nh?

11m 3
n— (logn)

= 0. (2.12)

We truncate this estimator at p, that tends to 0 when n — oo such that (2.1) holds and

get pn (w0) = max { fu (20) . pn |-
The second step consists in defining a family of kernel estimators, whose bandwidths
contain the preliminary estimator as follows

1

1
P () log n') g 5
= _ h B_ = ———r—F—
n,3 k‘g( n ) , where 3 € andk‘g (25(25—1)112)

1
~ 1\ 26N, .
hnﬁNn - <_> " ) if ﬁ = ﬁNn-

n

)

For 3 > 1/2, define a kernel Kz by the expressions

Ky (1) = = / exp (i) 1 /0 ¥ cosau) , (2.13)

_ = u.
2r Jr 1+ mo 14 [P



Define the kernel estimator depending on 3

fn”@ .7,'0 ZK ( )
n Tlﬁ =1 7/6

At the third step, we use a version of Lepski’s method to approximate (8 by an estimator
ﬂ and to substitute it in the expression of the kernel estimator fn 3 (xo). For any 5> 1/2,
we define

2_i |u|2/8 d 2_i 1
o 26\ 2 * Vﬁ_27r 26 2
2 (14 u”) 2 (14 u*?)

By simple calculation, we can prove that Vg, =(26-1) b%. We consider the sequence

R B-1/2
I q [ Pn(z0)logn 25
.6 = V6 2[3](25 n

and the estimator of § defined as

B = max {ﬁ € By : ﬁt,’y(xo) - ﬁl,ﬂ(‘ro)‘ < ﬁn,'w V7 € Bm v < ﬂ} .

du.

Finally, we replace 3 by B in the kernel estimator J/‘;ﬁ (o) in order to get the estimator

£ (o) = f, 5 (w0). (2.14)

This estimator will be shown to be exact adaptive i.e. to attain the adaptive rate of
convergence in our setup, up to a constant, explicitly given.

The key point in this construction is Lepski’s algorithm in the third step for the eval-
uation of the smoothness § of the underlying density, at each point zg. The same method
was employed by Tsybakov [29] in the Gaussian white noise model but for orthogonal
series estimators of the signal function. We introduce here kernel estimators which are
more suitable for density estimation and are largely used in practice. Moreover, we provide
optimal kernel (in the sense of exact adaptivity) and bandwidth expression of the adaptive
estimator.

For a simulation study of the behavior of this estimator we refer to Butucea [6]. We
have implemented the described adaptive estimator and tested it over ten different densi-
ties. We have considered a set B = {1,...,6} and L = 10. As a preliminary estimator
we used a Gaussian kernel estimator, with a rather large bandwidth. We came to the
conclusion that the adaptive estimator is particularly robust with respect to this prelimi-
nary estimator. Also, the choice of L is not of crucial importance. Choosing L adaptively
reduces to taking a finer grid on 8. The local sharp adaptive estimator behaves uniformly
well for many different densities in the described class.

Finally, a major difference with respect to the nonparametric regression or Gaussian
white noise model, as considered in Lepski and Spokoiny [27], Tsybakov [29], is the fact
that the density model is heteroscedastic. This means more precisely that the variance
of the kernel estimator is proportional to f (xg), the value of the unknown density at the
estimation point. In consequence, this value appears into our exact normalization and
optimal estimators and hence the use of a preliminary estimator of f (xg), which has to
be free of unknown values f (xo) and S.



2.2 Statement of results

Let c=c¢(B,L,q, f (x9)) be a positive constant defined by

B—1/2
1 B+1/2 T 25
¢(B,L,q, f (x0)) = bgL?? (283) 27 (%) : (2.15)
Theorem 2.2 The estimator f; (zo) defined by (2.14) is rate adaptive estimator and the
adaptive rate 1y, g associated to the constant ¢ (B, L, q, f (zo)) in (2.15) is such that

limsup sup R, g(fr,¥np) <1 (2.16)
n—oo (BeB_
and
liminf inf sup R, g(fn,¥n) > 1. (2.17)
n—o0  fn BeB_
Moreover,
limsup Ry, gy, (frs ¥n,sy, ) < 0O (2.18)
n—oo

This exact constant is obviously similar to the case of Gaussian white noise model in
Tsybakov [29]. Nevertheless, as we stressed in our introduction very few results of this
type are known in the density estimation model, which is though a main topic in the
statistical literature. Moreover, the adaptive setup in the pointwise estimation is more
interesting, by the fact that the rates are significantly different (by a logn factor) with
respect to the minimax problem where 3 is fixed and (supposed) known.

The pointwise estimation allows more flexibility than the global adaptation and, in
particular, the bandwidth and the kernel can be adjusted locally.

Our theorem states that 1, 3 and f; satisfy the exact adaptive problem on B_:

lim inf sup R, g(fn,¥ng) = lim sup R, g(fn,¢¥np) =1
n=oo fn BeB_ n—oogep.

split in two inequalities (2.16) - also called upper bound and (2.17) - known as the lower

bound. The same procedure attains the optimal rate of convergence at the last point of

the set, O, .

The proof of the upper bounds (2.16) and (2.18) is given in Section 5. The different
tools and techniques that are used here are described in Sections 3 and 4. In Section 3,
we study the preliminary estimator and give exact bounds for the bias and the variance of
the optimal kernel estimator f, 3. Section 4 contains the main tools in our proof, stated
as theorems.

On one hand, in order to bound uniform risks of the adaptive estimator both expo-
nential and uniform exponential inequalities are needed (Bernstein’s and, respectively, van
de Geer’s inequalities). An original technique is used in Theorem 4.6, where we split the
integration domain of the risk and treat each case differently. A global entropy reasoning
or chaining would not provide us the right constants. On the other hand, it is necessary
to study the estimator of § and to quantify exactly the probability that 3 is strictly less
than the true 8. We see that this event happens with exponentially small probability.

Section 6 gives a constructive proof of the lower bounds. Namely, the subexperiments
that are difficult enough and lead to the exact lower bounds are given.



3 Auxiliary results

From now on o (1) denotes any sequence that tends to 0 when n — oo, O (1) and d;,
1 =0,1,2,... are positive constants, depending eventually on fixed, positive 31, ¢ and L,
while ¢;, i = 1,2,... are absolute positive constants.

Proof of (2.5) to (2.7) We apply (2.3) and (2.4) and we pass to limits:

logn  Aylogn [, loglogn
BN, 612\% loglogn Ay, n—00

Q.

Next, for n large enough, By, log? On, < ﬂ?\,n log BN, < 612\,” loglogn and then

1/2 2 log1 1/2 2 loe'1 1/2
(ﬁNn> log By, < (ﬂNn og 0gn> - AnﬁN" oglogn .

lOg n An log n n—00

Finally, we remark that for n large enough, A%L < logn and then log A%L < loglogn. We

1/2
also have log A%L < Ain and we write log A%z < (bﬁ%) .Then

1/2 2 ool 1/2
(i) = ()

IOg n An ﬁNn An log n n—0o0

Let us remark that the kernel K3 in (2.13) has the Fourier transform

1

F(Kp)(u) = ——5
’ L+ [u
and by Plancherel formula HKBHS =5 H}"(Kg)Hg = l/g.

Lemma 3.1 There exist positive constants Kyax, kmax, Fmin, Vmax, Vmin @1d Umax depen-
ding only on fixed 31, q and L such that:

1. HKBHOO < Kmax; kmin < kﬁ < kmax and Vmin < Vg < Vmax fOT’ any 5 n Bn;

2. max su <w .
nax sup Sl < v

Proof. 1.We shall prove only the first statement, the rest being an easy consequence
of the definition of kg and v3. We have for 26; > 1:

1 du
Kyl < — 1+/ M) = K (B1) < 400

2. For 8> 1/2, f in W, (8, L) is a continuous function and

1= [ Fnwer ] < ([ Fowr (ene) w)




We finish the proof by writing for F(f) continuous that

[ 1EO@E (117 ay <4 ( /ylgl FOWE -+ |

ly|>1

which is finite.

IF) @) |y dy)

|

From now on, we suppose that [ is fixed, § € B, f belongs to the class W,, (3, L) and

«y is also in B such that 1/2 < v < 3. Let us define the nonrandom sequences

1 y—1/2
[ (o) logn '\ = ¢ (f(zo)logn =
A < n A Ty = 27k, n

Let 0, = 1/logn and let 1/2 < By < 1. Then (2.1), (2.11) and (2.12) entail:

hﬂo_l/2

n

R nOnPn) (hn5npn)2 — 0o and
logn Onpn

— 0.

We put

~ [ Bywheny=pory<f<2y
7= 7+ﬁ1+Tl/2,When2y§ﬂ '

which satisfies ¥ < 2y and v <5 < 3. We define the random event

~ F—1/2
Apry = (%) — 1| <6,

and the corresponding nonrandom set
no\T-1/2
— -1 <6, 5.
() =

Hpqny = {h :

(3.1)

The following result concerns the preliminary kernel estimator jA}l (o) in (2.10), having
the bandwidth h,, that satisfies conditions (2.11) and (2.12) and a bounded, kernel K,

such that [ |u| |K (u)|du < oco.

Lemma 3.2 If Znﬂ denotes the complementary set of A, ., then for sufficiently small,

fized o >0 :

2
Py [Any] < 2exp {—n (1~ &) Findnpn) } =o(1).

2
2[|K|l%

Proof. We use the facts that |[z* —1] < |z —1| for any 0 < @ < 1, x > 0 and

y-=1/2

|max {z, pp,} — max{y, pn}| < |z — y| for any fixed n and x,y > 0. For a =

1
i

461



and f (zg) > pp, we have

SPf[

Fu (w0) = £ (20)| 2 6]

< Py [[ o (@0) = B (@o)| + [ErFa (20) = £ (20)| 2 80

By embedding theorem 15.1 in Besov, II'in, Nikol’skii 1978, [2] we deduce that f which
belongs to W, (8, L) belongs also to W,, (fo, L) with Sy = min{f, 1}, which is included
in the Holder class H (6p — 1/2, Lg), Lo > 0. This means f verifies:

f(x) — f()| < Lo |z — g~ 12

Let us consider a kernel K such that [ |u||K (u)|du < co. Then, we have:

By (a0) ~ £ @)] < [ IK@)| @0 + buz) = f(a0)] da

< Lohf-1/2 ( / K ()] 212 do + / K (2))|] dw)
lz|<1 |z|>1
¢ (Lo, o) hPo=1/2,

with a constant ¢ (Lo, 8p) > 0. The last term of the inequality above is equal to o(d,pn)
by (3.1). We obtain, for fixed, small o > 0

Py [Ans) < Py [ | (@0) = By Fo (@0)| = (1 = @) dupa]

We apply Hoeffding’s inequality for the i.i.d. variables K ((X; — xo) /hy,), bounded by

1K ]| < o0
) EK(Xi_x())) >z]<2ep{ i }
B | <oepd o
hn 2| K2

e (5

for any z > 0, f € W, (B, L). It suffices to take z = (1 — &) hydppy, in order to get the
stated result. Moreover, n (hnd,pn)? — 0o with n, by (3.1), then the right-hand side in
the lemma is o (1). O

Denote fn~ (zo,h) = 2 >0 | K, ( : xo) the kernel estimator of f (x(), having kernel

K., and bandwidth h in the set ‘H,, . In particular, we denote f,  (20) = fn (20, hn)-
We study in the following this kernel estimator using the classical decomposition

‘fn,v (w0, h) — f (wo)| < By (h) + Zny (h) )

where B,, y (h) = |Ey fn (%0, h) — f (x0)| is the bias of the estimator f,, - (xo, h) of f (xo),
for a bandwidth h € H,, , and Z, ~ (h) = |fny (0, h) — Ef fn (20, h)| its stochastic term.

10



Lemma 3.3 For any h in H,~, f € W, (8,L) and ’y, B in By, such that 1/2 <~y < (3,
Lbﬁhﬁ 2, y=0
Lymaxhw__ v< B

(3.2) and sgw (h) = f(xo) V?// (nh). (In particular, we denote b, = by, (hny) and
Sny = Snyy (Pny)). We have

let L > 0 be some constant, buy (h) = { , where 7 is defined by

1. Bp~(h) <bny (R);

2. By [Z,Qw (h)] < snw (h) (1 +0(1)), where o(1) — 0 uniformly in v and (.

n—oo

Proof. 1) We have F (+ K, (52)) (z) = ™ F (K) (hz). Then

1 1TT
By (h) = o f(f)(w)e O [F (Ky) (hx) — 1] da
|ha|*
———-dx
N 27T/ d 1+ \hx|27
1/2
1 1 = \? W27 |ha |27 dg
L (/ O PR | [
T \JR R (1 + |hx]27>
by the Cauchy-Schwarz inequality.
a) When v = 3 we have ¥ = (§ and
1/2
LhP~2 |u
B (1) < 20 | [ | = b ().

b) When v < (3, we have 7 such that v <7 < 2y and 4y < . Then f € W, (5,L) C

Wy (5, Z), for some fixed constant L > 0, by embedding theorem of Sobolev spaces. We
get

1/2

Lh—3 w2
Bo (h) < /R %du < b (B).

2) We have Ey [Z,Qw (] < L[ %Kg (252) f (#) dz and we conclude by Bochner’s
lemma applied to continuous f and kernel K, that

[ (555) F@de < £ o I+ o (1),
g

We give rough non-random upper bounds concerning the kernel estimator ﬁw (z0)
with bandwidth A, , depending on random data X1,... , X,.

11



Lemma 3.4 For vy < 3, there exist constants dy and dyi, such that, a.s.

Fo (20) = 1 (20)] )" < 2don™

sup  sup 7% (ﬁn,,@ +
BEB feWn(B,L)

and

_ -~ q
sup sup 9 | Fos (w0) = f (w0)| < don™.

BEB feWn(B,L)

Proof. Let us bound at first the preliminary estimator J?n (3:0)’ < |IKolls /Pn- Then,

a.s.

N K. Kmax Bl A
‘fnﬂ/ (xﬂ)‘ S ||A'YH<)O S <Z)\ ( n > Y So(l)n2[131

- Kmin xo)logn

At last, for 8 in B_
1 1
V206 -1 n 2718 11
P Sy TN (S — <0(1)+/ 27 1B
B = ¢} B f(fEO) logn > O( ) BN, n 1

and the same holds for 5 = Gy, , 1/1*1 <0(1) nl/2=1/(4B1)

na/BNn

We may conclude that a.s., for any 1/2 < v < :

117 14 1 11 d
Vg oy (20) —f($0)‘ <0(Q1)+/Bn, (n2 1+ n? 461) < don™,

since Oy, = o(1). Similarly,

N - (8—1/2) o 11
Mg _ Mg (pn (wo)> R <1 - i) (P_n>2 ¥ < don®,
Unp Ynp \ f(20) 28) \ pn
O
Let us choose a convenient sequence which shall appear in the proof of the upper

bounds:
1 1 /1 1
Ty = Sny Hg <; — B) logn] + <;ij> ] , for any v < 3.

1/4

Remark that 7, 3/s, 8 = (logn/Bn,) " — oo, when n — oo.

Lemma 3.5 1. The following inequalities hold for any B € By, and f € W,, (3, L)
1
Sn,3 < \/?(BNn>1/2; Tnﬂg\/?</ﬁ]\7n>47
¢n,ﬁ q 10g n 1/%,3 q log n

logn ?T; o Ay, logn 0
Xpy——————, — 0.
n P BJQV loglogn | n—oo

2. If v < B are in B, we have

IN

q q
sup bn,’y + Tny <0 (1) (log n)q/2 n(I(ﬁfﬁ) )

fewa (L) Yng

12



2
Proof. 1. It suffices to note that U?L,g = <2€—El> @bgﬂ = %S?Lﬁ logn and use (2.4) for

the limit.
2. First, if § is in B_, we have

5k < OOV (F0riorm)

f (z0)logn

[NIES
gl

SO(ﬂM(]"(mo)#gn)

We see as well that

Ty < Sn,v\@(l + 0(1)) <O (1) <f($07)1ﬂ>

1 1
. L
by < Cohay® <O (1) (Mfﬂ) T

1
4y

(NI

and also

as ¥ <75 < 2y and kmin < ky < kmax. Moreover, f (z9)logn > p,logn > 0, then

bgl,,’y + 7_7(%

sup 7 < 0(1) (logn)?/? nq(%_ﬁ)

fewn(s)  VUn g

If B = Bn,,, the result is immediate. O

4 Exponential inequalities and applications

The key lemmas in the proof of the upper bounds are given here and the results as we
apply them in the next section are stated as theorems.

4.1 Exponential bounds

The next proposition recalls two inequalities on empirical processes. Denote the empirical
distribution associated to the i.i.d. observations X;i,..., X, of common law P by P, =

1/” Z?:l 5Xi‘
Proposition 4.1 Let us consider a class of functions K = {f, (-)/ h € H} satisfying

sup || fulloe < K and sup || fully,py < M
heH heH

for some positive K and M.
Then for all w > 0 and for fixed h € H

i pawa= | 2] <200 {

(Bernstein’s Inequality see Pollard [28]) ;
Moreover, if

) 20, M? Co M 1/2
u§m1n{8M,T} and u > %/% max{HB (IC,x),l}dx,
2

13



where Hp denotes the entropy with bracketing with respect to the Lo-norm of a class of
functions, then there exists some a < 1/2 such that

nu?
Py sup frd (Py, — P)| > u| < 8exp a3

(Van de Geer [30]).

One can prove without difficulty that there exists a positive constant do = 1/ (61 — 1/2),
such that:

Hnny C {h :

' < d25n} = H,.. (4.1)
n,y

We shall apply the previous results, successively, to two classes of measurable functions,
for observations having distribution Py, corresponding to the probability density f <
Wy, (8, L) and empirical distribution P,,. Let us take on one hand

1 - —x0
IC = {K'Y’h () = EK’Y <T> che Hnﬁ} .
Then

K K
sup ”K Al < || hﬂfHoo < hmax
n n,y

GH’)’L7’Y 7’-}/

and by Lemma 3.3

vy f (o)
sup || K ’hHLQ(Pf) < VT = SpyVN.

€Hp ~ n,y

For different hi, ho in H, , we have

1y = Bl py) = \/%Hf( 7) (h1-) = F (K5 (h2-)l,

1/2

2

_o / 177 = 03| 1yl dy

— / 2 2
2 (1 + ‘hly’%) (1 + |h2y\27)

IN

Then, we may write that the e-entropy with bracketing of the class K with respect to the
Ly (Py) norm is: Hp (K,£) < O (log 1 +logn). Thus

Co
v Jo

On the other hand, consider the following class of measurable functions

logn

M
max (H}B/Q (K, z), 1) dz < M (4.2)

n

K (hny) = {Kyn (-) = Ky, () :h € Hyy}

14



for which

o (K= Ko < s s | [ (8 = Ko,,) ) e

h€Hp ~ h€Hy,, @
/ ‘h% — hn} ‘ ly[* dy
netn V2T ) (14 |hy!27 (1 t ‘hn,vy’m>

IN

2y
< 0<l>1_(i) <0 (1) 2t
hn,ry hn,'y hn"y
and
()
Ko,—K < 1-
GSEEWH A fy,hn,wHLQ(Pf) = hggﬁ . Ny
/BN(Sn
< oL
n,y

It is easy to see, that (4.2) still holds for this class.

Lemma 4.2 For the kernel estimator fp  (xo, h), for any fived xo and for u < cis5p,+/logn
(c1 > 0, an absolute constant), there exists dp0 > 0 small enough, independent of v, such
that:

u2
Py 120 ()| 2 ) < 205 {5 (1= 5.0}

n7’y

Proof. Write Z,, , (h) = [ K, d (P, — Py) and apply Bernstein’s inequality of Propo-
sition 4.1 for K = Kax/hn and M = s, ,\/n to get

U2
P (| Zpy~ (B > ul < 2ex - ’
! 1 Zn (hnn)l ] p { 28%,7 (1 + 2UKmaX/V’%f (370))

We remark that for u < ¢is,4v/logn (c1 > 0) we have

2uK max < 2¢1 Kaxy/logn

2Fe0) S o)y
< o (M) T —oq)

n

and thus we can find a 6,9 > 0 small enough, such that

(1 N QgKmaX> < 1
vif (wo) 1—dno
which we can replace in the exponential inequality above in order to get the stated lemma.
O

15



Lemma 4.3 For u, such that 7, y < u < c15,4+/logn, there exist a constant d3 > 0 and
On1 > 0 sufficiently small, independent of v, such that

901 2
< d3exp{_M(1 _5n0)},

Py
253W

sup | Zn (h)| = u
hEH, -

for n large enough, where 0,9 is the sequence in Lemma 4.2.

Proof. Let us consider the sequence 6,1 = BN, 0n+/OnN,, logn T 0. We have

Py

sw\zww>z4 < P Zuy (ha)| = w (1= 6,0)]
hEHn,'\/

+Py
hGHn,'y

sup |Z7w (h) — Zny (hnn)’ > U5n1] .

We apply Lemma 4.2 to the first term on the right-hand side of the previous inequality.
We see that u (1 — 0p1) < u < ¢15,,4v/logn and thus there exist a sufficiently small 6,0 > 0
such that:

u? (1 =6, 2
Pr (| Zny (hiay)| = w (1 = dp1)] < 2exp {(2521) (1- 5n0)} .
n7’y

For the second term we first see that
Zo (1) = Zo (o) = [ (Ko = Ko, ) d (B = Py).

Then we apply Van de Geer’s inequality from Proposition 4.1, where K = 8y, 0, /hn ~ and

M = BNn(sn/\/ hn,"/
(udn1)?

P | sup |Zp~(h) = Zny (hny)| 2 u6n1] < 8exp {—anhnﬂi}

he€Hn (ﬁNn(sn)z

for all u in [Tn7,y, c15n,V10g n] Indeed, min {SM, %} =0 (1) BN, on,

M
Co max {ng/2 (K, z), 1} dx < 0O(1) B, 0n Vlogn

% 0 vV nhn,'y

and

e BN, On
[Tn,vénlacl(snlsn,w 10gn:| - [\/Zh—n,»y lognyﬂNnén]7

for n large enough. By summing the two terms again, we get

2
sup |Znﬁ(h)|2u] < 2exp{—M(1—5n0)}

2
heHn 23”77

2
+8exp { —anhnvv% }
N, 9n

< 8(1+0(1))exp{—M(1 —5n0)}.

Py

p)
255,

16



Theorem 4.4 We have

sup sup Py
BEBn fEWR(B,L)

sup |Zn”3(h)|27n”3] — 0.
hEHn’ﬁ n—oo

Proof. Let us apply the Lemma 4.3, for v = 3, u = 7, 3 and 6,2 — 0 such that
n—oo
(1 - 5n1)2 (1 - 6710) =1- 571,2

7_2
Pi| sup |Zng ()| > Tp| < dzexp{ —=%2 (1—6,)
hGHnﬁ 28n,ﬁ

we{ -3 (7))

and this sequence tends to 0, by Lemma 3.5, uniformly in f € W, (8,L) and § € B,,. O

IN

Lemma 4.5 Let cog > 0 be a constant such that co > c15,,v/10gn. For n large enough
and c18p4v/1ogn < u < co, we have that

Py

2
sup |Zn (h)] > u| < 8exp {—ag—} .
heHy - Snyy

Proof. Let us note that Z,, (h) = [ K, d(P, — Pf) and apply Van de Geer’s in-
equality of Proposition 4.1, for K = Kyax/hn~ and M = s, 41/n. Indeed,

20 M? 20, M?
i M = <
min {8 TR } I < cy
for ¢ large enough, and
Co M M1
\/—% ; max {H]13/2 (K,x), 1} dr < C’o% < c15n,4 4/ logn.

The hypothesis are verified, then

Py

nu? u?
sup | Zny (h)| > u] < 8exp {—am} < 8exp {—as2—}.

€Hp n,y

Theorem 4.6 We have

sup iﬂ sup 1/1;‘1 Ey
ven. Bn few.(s1)
¥<B

q
(o o) 1 2] o
hEH, - heHn - 00

uniformly in B € By. In particular, when v = (3, we have

q
< sup ’Zn,ﬂ (h)|) I( Sup |Znﬂ ()| > Tnﬂ)] — 0,

sup w;%Ef
€n GH,’MB

FEWn(B,L)

uniformly in B € B,,.

17



Proof. Let us write the expectation as follows:

q
< SUp | Zn,y (h)l) 1 < Sup. [ Zny (h)| 27’%7)]
h€Hp he€Hn
c3/hn,~

n,y

Ey

sup |Zn (h)] > u] du?.
heHn,'y

Indeed, we can bound sup |Z,~ (k)| < c3/hy, for some c3 > 0 and it is useless to inte-
hGHn,’y

grate further on. We split the integration domain into three intervals: I = [Tnﬁ, c15n,4V/10g n] ,
1I = [cls,w\/log n, CQ] and II1 = [cz, c3/hy 5], which are non-empty for n large enough.
Let us apply Lemma 4.3 on the interval I and get

7
I

2
sup |Zny (h)] > u| du? < ds /exp {— u2 (1-— 5n2)} duf
h€Hp ~ I 2Sn,’y

IA

Sn7’y

O (1) s . exp —2—2’7 (1 —=3p2) ¢ -

Now

B 5%,7 q /(1 1 logn
@bn,%/l < O(l)TﬂeXp{— <1 (;—B>10gn+ ﬁNn>(1_6n2)}

On the second interval 11, we write

/ Pi | sup |Zpy(h)] > u|du? < / P; | sup |Zn (h)] > c15pyV/logn| du?
11 h€Hn 11 h€Hp
< APp| sup |Zn (h)] > c18n/10g n]
h€Hp,

< 8clexp{—acilogn}

by Lemma 4.5 and

O()n 315 exp {— ac? log n}

{1+ 5)
o

logn logn(ac% g)}zo(l)

<
S
R
s\
~
IA

IN

IN

18



by choosing ¢; sufficiently large. Similarly,

o™
117

sup |Zn (h)| > u] du? < /HI Py

sup |Zn (h)| > 02] duf

h€Hp h€Hn
q 2
< K;nax8exp {—a%}
S”:’Y Sn,'y
o1 L
< q( )exp{—O(l)nl 251}.
Sn,y
Now,
_ _49._ 49 1—-L
vt [ < o B Eep{—omn )
T JIIT
L 1
< O(1)exp {—O (1) n' " 4 q (1 — —) logn} =o0(l).
20N,
To finish the proof it suffices to remember relations (2.5) to (2.7) and see that the three
sequences do not depend on f in W, (4, L), nor on v and 3 in B,,. O

4.2 Probability of undershooting
We want to bound here the probability that the estimated value 8 is strictly less than
the true value (3 i.e. Py [B = 7} for ~ in (1/2, ) for the worst density in W, (3, L) and

uniformly in § over B,. We show in fact that B typically overestimates the true value g
and that the undershooting is a rare event.

Lemma 4.1 Let us choose the sequence 6,3 = exp {—% . ng"} which tends to 0, by

condition (2.4). Then for any o, v two elements of the set B_ such that vy < v < 3, we
have for vy = min{a € By, :a >}, v <y < [ and

bn:’YO — 0 bnv’YI — 0 677'38”’70

.
) b
5n377n770 n—00 5n377n,’y() n—00 Snqyy M

Ay
Proof. We see that for v9 < 1 in B_ : hyp~o/hny < O(1) (logn/n)?~y < o(1) by
Lemma (3.5). We write

o 0} 5o

5113777%’70 qlogn 5n33n,'yo On3
1A,logn (o — ) logn
< O(1)+/ — — .
- ( ) ﬁN P { 8 18]2V 26]\[

By definition of 7, see (3.2), 7o — o > min {ﬂ -, %} > min {An, %} > (0. Then

bn Y0 { logn < . { 1 } An IOg ﬁN /gN ) }
——<O[1)expy ———— [min{ A,, = p — —
O0n3Mnqo (1) exp 20N 2 48N 2 logn

19



which is an o (1). It is easy to see now, that

~, 1
b _ 27 Cbhzf'nz) <0(1) VBN [P
0n3Mnvo qlogn 6n3sn~y On3 Py

Ayl 1
B )
N

which tends to 0, for 7; defined as in (3.2).
We conclude with the third limit, using also Lemma (3.5)

On3Ss v h (1 _ 1
Indonao Spz—2 | L > O(5n3)n4<vo 71)
Snm Vyy \| Pnmg

ZO(l)exp{;AﬂIOgn}
N

—  OQ.
n— 00

|

Lemma 4.2 Let v, B in Bn,, v < (8. Then, for the estimator ﬁ of B, there exists a
constant dg > 0 such that:

A BN o
sup sup Py |B=7| <dsy~—n .
BEBN,, fEWR(B,L) An

Proof. By the definition of 3, when the event {B = 7} occurs, then for v =
min {«a € By, : a > v}, there exists at least one v, 7o < 71 < 3, for which

Faon (20) = Facia@0)| >

Then

Prlp=n]= X B

Fans @0) = Fucro(@0)| > ]

< cardB_ - sup Py {

Yo<vy
YoEB_

Fains (20) = Fana (0)| > o

- sup (p1+p2),

Yo<vy
YoEB-

where
P = Py [{|Faon (20) = Fao @0)| > o } 1 {Anrg N An}]
p2 = Py H ﬁ%,’n (w0) — J/C;L,’Yo (330)‘ > ﬁnﬁo} N {Znﬂo U Zn»’ﬂ }} :

In the case where the event A, -, holds, we have that

0 Y0—1/2
Mo = Mo (hn,’yo> > Ny (1= 6n)
,70

20



and we may replace:

pL< Py | sup |funy(h) = fl+ sup [faqo(h) = fI > 1nye (1= 6n)

€ m,Y1 € 70

Let us write that

SUp [ fnyi (B) = fl 4+ sup [ foqe(h) = £

hEHn +, heHn g
< sup (Bugy (h) +[Zngyy (D)) + sup  (Bnyyg (B) + [ Zn s (R)))
h€Hn v, h€Hn ~qg
< (b tbnpyg) (L4+0n) + sup  |Znqy (R)|+ sup  [Zyq (B)] .
€ 71 € ;70

By Lemma 4.1, (bn, + bnyqo) (14 60n) < ds5onsinn, (1 — 0p), for some ds > 0 and for n
large enough. Then, we replace

P1 < Pf sup ‘Zn,“ﬂ (h)| + sup ’Zn,’yo (h)‘ > Mn,vo (1 - 511) (1 - d55n3)]
hEHn hEHo g
< Pp| sup |Znn ()] 2 0oy (1—30n) (1 - 2d55n3)]
hEHn,WD
hEHn,wl

For the first term on the right-hand side we apply Lemma 4.3, for

Tnao < Mo (1= 6n) (1 = 2d5003) < €15n,40v/10g0

(that holds for ¢; large enough) and by the choice of d,3 we get

Pr | osup  |Znqg (B)] = Mo (1 —05) (1 — 2d55n3)]
h€Hp ~,
1 _a
< dszexp {—q el (1- 0(1)5n3)} < dgn 1.
40

For the second term, 7, ., < 1/%snm\/logn < d50n3Mn, (1 — 6r) < c2 and we apply
Lemma 4.5 for 9 < v as follows

Py
heHn,'yl

1 5 2
< 8expl —a ogn <M> (1—6,)°
’Y 3”/71

and by the third statement of Lemma 4.1 this exponential is infinitely small with respect

to n_&. That allows us to conclude that

p<O(l)n 1.
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We finish the proof of the lemma by using Lemma 3.2

n((1—a) hn&npn)Q
2| Koll2, ’

p2 < Pf [ano] + Pf [ZTL,’YI] < 4exp {_

which is o (1) n i by (3.1). O
Theorem 4.3 We have the following convergence
145.)9pe q .
sup cardB_ sup (L+9n) by + Ty sup Py [5 = fy] — 0.

q
BEBN,, yEB_ n,B FEWR(B,L) o
¥<B

Proof. Let us use Lemma 4.2 and, respectively, Lemma 3.5, for v < 8

qp4 q qp4 q
(1 + (Sn) ([;n,'y + Tny sup Pf [,@ _ /y} < d, (1 + 511) S'I’L,"/ + Tny ﬁln—%
s JEW(5.L) Vg Bn

<0 (1) (log n)?? (3 5) Z—N"_

n

We also have card B_ < % and then

(1+6,)7 0% 5+ 7 5% (log n)q/2 n_%

cardB_ sup 7 sup Pr [ﬁ = 7} <0(1) 5 oN
vEB_ n,B FEWA(B,L) AZ
v<B

which is a o (1), by means of relations (2.5) to (2.7). This expression is also independent
of B in B and then the convergence is uniform. |

5 Upper bound

Let us prove (2.16) and (2.18) by successive decomposition of the risk and using the tools
developed above. Denote R, 3 = R, g (fr,¥n). In order to bound from above this
expression, we consider the two possibilities when the estimated value B is greater or less
than the true, unknown value of 3. So we write:

Rn’ﬁ S szﬁ + Rgvﬁ’
where

Rip= s ¥4Es [Ifie0) = Sl (52 5)].

RBos= swp 4B [|fix0) - fwo)l’1 (3 < 5)].

T feWn(BL)
Thus, the proof of (2.16) consists of the following parts:

limsup sup RZ@ <1 (5.1)
n—oo [BeEB_

and

limsup sup R, ;= 0. (5.2)
n—oo BeB_

22



5.1 Proof of (5.1)

Under the assumption 3 > 3, we have ‘]/”;b B(Q?(}) — ﬁlﬁ(mo)’ < 8, by the definition of

the estimator B Therefore

Faslao) = f@o)| |,

Rfy < sup 6 9E s+
feWn(8,L)

where fn’g(:co) is the kernel estimator with kernel Kz and random bandwidth /}Znﬂ.
We shall split again this upper bound, by integrating separately over A, 3 and A, 3
(the complementary event of A,, 3), respectively. Then

Rf 3 <RY;(Anp) + R} 5 (Ang),
where

Rigp(ng) = s 65y [ (Mo + |Faslen) = 1)) 1 (Ans)]

_ _ . ~ q
Ry s (Ang) = sup 4, GEf [(Wn,ﬁ + ‘fn,ﬁ(fUO) - f(l”o)D I (An,,a)]
FeEWR(B,L)
We shall prove that
limsup sup R;:B (App) <1 (5.3)
n—oo BeB_
and that
limsup sup R;ﬂ (Anpg) =0. (5.4)
n—oo feB_

Proof of (5.3)
We are in the case where the event A,, g holds. Then

Tn,g + fn,ﬁ(ﬂﬁo) — f(zo)| < sup

o\ 512
. (—) U (o, by K 5) — f (1?0)|]

h€H,, 3 hn,ﬁ
B—1/2
<  sup |Mngp (h ) +bng (h) +|Znp (h)|]
hEHnﬂ n,B

< Ypp(l4+0,)+ sup |Z,p(h)|.
heHn,B
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because H,, 3 2 H, 3 by relation (4.1) and 7, g + by 3 = 9n 3. Then

Riyﬂ (An’ﬁ)
q
< sup By [(140,)+¢, p sup |Zng (h)|]
fewn(B,L) heH, g
q
< sup (1 + 0 + w,:,lng,B>
FEWL(B,L) ’

+2071 (1 +6,) sup Py

sup |Zng(h)| > Tnﬁ]

fEWR(B,L) heH, g
q
+2771 sup U, 5Es (sup |Znﬁ(h)|> I( sup |Zn75(h)|27n75> .
fEWR(B,L) heH, 3 heHy g

For the first term on the right-hand side we apply Lemma 3.5 and this term is 1 4+ o (1),
uniformly in 8 over B_. The last two terms on the right-hand side tend to zero uniformly
in B over B_, as we see from Theorem 4.4 and the particular case of Theorem 4.6. This
proves statement (5.3).

Proof of (5.4)

We give direct upper bounds by Lemma 3.4 and then apply Lemma 3.2

R (Ang) < swp 4 (Aug+
FEWR(B,L)

ﬁz,ﬁ(fﬂo)—f(xo)‘)q sup Py [Ap 5]

feEWn(B,L)
n (hn(;npn)Z }
2 || K2,

IN

4don™ exp {—
This bound is exponentially small uniformly in # over B_ by (3.1), then (5.4) holds.

5.2 Proof of (5.2)
As {B < B} c U {B = ’y}, we may write:

YEB_
v<B

Rog< D swp 4 4B
’YEB— feWn(ﬁ’L)
7<B

< cardBy,, sup sup w;%Ef [
~eB_ fEWn(B,L)

Faowo) = ()| 1 (B =7)]

Faolwo) = f@o)| 1 (B =1)]

v<B
BN
< == sup R}
A, ~EB_ A
<8

where

RZ,B = sup w;%Ef [
fEWR(B,L)

Fanl@o) = f@o)| 1 (8=7)].
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Similarly to the proof of (5.3) we integrate over A, and A, ,, respectively. We obtain

RZ,,& < RZ”@ (Any) + RZ,g (Ann) s

with
=, 30t !4 (3=} 00 )
R} 5 (Any) = fe‘il&’m U, 5Es [ Fry (@) — f(ﬂﬁo)‘qf (5 = ’7) I (Zn,'y)] :

Therefore, R 5 < ﬁAL: . sup (RZL’ﬁ (Apy) + R;’Lﬁ (Znﬂ)) We shall prove that

yEB_
<8
: BN, U _
limsup sup sup R, 5(Any) | =0 (5.5)
n—oo geB- | Bnep
v<B
and that
limsup su b, sup R 5 (Any) | =0 (5.6)
p sup p R} 5(Any) | =0. :

n—oo geB_ | An jep
v<B

Proof of (5.5)
The event A,,  is supposed to hold and we write directly that

fn,v(wo)*f(mo)‘ﬁ sup | fn (20, h, Ky) — f (20)| < sup (bny (h) +[Zn (B)]) -
hEHn heHn

We use this bound in the expression of A, , and again relation (4.1)

R} 5(Ans)
q
< sup @Z);%Ef <bn,7 (1+06,)+ sup |Z,y (h)|) I (ﬁ = 7)]
FEW(B,L) heHy
br, A
< 27 (1+8)! swp (ot Pr[B=1]
FeEWn(8,2) \ Yn g
q
+2971 sup @ZJ;%Ef ( sup | Zn (h)|> I(Bzfy)]
FEWn(B,L) heHyp -
b (1+6,)7 + 7 5
< 2971 gup o (L4 0n)" + s sup Py [5 = ,y}

q
FEWA(B.L) (CA FEWA(B.L)

q
( Sup | Zn (h)|> I( Sup | Zn (h)] 27’%7)] :
h€Hy he€Hn

Then, we have to apply Theorems 4.3 and 4.6. Thus, both terms on the right-hand side
tend to 0, when we multiply by cardB,, and we take their supremum over v < 3, uniformly
over $ € B_. This finishes the proof of (5.5).

+271 sup ) LE,
fewn(8,L)
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Proof of (5.6)
We apply again Lemma 3.4 together with Lemma 3.2 which allow us to conclude that

R} 5(Any) < sup ¥, % | Fany(@o) = f(z0) |1 sup Py [An]
FEWR(B,L) fEWR(B,L)

n(hnénpn)2}
2K,

IN

4don™ exp {—

Since those bounds are exponentially small by (3.1) and depend neither on -, nor on /3,
we have

BN, —
sup |~ - supR) 5 (Any) | =0(1).
BeB " ~eB ’
v<B

5.3 Proof of (2.18)

For the case 8 = B, = On, we have very similarly to (5.1):

Ry g (Fitns) = sup ity By |If (wo) = f (o)l 1 (B = o)

FEWR(B,L)
= sup .G Erlfapsy (x0) = f (20)|]
fewn(B,L)
b . +c(q)s?
< sup n,B8N q( ) n,BN < o0,
FEWn(B,L) VB

by Lemma 3.3. Similarly to (5.2),

Ryg b)) = sup % By |Ify (o) = f (w0)|1 (B < v ) |

fEWR(B,L)

BN
<~ sup R’ <o(l).
ATI’YGB7 nvﬂN ( )

Indeed, the proof goes exactly like in the case § € B_, for § = Gy and v € B_.
The proof of the upper bounds is now completed. O
6 Lower bound

The proof of the inequality (2.17) will now be given. In order to bound from below the
minimax risk R, g(fn,%¥n,g) in (2.2), it suffices to bound it over a suitably chosen subset
of probability densities in W, (3, L).

6.1 Introduction

Let f be a positive probability density on IR, infinitely continuously differentiable. For

B in By, , we denote Hf(ﬁ)H; = 5 [p(F(f) (2))? |2|*” dz. Let us consider the extreme
values: 1 and Sy_1 = [, —1 (the last element of the set B_) and let f be such that both
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Hf(ﬁl)H2 < L and Hf(ﬂN—l)H2 < L hold, for each n. Let 6 € (0,1/2) be a small constant

and define
1 1
4\ Aiti/2 d\ Piti/2
fn,o (fﬂ) = <§> f (ﬂU <§> ) )

such that fy, o (z0) > pn.

Lemma 6.1 Define Kj(z) = 1/51 (26 — 1)ﬁ Kpg ((Qﬁ - 1)% 1:) ;where Kpg is given by

2.13). Th HK K*(ﬁ)H —1 and
(2.13) en || Kj 5 |y an

=1,
2

_281
Kj3(0) =b(28)(28—-1) %
Indeed, it suffices to recall that || Kg||, = vg and that I/g =(26-1) b[%. We can modify

the function K; in order to get the compact supported function K 3 having the following
properties.

Lemma 6.2 (Tsybakov[29]) For any fired § € (0,%) and 3 > L there exists a number

D =D (3,0) > 0 and an integrable function I?g supported on (—D, D) such that Hf(g”z <
1-6/2, Hf(gﬂ)HQ <1-6/2 and (1-8) K5(0) < K3 (0) < K3 (0).

By this lemma, we get an integrable kernel, K 3, € W (B1,1), satisfying the same condi-
tions. Let

~3-1 =~ T — Zg
Inp (%) = Lhn,l/@12 - Ky ( =~ > )
hnz/al

n

where Enﬁl = %/31 <7f”’0(xo)'l°gn> 7 and Egl = (ﬁ) ﬁ.
Denote €, 3, = [ 9n,8, (x) dz which is finite by the previous lemma. Consider
fna(x) = fno(x)(1 = enp) + gnp ().
Lemma 6.3 Let f,0, gnp, and ey, be defined as above. Then, fno € Wy (Bn-1,L) and
fag € Wy (61,L), enp, =0 <E§1;1%) and (1 = 0) Yn.p, < gnpy (20) < Ynp,-

Proof. We can easily prove that f, o is also a positive density function, infinitely
continuously differentiable on IR. Moreover,

J#], =2

Consequently, f, o€ Wy, (61, L%) and obviously f,0 € Wy, (By-1, L), too.
We can see that

(B1) <L_5
! 2= 2

o f(ﬁl)

Enp = Lhnfﬁlz /JR Kg, (z)dx = O (hnjﬁf)
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g1~
and that g, g, (o) = LhilﬁIZKgl (0). Remark that ¢, g, = Lhﬁ1 QKﬁl (0) and by Lemma
6.3

(1 - 5) wn 51 < 9n,B1 (.’170) < ¢nﬁ1'

Remark also that Hg A1) ‘ =1L HK AUl < L(1- 2).

It is easy to prove that fn1isa densfcy function, positive for n large enough and that

I (x0) > pn (1 — 5717/31) + 9n,6: (w0) > pn

since gn 3, (€0) > pnen,p,, for n large enough. Moreover,

10, = @=eas) [£52)]], + (o8],
) )
<L-+4+L(1—-=)=L.
<IS+ ( 2)
Then fn,1 S Wn (,31, L). O

6.2 Proof of the lower bound

For chosen f, 0 € Wy, (Bn-1,L) and f,1 € W, (01, L) as in the previous section, we have

inf supR,, g(fn, ¥np) > inf  max An, n
Jn Beg B(f Vo) Fn BE{B1,8N 1} B pfn )
> iJI?lf max {Efn,ow;qﬁlv_l' ] ﬁl(xo) — fno(z0) 7],

B[ | Falwo) = faa(eo) 11}

Let us denote:

_ -~ w ’
T, = d}n,}il' | fn(iUO) — fn,o(ZEO) | and ¢, = "—51
wnﬁNq
BN_1—P1
Remark that ¢, > a <10gn) BIPN 4 oo, when n — oo, Then, we may write

fn,l(x0> - fn,O(fL'O) q}
wn,ﬁl

> ijrﬂlfm&x {Eo|gnTn|?, Ex | T, — 61]7}, (6.1)

inf supR,, ﬁ(fn, Yng) > 1nf max {Eo lgnTn|?, By | Ty, —

fn BEB

with the notation Ey = Ey, ,, E1 = Ey, | (with the associated probability laws Py and
Pp) and 61 = (gn,,(0) — €n,8, - fn,0(x0)) /tn,p,- Let us denote R,, (T}, 61) the right-hand
side term in (6.1), where i%lf denotes the infimum over all random functions 75,.

n

Following the proof in Theorem 6, Tsybakov[29] we state here a similar result.
Lemma 6.4 Let the numbers q,, ¢ >0,7>0,0<0 <3 L be fized, let 61 be a real number
such that |01| > 1 — 2§ and let Py, P, be such that Py [dPO > 7'] >1—46. Then

(1—26) 72 (26)7 (1 —26)*
(1—28)7 + 7¢ (26)1
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Proof. Remark that

_ | n,p (:UO) €n,B ° fn,O(-TO) 9n, B (370) €n,By fn,o(fﬁo)
101] = - > - .
d}n,& ¢n7ﬂ1 ¢nﬂl d}n,&
gn, 51 (%0) €n, By " frn,0(z0)

By Lemma 6.3, 1 — 6 <

o | < 1. By the definition of ¢, g, T, <

€n,8; "fn,0(20)
¢",ﬁ1

< 6, for sufficiently large

0 (ﬁn’m) = 0(1) which allows us to consider
n. Then |61 > 1 — 26.

Let B = {|T,,| > 26(1 —26)}. For § < 1, the event {|Tn — 01| > (1— 25)2} contains
B and we deduce that

P [|Tn 0> (1 25)2] > P [B].
Then:

Ry (T, 01) > inf max {qg (26)4 (1 — 26)7 - Py [B], (1 — 26)% - P, [B] } . (6.3)

n

Moreover, let A = {% > T} and suppose for the moment that

P[A]>1-6 (6.4)

for arbitrary small § € (0, %), and 7 > 0. Then

dPy

Py [B] = E [dpl

I(B)] >71P [ANB] > 7 (P [B]—9)
and we use this to bound from below the right hand expression in (6.3) to get

Ry (T, 01) = inf max {(qn25 (1—6))07 (P [B] - 6),(1—26)% P, [B] }

n

> inf max {(qn25 (1= )97 (t—d),(1—25)%(1 - t)}

T 0<t<1
(1—6) 7q% (26)7 (1 — 26)*
- (1 —26)7+ 1 (20)1

O
Let us prove that (6.4) holds for n large enough, 7 > 0. We write
H fn O Z -
fn 1
Z 1 lo og fn 0 ( ) > 10g T
2 logn ® fua (X)) = Viogn
Consider the random variables Z,, ; = \/—1 g 0 ( X;),fori=1,... ,n,n > 1, which are

independent and identically distributed varlables Wlthin each series. Let Vi [Z, ;] be the
variance with respect to the distribution of Xi,..., X, when the underlying probability
density is f,1 and let Uy, ; = (Z,i — E1 [Zn4]) [on.
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Lemma 6.5 We have, for arbitrary small § € (0, %)

3} ~0.

Proof. 1. Let us recall that there exists a fixed ag (0) € (0, 1) such that

3. B [\Um\?’] < +00 and lim iEl [yU i

for any 0 < x < ag (0). Then

As e, — 0 and supgy, g,/ fn1 (£) — 0 when n — oo, we may suppose without loss of

x
generality that they are smaller than ag (9) and apply the inequality (6.5). Then, for n
large enough,

ZE >—1 <1+6> B giﬁl (x) dx
1 nz = logn fnl
1 qfn,0 (x0) \/logn T — X dr
25 (1+3) T / ﬁl( Ml)fm()
logn(1+2) L& a+ o)

logn<1—%2)24% 1+0(1)),

l\D

where we used Lemma 6.2, Bochner’s lemma and the fact that f,, o/ fn1(20) = 0(1) and
becomes less than 1+ §/2 when n is large enough.
2. For the variance, we have similarly

on < o8 [108}2 <1 - g;—ﬁl (X1)>}

n,1l
2 4
S dr+ -1+ = —— (x)dx
( fnl ( ) 2 2 fn,l ( )
§\? q =~ |2
”5) g—ngKﬂl )

g( |
(1)

2—ﬂ1.
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for n large enough.
3. By similar considerations, we get:

2
Ey {log2 <1 - 9;_511 (Xﬂ)} > 9;511 (z) dw

1 ~
an (12 9) 4R,
n 2 2ﬁ1

v

2
2

and

IN

2
[El log (1 — Inb (Xl)ﬂ
fn,l

2

1 0 9721 8

— — 1+ ]t 3
( gnﬂl 2 ( + 2) fn,l (x) dx)

1
—o(1) 282,

n

. s 2 ~ 2
From those two last inequalities, we conclude that o2 > (1 — g) ﬁ Kpg, ) for n large

n
enough. Then there exists liminf Y V4 [Z,;] = 02 > 0, for § € (0,1/2).Then

n—oo ;7|

0 (1) °

)3/2 B

Ey “Umﬂ <

_ By
log <1 o (XZ))

(logn

Let us note that

3 3
Er | [log <1—M(Xi)> <0(1) %(lﬂ)dm
fn,l n,l1
1 P
~33, _ ~ T — X T
<0 (1)h¥) 1/2~—/ Ky | %
51 hn,ﬂl B1 hnﬂl fil (l‘)
! 3ﬁ12;1/2
<0(1) < Oi” b= o).
Thus
n LN /1 Bl
B ||U.ll <00 ) T =0q1).
S e fval] <om ()" (5) 7 =ew

i=1
|

n
So, the variables (Un;i);<;<,, ,>; are centered, > Vi [Up;] = 1 and they satisfy the
- i=1
property 3 of Lemma 6.5. Then we may apply Lyapounov’s central limit theorem and get
the following convergence in law to the standard Gaussian distribution:

n
Un:ZUn,igN(O,l), as n — oo.
i=1
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_ logT—n-E1Zp1

We take m,, = JViZos and see that
‘V14n,1
1 —nEZ
PA =P |U, > 22T 2210l py (1, > my).
\/ n‘/iZn,l

Let us choose 7 =n"¢, € = —ﬁ (1 - %) and use Lemma 6.5

my, < —+/lo n1 L(S—Q
n= 819\ 25, 4"

Then, it is easy to see that m,, — —oo, for arbitrarily small § € (0,1/2) which implies that
Py [A] — 1. This proves that (6.4) holds for n large enough and § € (0,1/2) arbitrarily

small.
By (6.1) and (6.2), we conclude that:

. ~ (1—0) 7qk(26)7 (1 — 26)*
f nsUn,g) =
B Sep fenaln ) 2 0 )0 gt 2oy

(6.6)
As, furthermore:

_a (q_8% q
liminfrg! > liminfn %% (1 4 ) <_¢"’51 )
e e wnvﬂN—l

L q 1 62 1 log logn < 1 1 >>]
> liminfexp |=logn | —— — — - _
= e P [4 & <5l 4 BN logn \ /1 By

which is oo, for arbitrarily small § € (0,1/2). Then by (6.6) we get the stated result (2.17).

O
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