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Abstract

In this paper, we investigate the existence and uniqueness of the solution for a
class of stochastic wave equations in two space-dimensions containing a non-linearity
of polynomial type. The method used in the proofs combines functional analysis
arguments with probabilistic tools, and further estimates for the Green function
associated with the classical wave equation.
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1 Introduction

Let © be a bounded open subset of R”, 7" > 0, p > 0. The following nonlinear PDE

defined on [0; 7] x ©

a—g(t,x) — Au(t,z) + |ult, 2)|” - ult,z) = o[t x),
%(O’x) = up(z), (1.1)
57 (0:2) = wo(x),

which appears in relativistic quantum mechanics, has been extensively studied (see J.L.
Lions [7] and the references therein for a detailed account on the subject). If uy €
H}(O©)N LP2(O), vy € L*(©) and ¢ € L*(]0, T[x©O), it is known that the Cauchy problem
(1.1) admits a unique solution v € L* ([0, T]; H}(©) N L*T2(0©)) N C([0, T); L*(O)).
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When the forcing term ¢(¢,z) is random and p = 0, (1.1) reduces to a linear or
semilinear SPDE and has been studied by several authors. More precisely, consider the
following stochastic real-valued wave equation

aTZ(t,x) — Au(t,x) = J(u(t,m))F(t, x) + b(u(t, x)),

u(0, ) = uo(x), (1.2)

where o, b : R — R are globally Lipschitz functions. When n = 1, R. Carmona and
D. Nualart have shown in [2] that (1.2) has a unique solution when F' is the space-time
white noise.

%S
For n = 2, the fundamental solution S(¢, x) to the wave equation —(¢,2)—AS(t,z) =

ot?
d0,0) 1s still a function (while in dimension n > 3 it is only a distribution) but lacks L?
integrability properties, which forbids to consider equation (1.2) when F' is the space-
time white noise. On the other hand, physical models of wave propagation in a random
environment have led to Gaussian perturbations which are white in time but correlated
in space (see e.g. S.K. Biswas and N.U. Ahmed [1], R.N. Miller [8]). Thus C. Mueller
[11], R. Dalang and N. Frangos [4], A. Millet and M. Sanz-Solé [10] have studied existence

and uniqueness of the solution of (1.2) when F' is a generalized Gaussian noise (F(¢), ¢ €

D(R*T x R?)) with covariance

BP0 = [ [ [ et -uito) - fllo =yl dodyit. (1.3

where f is the Fourier transform of some positive measure p on R2. In [10], it is shown

that the following integrability condition

/O+ rf(r)In <1 + %) dr < 00 (1.4)

is necessary and sufficient to obtain existence of a unique L?- bounded solution u(t, z) for
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(1.2). (A similar result was proved in [11] when f is bounded and, in [4], in the linear
case or for "small time” in the semilinear case.)
We remark that in dimension 1 and 2 equation (1.2) is to be considered in a weak form,
with stochastic integrals with respect to the martingale measure M;(A) = F([0,¢] x A),
€ [0, 7], A € B(R?), associated with the noise F. Equivalently, one can consider the

following evolution formulation:

u(t,z) = /R S(t,x —y)vo(y)dy + % (/R S(t,x — y)uO(y>dy> (1.5)
! // S(t = 5.2 —y) [ouls, y)) F(ds.dy) + blu(s,y)dyds]

S. Peszat and J. Zabczyk [13], R. Dalang [3] and S. Peszat [12] have recently studied the
existence and uniqueness of the solution to (1.2) in dimension n > 3 by using Fourier
transform methods and a characterization of the space covariance structure of the noise
F. In [13], the authors show the existence of a unique solution w in C([0, T]; L?(u)) where
i is a positive finite measure on R™. In [3], a theory of distribution-valued martingale
measures is developed, which enables the author to solve the Cauchy problem (1.2) in
non-Hilbert spaces.

In the present paper, we study the following nonlinear stochastic wave equation, de-
duced from (1.1) by replacing ¢(¢, x) by a random forcing term and from (1.2) by replacing

b(r) by the non-globally Lipschitz function —|r|°r for p > 0:

aTZ(t,x) — Au(t,x) + |u(t,z)]? u(t,x) = o(u(t, x))F(t,x),
u(0,x) = ug(x), (1.6)
2(0,2) = wo)

For this problem, when ¢ is bounded and ug and vy have compact support, we prove an
existence and uniqueness result in the case of a general Gaussian noise /' with covariance
defined by (1.3) and satisfying certain integrability properties. We also obtain a sharper
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result in the particular case where the function f appearing in (1.3) is 2~ with a €]0;2]
(or is dominated by this function). The proofs are based on a combination of classical
functional analysis and probability theory, as it can be found, for instance, in a recent
paper by I. Gyongy (see [5]) for the study of a stochastic Burgers-type equation. The
solution of (1.6) is obtained by an approximation procedure via regularized versions of
equation (1.6) and suitable a priori estimates. To this end, new regularity properties for
the Green function S are proved.

The paper is organized as follows: the framework and the results are presented in the
next section; in section 3, we prove the uniqueness of a solution to (1.6), while the existence
is established in section 4. Finally, some technical estimates of integrals involving S are

proved in the Appendix.
2 General framework and statements of the results.

Let F(t,z) be a Gaussian centered noise on R, x R? with covariance given by (1.3). We
assume that the function f :]0, +00[— R is continuous and satisfies (1.4).

Let £ denote the inner product space of measurable functions ¢ : R? —— R such that

/IR{2 d /Rz dy |p(@)] f(lz = y]) lo(y) < oo

endowed with the inner product

ovle = [ do [yl fle = o) v,

and let H denote the completion of £.

We shall say that condition (Hg) holds if there exists a constant C' such that:

(Hp) /0+ r' P f(r)dr < oo
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it clearly implies that (1.4) is satisfied. Consider the nonlinear stochastic wave equation
defined in (1.6). Following the method of Walsh [15], a natural way to give it a rigorous
meaning is in terms of the following weak formulation: given any function ¢ € D([0,T] x

R?),

//]R (atQ Agp) (t,z)ult, xdtder// u(t, z)|Pult, z)p(t, x)dtdx (2.1)
= /R (so(O,w)vo(w) % (0, )ug(x )m+//R2 (t, 2)o(u(t, ) F(dt, dx) .

As is classical, (2.1) can be stated equivalently in terms of the associated evolution equa-
tion:
u(t,r) = uO(t x) / S(t—s,x—y)lu(s,y)|u(s, y)dyds
R2

/ [ S(t = 5.2~ y)o(uls,))F(ds. dy) 22)

where

Wit.a) = [ st <>dy+§t( I s<t,x—y>uo<y>dy) (23)

and S is the fundamental solution of the deterministic wave equation associated to (1.6),

that is:
I 5 2\—1
S(t,x) = %(t — |.I| ) 2 1{|$‘<t}. (2.4)

We assume the following hypotheses:

(C1) wo, v : R — R have compact support K.
(Cz2) g is of class C', vy € L% (R?) for some ¢y €]2, +00.
(C3) o :R+~— Ris globally Lipschitz and bounded such that ¢(0) = 0.

For any t € (0,77, set

—{reR?:yeK |z—y <t}.



Because of the definition of S, it is easy to see that if uy and vy satisfy (Cy) and (Cs),

then
u®(t,z) =0 for & D(t). (2.5)

Besides, consider for the time being the ”Lipschitz” version of equation (1.6) (or (2.2)),

that is:

u(t,z) = uO(t x) + /o/R? S(t— s,z —y)b(u(s,y))dyds
+ /O/R2 S(t—s,x—y)o(u(s,y))F(ds,dy), (2.6)

where b is globally Lipschitz and b(0) = 0. It is well-known that the unique solution of

(2.6) can be obtained by means of the following Picard approximation procedure:

Wt z) = uO,x)
ukt () = ul© gt, r) + fg Je2 St — s,z — y)b(uF (s, y))dyds (2.7)
+ Jo Ja2 St = 5,2 — y)o(u*(s,y)) F(ds, dy)

Then, by induction, one easily sees that if uy and vy satisfy (C1) and (Cg), then, for all k
uF(t,r) = 0if & D(t). (2.8)

Indeed, assume (2.8) for some k and for all ¢ € [0, 7], then for a fixed time ¢ € [0, 7] and

x & D(t), one has: for every s € [0,¢] and every y such that |z —y| <t — s,
VzeK, |z—y|>|z—z|—|ly—z|>s.

The induction assumption implies that u*(s,y) = 0 for all s € [0,¢] and y & D(s); since
b(0) = 0(0) = 0, we deduce u**1(t,z) = 0 for x ¢ D(t), which yields (2.8) for k + 1.

Of course, (2.8) yields the same support property for the solution u itself. This prop-
erty of " propagation of the support”, which will also be proved for the solution to (1.6), is

very important because, by only assuming (C;) and (Cy), all the integrals on R? involved
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in (2.2) can be considered as integrals on the bounded region © := D(T') of R?, and thus

one can work in spaces based on ©. More precisely, we prove the following result:
Theorem 2.1 Let p €]0,2], ug, vy satisfy (C1) and (Cz), and o satisfy (Cs). Then:

(a) If the function f in (1.3) satisfies (Hg) for some [ €]0,2], then equation
(1.6) has a unique solution u € C([0,T]; LP(©)) for 8 < p < (p+2)

(b) If f(x) = o~ with o €]0,2], then equation (1.6) has a unique solution

pt2)

ue C([0;T); L7(©)) for2V (p+ 1) V (55;) <p < 222

The next sections are devoted to the proof of this theorem. In the sequel, || - ||, will

denote the usual norm in LP(0).

3 Uniqueness and local existence of the solution.

The main result of this section is the following:
Proposition 3.1 Suppose that the assumptions of Theorem 2.1 hold and that either con-
dition (a) or (b) is satisfied:

(a) f satisfies (Hg) for some B €]0,2[ and p €]8, +o0|.

(b) f(r) =71 for some « €]0,2[ and p €2V (55) , +o0l.
Then the Cauchy problem (1.6) has at most one solution in C([0,T]; LP(©)) such that for

all t € [0,T] the support of u(t,-) is contained in D(t).

Notice that the property of ” propagation of support” is postulated because at this stage,
we have no way to obtain it a priori. We will prove later on that the solution we construct
possesses this property; this yields a more satisfactory uniqueness result.

Proof: The method used is adapted from that of Proposition 4.7 in [5]. Given R > 0, let
Xr : R — R be a C'! function such that xg(z) = 1 for |z| < R, xgr(z) = 0 for |z| > R+1,
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and ||xz|lcc < 2. We consider the following ”truncated” problem:

a_tg(tvx) = Au(t,x) + [ult,z) | ult,2) xe(fu(t, ),) = olult,2))F(t,x),
u(0, ) = up(x), (3.1)

ou

E(O’ x) = vo(x).
Set b(r) = —|r|?r. Let u and v be solutions to (3.1) such that, for all ¢ € [0,7], the
functions w(t,-) and v(t,-) vanish outside D(t). Writing the evolution formula for (3.1)

and using the support property for u and v, one obtains
u(t,z) —v(t,z) = A(t,x) + B(t, ),
where

Alt,z) = Klé)sa—ax—w[mmm@omww@y»
x5, ln)b(e(s, )] dyds
B@w)=:XLA”S@—&m—de%&M)—dd&wwwuﬁ>

Burkholder’s and Holder’s inequalities yield

E (1B )i s@/‘E( m).
D(t)

Because of the hypotheses on p and the Lipschitz property of ¢, Lemma A.4 implies the

[S(t = s, =) [o(u(s, ) — o(v(s, )] [3,ds

existence of v > —1 such that

(1B o) < Co [ (0= 57 us.) = 5. s (32)



On the other hand, suppose for instance that |lu(s, -)||, < [[v(s, -)l,- Then, setting ¢ = 25

and using the definition of xg, we have

Ixr(llu(s; )lp)b(uls, ) = xr(llv(s; )lp)bw(s;)lq
< Ixw(lluls, )llp) = xr(lloGs,)llp)] louls, )l

+xr(llvs, )lp)llo(uls, ) = bu(s,))llq

VAN

2lluls, ) = v(s, )y luls, ™ Lgu<reny

+Co xr(llv(s, )llp) uls, ) —v(s, ) sup(fuls, )|, [v(s, ) ")l

IN

C(R)[luls, ) —v(s, )l

+C, Xr(llv(s, )llp)luls, ) = vis, )y (luls, )5+ lvls,-)llp)
< C(R) [luls, ) —v(s,)llp,
by means of Holder’s inequality used in the following way:

If hy € L7, hy € L7, then ||y hallze < [[halze [[Ball 2

Hence, since p > 2 > p, the inequality (A.9) in Lemma A.2 applied with Kk = 1 + % — % =
1 —£> 0 and Hélder’s inequality imply that for ¢ € [0, 7]
t
[AG, )} < C(R)/O (t = )" Hluls,-) —v(s, )5 ds. (3.3)
Thus (3.2) and (3.3) together with Gronwall’s lemma yield
sup E ([lu(t,) —v(t,)[}) =0, (3.4)

0<t<T
which means that uniqueness holds for the truncated problem (3.1). Now, let uy,us €
C([0,T]; LP(©)) be solutions to (1.6) such that for all ¢ € [0, T] the support of u;(¢,-) and

us(t, ) is included in D(t). For every R > 0 and i = 1,2, define

= inf{t > 0 uilt, ), > R} AT,
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Then limp o P(7h A 73 < T) = 0 while (3.4) shows that u;(t,2) = us(t,z) a.s. for

every t € [0, 74 A T3] and almost every x € ©; this concludes the proof. O

Using arguments similar to those of the proof of Proposition 3.1, one can also show a
local existence theorem for the solution to (1.6). Indeed, let R denote the Banach space

of LP(©)-valued random processes v(t), t € [0,T], endowed with the norm
[v]l= = sup{E(wlv(®)[5)}'/* < oo,
t<T

where w := exp(—(||uo|l, + ||vollp, + [|Vvol|p). In this argument, we may suppose that the
initial conditions uy(.) and wvy(.) are random processes indexed by R? and independent of
the noise F.

Define the operator A on R by

AW)(t,z) = Z Ai(t, ),

where
Ait,z) = g S(t,x —y)vo(y)dy,
Matta) = g ([ St pulnay).
asa) = [ [ (= syl ot ) dos,
aea) = [ [ S(t=sa= ot P
Clearly,

E(w]| A(v)(t,)[I) < 477 ZTi(t%

where T;(t) = E(w||A;(v)(t, -)[[}). Using Young’s inequality (with ¢ = 1), we have

405 =supTi0) < GE (uw [ la(ldy) = Gy <00 (59
< R2
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We have

Aalte) = [ e bt v+ [ S(a o) V(o)

<1 27
= AL+ A3
and, using Holder’s inequality with respect to the measure %(1 — ]5\2)’%dx and Fubini’s

theorem, we obtain:

1 1
jAbn =< cpsupE[w / / —<1—|§|2>-5|u()<as+ts>|pdfdx]
t<T Rz Jjg|<1 27

< Opsmf:[w(/5 (- 6P ) g <6 )

1<T <1 27

On the other hand, Young’s inequality yields
14207 < Cowl[Vuoll} < Cp. (3.7)

Finally, using again (A.9), Lemma A.4 and the fact that o is bounded, computations
similar to that proving (3.2) and (3.3) show that ||As||z and ||A4]|% are also bounded by
a constant only depending on p and R . Hence the operator A maps the Banach space R
into itself.

Furthermore, let v and v belong to R; using arguments similar to the previous ones,

one proves the existence of 3 > —1 such that

E (wl|A(w)(,-) = A)(,)I7) (3.8)

< GuuspE (1w [ (6= 9 utsr) — o(s. 1705 (39)

t<T

< CorgT" supE(wllu(t, ) — v(t,)|});
t<T

_1
hence A is a contraction on R provided T" < t; := Cp’ Efﬁl. Consequently, there exists
a unique solution to (3.1) on [0,%;/2]; notice that the constant C, g does not depend

on the initial conditions uy and vy. Considering next the initial conditions wu(¢q,-) and

11



9u(ty,-) at time ¢1, we get a solution to (3.1) on the interval [t;/2,¢] in the same way,
with the obvious modification of the Banach space R and the operator A. Iterating this
procedure, we thus construct a solution to (3.1) on the whole interval [0,7]. Finally, if
Tr =1nf{t > 0: ||lu(t,.)||, > R} AT and 7 = limg_, o Tr, we deduce the local existence
(on the interval [0, 7..[) of a solution to equation (1.6).

The problem of global existence is addressed in the next section.
4 Global existence of a solution.

The purpose of this section is to prove the following result:

Proposition 4.1 Under the assumptions (a) or (b) of Theorem 2.1, equation (1.6) ad-
mits a solution w € C([0,T]; LP(©)) for p satisfying the requirements stated in Theorem

2.1. Moreover, for all t € [0,T], the function u(t,-) vanishes outside D(t).

The proof is divided into several steps.

Step 1: We first "regularize” the equation (1.6). For every n > 1, let b,, and B,, be defined

as follows:
—|r|P-r if |r] <n,
bo(r) =< —n" —(p+1)n?(r—n) ifr>n, (4.1)
ntt—(p+1nf(r+n) ifr<-n,
and

B,(r) = /OT by (u)du. (4.2)

Then —B,, is a non-negative even function. Let us introduce the following SPDE:

iu;(t’ r) — Aup(t,7) — bp(un(t, ) = o(un(t, x))F(t, x),
%H(O,x) = ug(x), (4.3)
8—tn<0’ x) = vp(x).
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The properties of b, and its antiderivative B,, are proved in Lemma A.1 of the Appendix.
Since in particular b, is globally Lipschitz on R, Theorem 1.2. of [10] provides a unique
weak solution to this equation, which is also the unique solution to the following evolution

equation

un(t,2) = uO(t, 2) + na(t, 2) + /0/]R2 S(t—s,x—y)bp(un(s,y))dyds, (4.4)

where
t
mitn) = [ [ S = s.0— y)atuns,p)F(dy.ds). (4.5)
0JR2
We remark that, as the solution to (2.6), u, satisfies
un(t,x) =0 if x & D(t). (4.6)

We shall prove that {u,}, admits a subsequence which converges in distribution to a

solution u to (1.6) (or (2.2)). We at first study the behaviour of the stochastic integrals:

Lemma 4.1 Let o satisfy (Cs), F' satisfy Hg, ¢, be a predictable random field on [0, T]x O
such that, for allt € [0,T], the support of (,(t,-) is included in D(t). Then the sequence
of processes

I(t,z) := /ot/]R2 St —s,x—y)o(Cu(s,y))F(dy,ds)
is uniformly tight in C([0,T] x ©), and hence in C([0,T]; LP(©)) for any p € [1,4o0].
Moreover, for allt € [0,T], the support of 1,(t,-) is included in D(t).
Proof of Lemma 4.1: The support property of I, is clear. Given 0 < ¢t <t/ < T

x,x' € O, the boundedness of o, Burkholder’s inequality and (A.15) imply that for 0 <

§< S(BA)

[SS]

E[|1,(t,z) — L,(t,2)|P) < C (/0 |o(u(s, ) [S{t—s,x—.)—S{t —s,a —.) H%{ ds)
< Clolf, (jt =]+ o — ') (4.7)
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Set D = Upeper ({t} x D(t)) for v <146, E (fD I, <%>I)d§d§’> < 400,
and on {fD I (%W)pdﬁdﬁ’ < )\}, 0<é=rvy— % <40 - %, the Garsia-Rodemich-
Rumsey lemma (see e.g. [14], p. 60) yields || 1,,(-, ) |lcs.5py < AP Hence, given p > 2 and
0<5<6—%

supP (|11, Mlessmy = A) < OXF,

so that by Ascoli’s theorem I,, is uniformly tight in C'(D). O

Define 7, := sup; ,ep [ (¢, )| V 1. Applying Lemma 4.1 to u, yields in particular

supE(n)) < oo (4.8)
and

lim supP(n; > C)=0. (4.9)

C—+oc0 4
Set &,(t,x) = u,(t,x) — n,(t,x); then &, is the unique (weak) solution to the following

semilinear wave equation (defined w by w):

Tn (4, 2) — AG(t, ) = bu(Enlts 1)+ ma(ts 1)) = O,
£(0.2) = ol (4.10)
2 (0.2) = wola).

Step 2: We now prove a suitable a priori estimate for the sequence {&,}, and follow here

the method of J.L. Lions [7]. Let H'(©) = {v € L*(©) : £~ € L*(0),i = 1,2}, endowed
with the norm
ov

1
2\ 2
IIUI|H1<e>=<Hv||§ 5 ) (4.11)
ill2

and let H} be the closure of D(O) in H'(0). Let v; be a sequence of elements of

LPT2(©) (N H} (©) which is total in this set. Given u,v € H}(0O), set

ou 8u
a(u,v) : Z/ . 83:1 (4.12)
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Then y/a(u,u) is a norm on Hj(©) equivalent with [|u||g1e). For each n > 1, we

approximate &, by the sequence (¥, k > 1) defined by

&= k(O (4.13)

where the functions (gf,,1 < < k) are determined by the conditions

((gr]i)u(t? '>7Uj) +ta (fﬁ(t ')7 Uj) - (bn (éﬁ(tv ) + ﬁn(t, )) 7Uj) =0,1< J< k7
& (0,2) = ug(z), (4.14)
G(0,2) = vf(x),

where (-, -) denotes the usual scalar product on L?(©) and

(i) = T — wnLHONHO) whenk ey

ok(x) =S8 Binvi — o in L2(©) when k — +o0.

For a.e. w, the system (4.14)-(4.15) of ordinary differential equations has a unique solution

on the time interval [0, % (w)] with ¢¥(w) < T. This is due to the linear independence of

the functions v;, which yields det((v;,v;),1 <, < k) # 0. In the sequel, we shall prove
that tk =T

Multiplying the first line of (4.14) by (gﬁn)’(t) and summing up for 1 < 5 < k, we

deduce

el +atee g )] - 4 ([ Bueenar) = b, (10

N —

where
DEO) = [ [ueb(t.) + (0. 2)) = bleh(t. )] (€8 (1. 2) o
Schwarz’s inequality and the Taylor formula yield
DO < SN+ [ [ (esten) + rma))” ate o) dra.

The inequality (A.4) in Lemma A.1 yields

Dy (1)] g%||(§,’§)’(t,-)||§+0/@[—Bn(gﬁ(t,x))+|nn(t,a:)|2f’+1] Mt x)de.  (4.17)
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Thus, for 0 <t < t* (4.16) and (4.17) imply that for any k > 1:

1
SR (€ VI + I, Moy — [ Bulebtt, )

©
1 t t
< 5 [ Bds = 0 [ [ Bulhis.n)) dods + Coor O+ Clonh),
0 0 Jo
where

1

C(n, k) = §H(€5)’(07~)H2+CH§'Z(07')HH1<@)—/eBn(éﬁ(Oﬂf))dx

1
= b1+ Cllbll + [ b de < ©
for some constant C' which does not depend on k and n; hence Gronwall’s lemma implies:

sup (H(SS)'(tw)lliJrH&'i(tw)llip(@)—/(aBn(ﬁq’i(taw))dw) (4.18)

0<t<tk
< C[L+n2e ] exp (Cp2?) .
Step 3: We now extract converging subsequences. Since —B, is nonnegative, (4.18)

implies that for every n

up sup, 1€ (E, ey < o0,

which means that ¥ = T for all k. Recall that an Orlicz function @ satisfies the condition
(A2) if for any a > 1, limsup,_, | % < 400 (see [6] for details). According to (A.3),
|B,,| is an Orlicz function which satisfies (A2) and its conjugate function | B, | also satisfies
(A2); therefore L'([0,T],|B,|) ~ L>([0,T],|Bx|). Then (4.18) implies that there exists
a subsequence (£%);, which converges to &, in L®([0,T], H(©)( Lz, (0)) weak-star and
(£/5) converges to & in L®([0,T], L*(0)) weak-star (see e.g. [7]).

Since the inclusion H'(]0, T[x©) — L?(]0, T[x©) is compact, we can extract a further

subsequence, still denoted by (£5%), such that &% converges to &, in L*(]0, T[x©) and

dt ® dx a.s. on ]0,T[x©. Hence,

bn(§3F + 1) — by (En 4 1) dt @ dx a.s..
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Furthermore, (4.18) and (A.3) imply that (b,(&3* + 1),k > 1) is uniformly integrable,
since

sup sup /|bn(€fzk(t7ﬂf)+77n(t,$))|gﬁd$<OO-
k o<t<T Jo

Therefore, extracting a further subsequence, we obtain that (b, (£2*+n,), k > 1) converges
t0 by (€n + 1) in L'(]0, T[x©) and to some limit £, in L>([0, T7, Lz_ﬁ(G)) weak-star. This

yields that [, = bn(fn + 1,). Letting & — 400 in (4.14), we obtain
((én)”(tv ')7 Uj) ta (érn(ta ')7 Uj) - (bn <§~n(t7 ) + nn(t’ )) ’Uj> = 0,
5@(07 33') = u0<x)7
%«)7 iC) = ’Uo(.fC) .
Since {v;} is total in H}(©), we conclude that &, satisfies (4.10), which by uniqueness

yields &, = &,.

Therefore, letting &k — 400 in (4.18) and using Fatou’s lemma, we deduce that

T
/ / Bo(60(t, 7)) dedt < T sup liminf [ |Bo(€%(t,2))| dudt
0 (€] €]

o<t<T Kk

< Cl1+m2e ] exp (Cn?) .

Since u,, = &, + 0, and |n,| is bounded by 77, using (A.3) and (A.5) in Lemma A.1, we

_ pt2
deduce that for ¢ = Z+—1,

T
/ / b (u (8, ) |9dadt < [C) + 0217,*1(”2)] exp (Cni?) . (4.19)
o Je

The following result gives a tightness criterion for a sequence of convolution of random

fields with the Green function.

Lemma 4.2 Let q €]1,4o00[; for v e L>([0,T]; L1(O)), set

J)(t,z) = /0 /@S(t — s, —y)v(s,y)dyds.
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Let (o (t,x),n > 1) be a sequence of random fields on [0,T] x © such that for allt € [0,T1,
((t,+) vanishes outside D(t) and such that there exists vy €]1,400| and a sequence of finite

random variables (M,;n > 1) which satisfies the following conditions:

G ll 27 0,135200)) < My (4.20)
o lim supP(M, > C) =0. (4.21)
—+00 p
. ) 1 1 1 . .
Then, if p satisfies 0 < — — — < 3 the sequence of processes (J((,);n > 1) is uniformly
q P

tight in C([0,T]; LP(O)).
Proof of Lemma 4.2: Given R > 0, set

I'r = {J(U) NS L’Y([O,T], Lq((—)))’ ||Cn||LW([O,T];Lq(®)) < R} .

1 1 1
Lemma A.2 shows that if 0 < — — — < —, then
q p 2
sup sup [7(u(t, Il = C(R) < oc, (1.22)
J(v)el' g te]0,T]
lmsup  sup  sup sup [[I(u(t,-) — J(o(s, ) = O, (4.23)

h—0 |t—s|<h,s,t<T J(v)eT g t€[0,T]

limsup sup supl|J(v(t,-)) — J(v(t, -+ 2))|l, = 0. (4.24)
|2|—0 J(v)el g t<T

Therefore Ascoli-Arzela’s and Kolmogorov’s theorems (see [5], Lemma 3.3) imply that the
set 'g is relatively compact in C([0, 7], LP(©)). Furthermore, given £ > 0, assumptions

(4.20) and (4.21) imply the existence of some R > 0 such that
1 —e<infP(M, > R) <infP(J((,) € I'y);

this concludes the proof. O

2
;From (4.19) and Lemma 4.2 (applied with v = ¢ = i), we deduce that the

p+1

sequence of processes

/ot /@ S(t = 5,2 = y)ba(un(s, y))dyds

18



2 2 2 2
is uniformly tight in C'([0, T]; LP(©)) for ¢ < p < 2_q7 that is, for p € } p+ (p+2) [
—q

p+17 p

On the other hand, Lemma 4.1 implies that the sequence (7,) is uniformly tight in
the same space. Hence, (4.4) implies that the sequence (u,) itself is uniformly tight in
C([0,T]; LP(©)). Thus, by Skorohod’s theorem, given subsequences (u,,) and (u;), there
exist further subsequences (m(k),[(k)), a probability space (Q,J’:" , I@’) and a sequence of
random elements z, := (i, Uy, Fy,) in C([0,T]; LP(©))? x C([0,T); D'(©)) such that z

converges P-a.s. to z := (@, u, F') when k — 400, and the laws of 2, and (U k), Wik, F)

are the same. Hence (Fk, I@’) is a Gaussian random field such that for every ¢ > 1:

lim sup [(Fy — F,e;)(t)| = 0P —as. (4.25)

k tefo,1)
where (e;;7 > 1) is a complete orthonormal system of H made of elements of £. Using

Proposition 3.1, we will prove that @ = @ by checking that both satisfy (2.1) with Ia

instead of F. Thus, for any ¢ € D(R, x R?) with compact support included in [0, 7] x ©,

/ / (‘Zg—tf_ )(t,x)ﬂk(t,x)dtdx (4.26)
_ /<¢(o )vo(x) — aa(ofmo )da;+// (t, )0 (an(t, 2)) Ey(dt, d)

// (£, )b (i (1, 7)) di .

Since p > 1 and (@) is bounded in C([0, T}, LP(©)), the dominated convergence theorem
implies that the left hand-side of (4.26) converges P-a.s. to the left hand-side of (2.1) with
@ instead of u.

We now need the following technical results to study the right hand side of (4.26):

Lemma 4.3 Let

Wi(t) .= /0 /R2 Lo,y ® ei(x)F(dw, ds), (4.27)



(F,,,n > 1) be Gaussian processes with the same covariance as F, W' be defined like W*
(with F), instead of F), h,(t,x);n > 1) (resp. h(t,x)) be a sequence of (F}')- adapted

(resp. an Fy-adapted) random fields. Suppose that for every i > 1,

lim sup |W;(t) — W'(t)| =0 in probability, (4.28)
" tel0,T]

E([1PlZ2 0 71:0)) < 20 (4.29)

i B, — bl 01170) = 0. (4.30)

Then, for any e > 0,

T T
lim]P’<// hn(s,y)Fn(dy,ds)—// hes,y)F(dy,ds)
" 0 JR? 0 JR?

Lemma 4.4 Let (v,) and v be random fields satisfying, for some p € [p + 1,400] the

> 5) = 0. (4.31)

following properties:

T
//@]u(t,xﬂpda:dt <00 a.s., (4.32)
0

T
lim// |un(t, x) —u(t,z)|Pdedt =0 a.s. (4.33)
" Jo Je

Then for any ¢ € C*([0,T] x ©) with compact support

liyrln/o /@ o(t, ) [bp(un(t, ) — b(u(t, x))]dzdt =0 a.s. (4.34)

Suppose that these two results hold. Then Lemma 4.4 implies that for P-almost every w,

T
lim / / Ot ) B (i (£, 7)) — ba(t, )] ddt = 0 (4.35)
0Je
On the other hand, Lemma 4.3 applied with hi(t,z) = ¢(t,x) o(ux(t, x)) shows that in

I@’—probability

lim < /0 T/R plt, ) o (1, 2)) iy, ds) — /O T/R 2 cp(t,:c)a(ﬁ(t,x))ﬁ(d%ds)) _o.
(4.36)
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Therefore, letting k — +o00 in (4.26) yields that @ solves (2.1) with F instead of F. A
similar argument shows that @ solves the same equation. Therefore, by Proposition 3.1,
we deduce that @ = @ P-almost surely; hence the subsequences of C[0, T]; L?(©))-valued
random variable (up,x)) and (w ) converge weakly to the same limit. Using a result of
Gyongy and Krylov (see [5], Lemma 4.1), we conclude that u, converges in P-probability
to some random variable u € C[0,T]; L?(©)).

Applying again the dominated convergence theorem, Lemma 4.3 with F,, = F' and

ho(t, ) = @(t,z)o(u,(t, z)), Lemma 4.4 and letting n — o0 in the weak formulation

of (4.3), that is:

//(?Tf_ )<tvx)un(t,$)dtdx
- /( (0, x)vg(x) — Z(Oxuo >dx+// (t,z)o (un(t, x))F(dt, d)

/ / ()b (un (1, )t (4.37)

we finally conclude that u solves (2.1), which concludes the proof of existence. O

It only remains to prove Lemmas 4.3 and 4.4.

Proof of Lemma 4.3: Note first that by definition (W i > 1) (resp. (W¢,i > 1)) are
sequences of independent standard Brownian motions. Furthermore, recall that Hy =
L3([0,T];'H) is isomorphic to the reproducing kernel space of F' (resp. F,) and that F
can be identified with the Gaussian process {WW(h), h € Hr} defined by

= / ), e) 5 dW(s).

>0

Given ¢ > 0, using (4.29), we choose iy such that

(Z [ s \|Hds)<e
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where h'(s) = (h(s, "), e;). Then using (4.30), we choose ng such that for n > ng
T .
E Z/ R (s)||3,ds | < 2e.
i>ip V0
The proof of (4.31) then reduces to checking that for any ¢ > 0,

limP (i

=1

/ " (s)dW(s) / " hi(s)awi(s)

€
> =1 =0. 4.38
3) (4.38)
Clearly, (4.30) implies that for every i > 1

lim E (/OT i (s) — hi(s)\zds> = 0.

Using (4.28), a generalization of Skorohod’s argument (see e.g. [5], p.282) yields that for

every ¢ > 1l and € > 0

IimP <

This concludes the proof of (4.31). O

[ e - [ wavs

>m>:o.

Proof of Lemma 4.4: To prove (4.34), it clearly suffices to check that for ¢ € C2([0,T] x

0),
T
lim/ / O(t, ) [bn(un(t, ) — by (u(t, x))]dzdt = 0 a.s. (4.39)
" JoJe
and
T
lim/ / o(t, x)[by(u(t,x)) — b(u(t, z))|dzdt = 0 a.s. (4.40)
*Jo Je
Using the Taylor formula, (A.1) in Lemma A.1, then Hélder’s inequality with the conju-
gate exponents p and p’ = -5, (4.32) and (4.33) we obtain

/OT/G) (L, ) [bn(un(t, z)) — bn(u(t, x))]da:dt'

< Ollélo / / un(t, 2) — u(t, 2)]| (Jun(t, )] + Jult, 2)|7) dudt

IA

: :
Clolle ([ [ ) = uttaPasdt) " (ko + 1oy

< Clglloollun = ullzrorixe) »
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since p > p+ 1 and p €]0,2[, so that p’p < p; this proves (4.39). Furthermore, (4.32)

implies that for any p < p we have
[u(t, 2)" € L7(0,T] x ©);

hence |u(t,x)|? is uniformly integrable. Therefore, since p > p 4 1, given € > 0, we can

choose M > 1 such that

// lu(t, z)|Pdxdt < e.
|u(t,@)|>M

Hence, using the fact b,(r) = b(r) when |r| < n and (A.2) in Lemma A.1, we conclude

that for n > M,

/0 /@<Z5(tal')[bn(U(t, 2)) — b(u(t, )] dzdt

< Clole [ [ Jult)ldndt < C o]
|u(t,@)|>M

This concludes the proof of (4.40). O
A Appendix.

We begin this section by a technical result concerning the approximation b, of —|r|’r

defined in section 4.

Lemma A.1 For each n > 1, let b, and B, de defined by (4.1) and (4.2) respectively.
Then by, is a C*, globally Lipschitz function on R, B, is an even function and |By,| is an

Orlicz function which satisfies (A2). Furthermore:
(i) There ezists a constant C' such that for every r € R,
sup [by,(r)] < CJrf?, (A1)
sup b, (r)| < Clr|P*t. (A.2)
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+2
+1

(ii) There exists a constant C' such that for q := P and for every n > 1
p

andr € R

Ba(r)]? < C(1+ |Bo(r)]) < CL+ [r7*?). (A.3)

(i1i) There exists a constant C such that for everyn > 1, r, 19 € R,
[V, (1 +72) [ < C (L4 [ Bi(ry)| + [raf ™) - (A.4)
(iv) There exists a constant C' such that for everyn > 1, ry, ry € R,

|Bu(ry + 1) < C(|Bu(ro)] + [r2|"™) (A.5)

Proof: It is clear that b, is odd, so that ¥/, and B, are even (since B,(0) = 0). On
10, 400, the function b(r) = —|r|’r is negative, decreasing, so that b, is clearly decreasing
on R, negative on |0, +-00[ (resp. positive on | — 00, 0[). Furthermore, supy,s, [b;,(r)] =
|b'(n)| = (p + 1)n®?, which yields (A.1) and the fact that b, is globally Lipschitz. As for
(A.2), it is simply obtained by integration of (A.1).

Now, as B, is even and b, is negative on |0, +00[, —B,, is non-negative on R and its
restriction to [0 4+ oo is clearly an Orlicz function which satisfies (A2) (see [6] for basic

results on Orlicz functions). If |r| < n, inequality (A.3) reduces to
A < O (14 )
which is clear given the value of ¢. If |r| > n, (A.3) can be deduced form
(™ + (p+ )n”(Ir| —n))? < C (0> + 0T r| + nfr?)
which again is clear, given the value of ¢ and the fact that n < |r|.

24



We now prove (A.4). We remark that the corresponding inequality for b
‘b/(T1+T2)|2SO(1+|B(T1)|+|7’2’2P>, (A6>

is satisfied insofar as p < 2 (B being the antiderivative of b which is zero at r = 0). This
fact will be used in the sequel.

o If |r; + 75| < n: Then there are 3 subcases:

(a) If |r1| < n, then (A.6) yields
|0, (r1 4 72) > = [V (r1 + r2) [P < C (14 [B(ry)] + [r2]*)
and, as |ri| <n, |B(r1)| = |Bn(r1)].
(b) If r; > n, since 1 + 15 < n, we have 0 < r; —n < —ry, which means in
particular that ro < 0. Furthermore, |B,| increases on [0, +00], so that
|b;L(T’1 + T2)|2 = |b,(7”1 + 9 —N + TL)|2
< C(1+[BM)|+|r1+r2—nl*)
= C(1+|Bu(n)| + |r1 + 12 — n|*)

< C (L4 |Ba(ry)| + 277 ro* + 227 ry — )
and since |r; — n| < |ry|, we have
|0, (r1 +1r2) > < C (1 + | Bu(r1)| + |r2]*) -

(c) If ry < —n, since —n < 11 + 1o, we clearly have ro > —n —ry = |r; +n|.
This implies
0,(r1 + )P = [V ((r1 + 72 +n) 4+ (—n))[?
< C(1+|B(=n)| + |r + 72+ n|*?)

< C (L4 Ba(ro)l + 277 raf + 227 ry + )
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and we conclude as in case (b).

olf r; + ro > n: Then we have

b, (r1 + 7o) [P = [ ()"
(a) If |r1| < m, we have 0 < n —r; < ry and (A.6) used with ro = n —r; yields

'(n))> < C(1+|B(r1)|+|n—ri*) =C (1 + |Bu(r1)| + [n— r1|*)

IA

C (1 -+ ’Bn<7’1>| + ’T2|2p) .

(b) If 1 > n, since |B,| increases on [0, +oo[, using (A.6) with ro = 0 we
obtain:

()" < C(1+[B(n)]) < C (1+|Bu(ri)| + Ir2*) .
(c) Finally, if ry < —n, we have ro > n —r; > 2n; (A.6) used with ry = —n

and ry = 2n yields
V()] < C(1+ |B(=n)| + [2n]*) < C (1 +|Ba(=n)| + [r2|*) ,
which the required result.

The case r1 + ro < —n, which is similar, is omitted.
We finally prove (A.5). We remark that the same inequality holds trivially for B
instead of B,,. As before, we divide the proof into several cases.

o If |ry + 79| < n, then

(a) If |r1| < n, we deduce

|Bu(ri +12)| = | B(ry + )| < C(IB(r1)| + [r2|*?) = C(IBa(ry)] + 12| "*?).
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(b) If r; > n, we have 0 <1y —n < —ry, that is |r; — n| < |rg|. Hence

‘Bn(T1+T2)| = |B(T1+7’2)’SC[|B(H)‘+|T2+’/’1—TLV)+2}

IN

ClIBa(n)| + 277 (|72l + [y — nf"]

< C[Bu(ry)] + 277 ra|]

(since |B,| increases on [0, +00]).

(c) The case 1 < —n is similarly dealt with.

o If 1 + 75 > n, then there exists a constant C (which does not depend on n) such that

npPt2 P

1
p+2 - n’“rl(h +7ry—m)— nf(ry +re — n)2 <Clr+ 7,2|p+2_

(A7)

|Bp(r1 +1r2)| = |—

(a) If |r1]| < m, then |B,(r))| = [ra]o+?

T and we have

| Bu(ry +72)| < C(|Bu(ra)] + [r2|*?).

(b) If r; > n, then

+1

Bn(r1 4+ r2) = B,(ry) — nPtlp, — p nfry[2(ry —n) + 1.

Since |B,| increases on [0, 400, if |ry| < n we clearly obtain

nP+2
| Bu(r+72)| < |Bu(ri)| +C (m +nf* (ry — n))

< ClBu(ri)| < C(|Ba(ry)| + [rof"*%).
If on the contrary |rs| > n, using Schwarz’s inequality, we obtain
| Bo(r1 +12)| < [Bu(ry)| + Clral™ + 20”|ro| [y — 1
< |Bu(r)| + Clraf/ ™ + Cn? (|1 — nf*> +13)

< C(IBa(ry) + [raf"?) .
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(c) Finally, if r; < —n, then ry > 2n and

nrt?

+1
Ba(r) = =5+t (r + ) - P

2
nf(ry +n)”.
Hence, we have

|Bu(r1 4+ 712)] < |Bu(ri)| + C 0Pt |ry — 2n| + Cn” (rg — 2n)?

< C(|Bn(ry)] + |ro|*?.
The last case r; 4+ r9 < —n is similarly dealt with. This concludes the proof. O

We now prove a series of technical results on the fundamental solution S of the classical

wave equation in the plane. Let ¢ > 1, V be an open subset of R? (not necessarily

bounded), let v € L*>([0,T]; L4(V)) and set

T(0)(t, ) = /0 /V S(t— 5,7 — y)o(s, y)dyds. (A.8)

To lighten the notation, we shall denote by || - ||, the usual norm in LP(V). The following

lemma provides continuity properties for the operator J.

1 1 .1
Lemma A.2 Letp,q € [1,4+00| be such that k :==1+ — — — 6]5,
p g

and v € LY([0,T]; LY(V)). Then there exist constants C;, 1 <1i <5, which do not depend

1, T >0, ve[l,+00]

on V and such that:

(i) Fort € [0,T] and v > (2r)71,

5

[T (W) (E,)lp < 01/0 (t — )2 u(s, ) lods < Cot™™ 2 (/0 [o(s, ')HZdS)
(A.9)

(it) For i €]0,k — [ and z € R?,
[T (0)(t,-) = J()(E, -+ 2)lp, < 03|Z!”/0 (t = s)"llv(s, -[lods

: :
et ([ s lga ) a0

28

IA



(iti) For i €]0,k — 1| and v €]1, 0|,

1T ) (E,-) = T()(s, )l < Cslt — s/ 57) (/ ||v<r,->||3dr) (A1)

Remark A.2: If v = 400, p > 2p and ¢ = we have k > % Thus (A.11) yields the

_p_
p+17
existence of 0 > 0 such that J is a bounded linear operator from L*°([0,7]; L4(V)) into

C°([0,77; LP(V)).

Proof: (i) We first remark that ||S(¢,-)||, is convergent if and only if r < 2, and that
IS, )7 < o (A.12)

where the constant C' does not depend on V. Using Minkovski’s inequality, then Young’s

. . 1 1
inequality for - = -+ - —1, kK =
p q T

1

=, we deduce

17 (), )y < C/O IIS(t—S,-)*v(sa-)llpdSSC/O 15( = s, )l [lv(s, -)llgds

< c / (t— 5 Jus, ) lods.

Then Hélder’s inequality concludes the proof of (A.9).

(ii) A similar computation yields
t
1T (w)(,-) = J(0)(E, - + 2)[lp < C/O 1St —=s,) =St = s, + 2)lr [[o(s, )l ods.

Using the proof of Lemma A.4 in [10], we conclude that for 1 <r <2and 0 <7 <1— 7,

) / 1 1
1= -
yzl<lul<s | Vs = Y12 V82 =y + 22

On the other hand, the triangular inequality implies that if |y + z| > s and |y| < s, we

T

dy < Clz|" s". (A.13)

have (s — |z|)T < |y| < s, so that
Ay = / (s> = [y[») " 2dy < C/ (s> —v?) "2 vdv
ly|<s<|y+z|

(s=lzD*

< Cst |zt (A.14)
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The inequalities (A.13) and (A.14) imply that for 0 < & < % — 1=k

and hence

15(s, ) =

Y

o
N[

S(s,.+2)llr < C(AL+ A) < Cl2|* 57,

[T () () = J(0) (L, - + 2)[l, < C/O |2 (t = s)"[lv(s, -)llq ds

Again, Holder’s inequality concludes the proof of (A.10).

(iii) Similar computations yield, for 0 < s <t < T

17 (0)(t

Fix A €]0; x

/|z|<t/

1

My < / 1St — ) — 55— Yo 0w, ) des

4 / 1S(E =, ) (e, )y de

— %[, then, for 0 < t' <t < T, we have

T

1

VI — 2] B VE = |22

t 242 AT
< C 1 1 1
<) ((t'2 e e v2>12>

(1=XN)r
1 L+ 1 d
v av
(EEICEANCETE

tl
- vdv
S C |t - t/|)\ / 3\r (1 )\)r
o (¢

2 p2) e

< C ‘t i tl|)\r t’27r72)\r .

Hence, using (A.12) for the second term, we deduce

17 (w)(

) = J(v)(s

f)Hp

< of [0 Pt + t ol g du .

Thus, Holder’s inequality implies that for v €]1, 00|,

17 (0)(t,

<

) = J(v)(s,

ool

Tlv |st) s (/ lo(u |7ds> }
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This completes the proof of (A.11). O

The following upper estimate for the increments of the Green function S has been
proved in [9], Lemmas A.2 and A.6. Suppose that f satisfies (Hp); then for 0 €]0, 5 A 1],

0<t<t<T, z,2' € R%:
T
/ 1S(t— 5,2 — ) = S — 5,2 — |2 ds < C ([t — ] + |z — 2/])°. (A.15)
0

The following lemma provides an upper estimate of an integral generalizing the function

J(s) introduced in [10], identity (A.1).
Lemma A.3 For s € [0,7], A >0 and p € [1,+00[, set
19)i= [ [ Sts.rsly = 207S(s 2y
R? JR?2

(a) Suppose that f(r) = r= for some a €]0;2[. Then for1 < p < 2A(3—Aa)A(4—2\a),

one has
I(s) < C st 272, (A.16)

(b) Suppose that the function f satisfies (Hg) for B €]0,2[. If X €]0,1] and 1 < p <

2A(B =20 A[4=2X2—=B)] A (5 —A), then one has
I(s) < C s*=27A@=H), (A.17)

Proof: The change of variables x = (ucos(6y), usin(fy)), z = (v cos(6 + 0y), v sin(6 + y))

and r = cos(#) used in the proof of Lemma A.1 in [10] and Fubini’s theorem yield

s udu Zu N ! dr
C/O 7(32—u2)5/0 vf(v) dv/% (1— )3 (s? — u? — 02 + 2uor)h
< C(Ii(s) + I5(s)),

1(s)

IN
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3 1 v
5 uzdu s(1+2) dr

(32—u2)§<u—§)% v (32—u2—v2+2uw)§

)

udu /1 dr
(s2 —u?)% [(s2 —u?) + v(u— %)]g L) (1-7)2

271-%
(s — u? — v 4 2uvr)' 7% < |:82 —(u—=)*— —} < s77P,

2s s 3 La+) 2
d u Pd
L(s) < / Uf(v))‘dv/ u2du /2 3 : s r
0 2

s 1 v
< §FP f(v)* dv/ u; - In (1 + M) du
0 v (s2—wu?)2(u—3)2 s2 —u?

.
—~
V)
o
|
<
)
S~—
[N]is)
Y
<
|
1SS
S~—
ol
|
Vo)
|
IS
)
|
4
o
_|_
[\
<
1
=

2s
< C’sg_?p_b/o vbf(v)’\(s—%)%_g dv. (A.18)

In the last inequality, we have used the fact that for z; < x,,

{ Criy (mg — )42 if pp > —T1and rp > —1,

/ Pl = e (5 — 2)dy =

o +00 otherwise.
(A.19)
On the other hand, let p — 1 <y < %; using again (A.19), we obtain
I(s) < C/OQS vf(v) dv [8 u%(u - %)%(32 — %) Pt [v(u - %)}77 du
3
< Cs2 Pt /2S V' f(0)M(s — %)%_pdv. (A.20)
0

We then consider separately the two cases:

(a) If f(r) =r~, from (A.19) we deduce that the right hand side of (A.18) converges

if and only if b— Aa > —1 and § — 2 > —1; then it is equal to C' s*"27**. The constraints
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onb: 0V (Aa—1)<b<1-2%5andp <3 are compatible if and only if p < 2 A (4 — 2)a).
On the other hand, the right hand side of (A.20) converges if and only if 1 —v— A a > —1,
%—p > —1. The constraints on 7: p—1 < 7 < %, l—y—Xa>—-1land p < g are

compatible if and only if p < 3 A (3 — Xa). This concludes the proof of (A.16).

(b) If (Hg) holds and 0 < A < 1, Hélder’s inequality implies that

2s Vo1 2s A 2s b2 (1-5) v _1-p 1-A
/ v f(v)M(s — 5)5’§dv < </ vlﬁf(v)dv> X (/ v (s — 5)20**) dv> :
0 0 0

Thus (A.19) implies that the last integral converges if and only if b — A(1 — 3) > —1+ A
and 1 —p > =2+ 2), for 0 < b < 1 — &; then it is equal to C'sb X1-A+5 1A The
constraints on b, p, § are compatible if and only if p < (3 —2X) A (4 — 2A(2 — 3)), and
I,(s) is dominated by C s*=2P=*2=8) On the other hand, using again Holder’s inequality,

we obtain for p — 1 < v < %,

2s 2s 2s o 1—X
[ e ptra < ([T o) s [ToTE - )
0 0 0

The last integral converges if and only if 1 —y—X(1—/3) > —1+Xand 3—p > -1+, and

A

is equal to €' s!™7"A1=A)+2-p+1-X The constraints on p, 7, A are compatible for A €]0; 1]
if p<2A(B—=A2-=0))A (2 =) and yield Ir(s) < C 5?2225 Finally, in order to
obtain (A.17), we need A €]0, 1[and 1 <p < 2A(3—=MN2—B))A(Z =M\ A(4—2)(2~3)).

O

Finally, the following lemma provides a useful tool to estimate the moments of stochas-

tic integrals with respect to F"

Lemma A.4 Let (A(s,x);s € [0;T],x € R?) be a continuous random process such that

supp(A(s,-)) C D(s) for every s € [0,T]. Forp € [2,400[, set

I := / dx
D(t)

b
2

[ (s =956 s
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Then
(i) If fir)=r, 0<a<2and 2V (=) < p < +oo, then there exists some § > —1

such that
t
I < c/ (t— s)° (/ ]A(s,x)]pdx) ds. (A.21)
0 D(s)
(11) If (Hg) holds for some [ €]0,2[, then for p €]8,4o00[, (A.21) holds for some § > —1.

Proof: Let p; €]1,4+00[ and ps €]1, p[ be conjugate exponents, and let A €]0, 1[. Holder’s

inequality implies

t 5
I< / / Il(s,ar)% Ig(s,x)éds dx , (A.22)
D(t)
where
R = [ [ 80— =g e =yl = s0 — 2Py,
I(s,x) = / / As, P2 f(ly — 2)) NP2 A(s, 2)[P2dydz.
Let a : €]1,+oo[ and b €]1, 400 be such that =+ —1=1—1. Hélder’s and Young’s

inequalities imply that for s € [0,7] and z € K,

bls) < </D(s) |A(S,y)|amdy)i (/(s)

< 1A ey (-0

a—1

dy)

(A.23)

/(Jﬂw—zwl“ﬂA@zwwz
[

where K = {z —y : 2,y € D(T)} is a compact subset of R? depending on 7" and K.

(i) If f(r) = r=, the right hand side of (A.23) converges if and only if [, r f(r)1=VPbdr <
+00, i.e., a(l — N)bpy < 2. Furthermore, if 1 < p; < 2A (3 — Ap1a) A (4 —2Ap1ar), (A.16)
implies that

I(s,x) < C(t — s)t 21 —me (A.24)
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Therefore, using (A.22)-(A.24) we deduce that if § := -~ —2 — Aa > —1 and the previous
constraints on A, p; and py are satisfied, then (A.21) holds. The requirements on py and

A are gathered in the following system:

2 <py<p<+o0,
A< 2— 3
%

A< 32
p2

a+4<5_p_2><)\oz<a.

These inequalities on A« €]0, a| are compatible if and only if

(]
A
S

A
3

A
_I_
g

f<2—a+ >
i _3 b3
I—)<§—Oé+p—2,

which in turn are compatible if and only if 2 V ( ) < p < +o0.
(ii) Suppose that (Hg) holds for some § €]0,2[. Let ¢ = (1 — A)bpy; if ¢ = 1,

fo L rf(r)idr < 4o00. Furthermore, if 0 < ¢ < 1, Hélder’s inequality applied with respect

to the measure 7' ~?dr implies that for every R > 0,

q 1—q
/Oer(T)qdr < (/OR ri=h f(?“)dr) (/OR AR dr) < 400 .

On the other hand, if Apy <1, p1 < 2A (3 —=2Ap1) A [4—2Ap1(2 — B)] A (3 — Ap1), then

(A.17) implies that
Li(s,z) < Ot — 5)4 2= (2-0) (A.25)

Therefore, using (A.22), (A.23) and (A.25), we see that if the previous requirements on
A, p1, p2 and [ are satisfied, then (A.21) holds if ¢ := pil —2—-X2-p) > —1. The

constraints on A and p; are summarized in the following system:
(2 <py<p< +oo
0<A<I—
1
A>1+2G
A<y —

p )
_ L)
p b)
3 i_i
5)5 2—8  p2’
\A<——ﬁ;
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Since for py > 2 one has 1 — % < % — %, these inequalities are compatible if and only if

281 2(1-5)
<3ep T @A,

. . . 4(2—
This system is equivalent to 2 < po, 4ps < p < 400 and p > % > 0 If

1< B<2,pa(26—1)+4(1 — () > 0 always holds, while if 0 < § < 1, this inequality is

equivalent with ps < % (note that in this case 2 < —ﬂ“_;?).

o If 0 < <1, the map py — % is increasing and the system is

compatible (for ps ~ 2) if p > 8.

o If 1 < 3 < 2, the same map is decreasing and (for p, ~ £ and p > 8)

the system is compatible if p > 8 and p > 17(11(2;@1’ that is p > 8V

26-1)+16(1-5)
435-2)\ _
( U ) —3.

This concludes the proof of the lemma. O

Remark A.4: If f(r) =7 with 0 < a < 3, (A.21) holds for p > 2, and if § < a < 2,

(A.21) holds for p > =%, Finally, sup

on- —on = 8 gives the lower limit of p in case (ii).
0<a<?2 «
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